Measure Theoretic Probability 1
Professor Suprio Bhar
Department of Mathematics & Statistics
Indian Institute of Technology Kanpur
Lecture 27
Properties of Measure Theoretic Integration (Part 1)

Welcome to this lecture. So, before proceeding to the discussion of this lecture, let us first
quickly recall what we have mentioned in the previous lecture. So, in the previous lecture, we
have defined the integration of measurable functions with respect to the domain side measure.
Now, this definition went through several steps, the first that we considered was indicator
functions and the motivation for defining integrals of indicator functions was simply the area
under the curve which we simply took it as the area of the rectangle that is under the curve on
it.

So, that was for the indicator functions. And then keeping the idea that for whatever
integration procedure we managed to define it should be linear. So, with that idea at hand
what we defined was that, since the simple functions are linear combinations of indicators, so
we should be able to specify the integration values off simple functions, so we extended by
linearity. But then we know that any non-negative measurable function can be approximated

from below by simple functions, non-negative simple functions.

So, what we did was that the area under this non-negative simple functions that should
increase to the area under the non-negative measurable function. So, anyway that is the idea.
So, if you still continue to think of the area under the curve as the value of the integral then
you must specify the value of the integral of a non-negative measurable function as the
supremum of all possible integrals of simple functions which are below that given

non-negative measurable function.

So, that was what we had used to define the integrals of non-negative measurable functions.
And finally, for any general measurable function, which could take positive or negative

values, what we did is that we split the function into positive parts and negative parts. So, we
. + - . .

looked at the integrals of h and h separately. If at least one of them is finite then what we

said is that okay, so we can define the difference. So, in the case when exactly one of them is

finite and the other is infinite, we call it as quasi integrable.

So, there is still the way of defining that integral which could be taking values plus or minus

infinity. And the good case was when both h" and h~ have the integrals which are finite, and



then what we can consider is the difference and then the integral of h will also be summed in

finite quantity as per the description.

So, in this lecture, what we are going to do is to look at properties of such integration
procedure. So, one of the important thing that we have to keep in mind that, we are yet to
prove that the integration so defined is linear in structure, so, we will have to prove it as we

go along. So, let us move on to the slides and continue the discussion.

(Refer Slide Time: 03:19)

@no\au;\'\v: ug— Meorwne Theonetle 'm’\ﬁm‘x'\cm,
(Panke 1)

T “he \ma\s\ow» lectme W hove
definde e indegal Shc\p § W) )
Ju
= DN PR, dhow (@) (8,89 %
v

Meosusolle 0oy I\L W 0 Teodwe On @7 ‘-ﬂ.

NAG (D A deee 0 (o e A

T e ‘xu\r\o\m \ectne. e have,

&Ugwa}\, e ’\h’\ﬁm\- S\\‘B\f“ &h@)} O\Nw)

S

= & W () Tk[(ius) Jhow ke @l,ﬂf—v (R, BR)
QL
Meosuiodle  omd }\L W O Meodune Sn @, 1),

N D). e \R\%ml &\\Ato\, o% c\egmm}

.- |
o “he \aw_\f\O\x% \eccune , 8 met e.a&'s\d
So, in the previous lecture, we have this define this integral, so, let us just formulate the

notations for this lecture. So, h will stand for this measurable function defined on some

appropriate measurable space. And suppose, you are given a measure on this domain side. So,



h is a real valued function measurable appropriately and then we want to talk about this kind

of an integration procedure.
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So, first you note that the integration, as you have defined in the previous lecture is not really
easily computable. So again, our target now to is to understand the properties of this
integration procedure, so that our job in computing these integrals becomes easier. So, you
want to get hold of multiple nice properties, which should help us in computing these

integrals. So, that is basically what we are planning to do now.
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So, we start with this proposition that you take two measurable functions g and h defined on

this measurable space and you assume that the integrals exist. So, what the, what do I mean



by that. So, if you consider | g dy, then there are two possible cases under which the integral

exists, the first case is when g is integrable, in which case the integral value is certain finite

number, some real number.

Otherwise, if g is quasi integrable even then the integral exists, but it takes certain values
which is either, either + oo or — oo. A similar statement you can make for the function h.

So, with that at hand, so let us try to move on and try to prove certain nice properties.
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So, the first property is about scalar multiplication. What we are saying is that if you have a
measurable function h, if you multiply it by some scalar quantity ¢, which is some real

number, then you know that this is also a measurable function. So, what do you hope to prove

is that | ch dp that should also exist with respect to the measure p, and the integral value

should be equal to ¢ [ h dp. So that is basically the idea behind the scalar multiplication. So,

but how do you prove this here.
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So, we again divide the argument into following cases to make the argument clearer, so let us
see.
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In the case that ¢ = 0, if the scalar ¢ = 0, then the function is identically the 0 function. So,

you can think of it as a simple function, which is basically taking values 0 throughout the set
Q. So then as per the description, | ch du=0, because you are just multiplying by the scalar 0

and multiplying it with the measure of the whole set (). But 0 times any real number, or 0

times oo is taken to be 0, so therefore, this integration is 0.
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But what happens to this ¢ [ h du? So again, whatever integral value h has it could be a real

number, it could be — oo, it could be + o0, no matter what is the value, once you multiply by
0, it is 0. So therefore, you have that required equality. So, this equality holds when ¢ = 0.

Let us now consider the case when ¢ > 0.
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So, what happens now, so again, now, we have to go through this several steps, which was
used for the definition of the integral. So, start with the indicator function. So, take a set in
your domain side o field and look at the indicator of that set. So, if h is of that form, then

what is the integral, so put in h as 1A, so you are considering clA, and as per the description,



this is nothing but cu(4), but you can rewrite it as ¢ [ h du because h is nothing but the

indicator.

So remember, 1A, if you integrate it, you just get back the measure. So that is what we are

using them. So therefore, this required equality holds when h is the indicator function. But

then, let us consider the case for simple functions.
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So, if you now do the similar computation, you will end exactly end up with a linear
combination of these measures of the sets. And as long as the series or the summation that
you are working with, as long as that makes sense, as long as co — oo does not appear
together, you can immediately define the integral and verify this required equality. So, it just
extends from the usual calculations that you have already seen for the indicators, you just
have to deal with the appropriate linear combinations. And that is it. So, you get the result for

simple functions.
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But then what do you do next, you go to non-negative and measurable functions, appeal to
the definition. So, what do you do now, so you look at the definition, where you are looking
at all simple functions below the function ch. And looking at those integral values, so you are
looking at all simple functions, considering their integrals. So now, so that supremum
quantity is the, this quantity. So here, remember, as long as h is non-negative, and ¢ > 0, ch

is a non-negative measurable function. So that is what we are using here.
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But then observe, that if you scale the simple functions that you are considering now, by the

constant 1/c. So, then what will happen, this will still remain a simple function, but these

simple functions %S, so that will be smaller than h. But then you will look at this integration



value. So, you divide and multiply by constant c. So, for simple functions, you have already

allowed this multiplication by a scalar. So that is what we are using here. So, you can

multiply and divide by the same scalar which is positive, then %s is a simple function.

So, you can easily observe that that class of functions is nothing but in terms of this new

notation that you look for all simple functions below h, call them as s. So, then we were just

rewriting is, that is all. So, you are just going from this supremum to this supremum, this is
Cc

just a change in the indexing of the simple functions, but this supremum remains the same

because the values remain the same.
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So therefore, let us look at this quantity now. So here you, you had multiplying all this terms
here all the integration values here by this positive quantity ¢ and you are considering

supremum is there. So, you bring it out and that is nothing but the supremum of this set. But

this is over this, this is the supremum is over all simple functions s below h and that is

nothing but the integration of the non-negative measurable function h. So, that is it.
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So, therefore, you have managed to bring out that constant ¢ from inside the integration to the

outside, that is all you wanted to prove.
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And therefore, the result is now true for non-negative measurable functions. How do you do

it for real valued measurable functions, you just have to observe that the positive part of ch
+ . : : + . o . o .

(ch) , that c times h is nothing but ch ', because c is positive, this equality is true. Again, as ¢

is positive, for the similar reason, the negative part of ch(ch) is nothing but ch , so that is

it. You identify it this way, and then for h" and h, which are non-negative measurable

functions, use the result that was just proved.
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So therefore, you start with [ chdp = [(ch)" du — [(ch)” dp
= [ch'dp — [ch dp
= c(fh+du —fh_du)

= cf hdn

So, therefore, you get the required relation that the ¢ can be brought out from your integration

as long as [ h d exists.

So, therefore, you have managed to show that no matter what kind of measurable function
you take, as long as [ h dp exists, [ ch dp also will exist, and it will just be that ¢ [ h dy, so

that is great. So, you have managed to provide for the cases when ¢ = 0 and ¢ > 0.
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But what happens when ¢ < 0, in that case, observe that ch, this function can be thought of
as (— ¢)(— h). So, — c here is now a positive quantity. So, ¢ was given to be negative. So

therefore, — ¢ must be positive, but then h is given to be a measurable function. So — h is

also a measurable function, we just have to observe that now,

(ch) = (= (= ) = (= o)(= )" = (= )k (check the last step). So that will

come out of that calculation. And similarly,
(ch) =((= (= h) = (= c)(= h) = (= ©)h'. The rest of the argument follows

similar to the case above when ¢ was positive. So, just look at now, | ch dp, split it into the

. . C . + - .
positive part and negative part, use this identification here h~ h are non-negative measurable
functions and — ¢ is a positive constant, just use that and you will immediately get the

required relation, that is it.
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So, you have managed to show that scalar multiplication works nicely with this integration
procedure. But then, we now go to a very important comparison type inequalities involving
this integration procedure, we are looking at two functions now h and g. Suppose you have

that the function h is point wise below the function g.

So, therefore, pick any point w € (1, look at the function values, if for all such points in the
domain function value of h is below function value of g, i.e. h(w) < g(w) then what we are

saying is that the corresponding integrals will also satisfy the same relation. So, therefore, if

h < g,then [hdp < [ gdu So, how do you show this? So, here we consider a simple



case we prove it in that in detail that simple case, but the rest of the case we refer to

appropriate reference.
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So, we first look at the simple case. So, here we consider the case when h is non-negative and
since g is above the function h, g also becomes a non-negative measurable function. So, now
consider the integrations for h and g separately. First look at the function h, what is the
integration for this non-negative measurable function, what you have to do is to look at all
simple functions below the function h. So, look at such simple functions s, but then since g is
above h immediately for all such simple functions, we immediately have the inequality that

the function values of this simple functions 0 < s < g.

So, this is automatically satisfied. So, therefore, any simple functions that is below h is also
below the function g, but then there might be some simple functions which are below g
which is a bigger function, g is a bigger function. So, therefore, there might be some simple
functions which are below g but need not be compatible with the function h. So, therefore, if
you are looking at this class of simple functions that are below h that is contained inside the
class of simple functions that are below g, but there might be more functions, more simple

functions below g. So, that can happen. So, that is it.
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So now, for all such simple functions, since this is a smaller collection of functions, then
whatever values you get out of integration, so these values are already contained in the
right-hand side set. So, for any simple function that is on the left-hand side, that simple
function is already in the right-hand side. So, therefore, corresponding values of the

integrations are already listed on the right-hand side.

So, this is a containment, but therefore, if you are going to look at the supremum of these two
quantities, the left-hand side will be smaller. So, since you are looking at a bigger set on the
right-hand side that quantity will be bigger, the supremum will be bigger. So, the required

inequality simply follows by taking supremum on both sides.
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Now, if you allow the function h to take negative values
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Then that that argument becomes a slightly more complicated h might take positive or

negative values.
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And then what do you have to do is to split the cases into K" and b~ and compare with the

appropriate parts for g, appropriate g+ and g . So, that explicit calculation here is being

skipped this, this argument will go through, but the only problem is that you have to divide

. . . + —
into several possible cases, you have to compare h plus with g, g and g and so on. So, we

are simply avoiding that case but the argument will go through by comparing all these simple

functions.
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If you are interested, please go take a look at the book by Robert B. Ash and Catherine A.
Dole’ans-Dade, the book title is Probability and Measure Theory, the theorem number is



1.5.9. So, this is the second edition of the book published by Academic Press, you might
choose to take a look at the detailed proof there. But we are going ahead assuming that the
result is true. So, we can compare the integrals provided the original functions already

satisfied that required relation.
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So, then we now get very nice interesting inequalities following that inequality. So, what do
we do is that we look at [ hdp and [ |h| dp. So, observed that given any measurable
function h, the function |h| is always non-negative and measurable, this we have already

observed earlier, but then you can consider | |h| dy.



So, this is a integration of the non-negative and measurable function mod h. So, in particular,
[ || dp will be something non-negative, so that, that is the observation we can make very

easily. But now, compare these functions.

So, since h falls between these functions — |h| to + |h|, then you can automatically compare

the integral values. So, what is [— |h| dy it is nothing but — [ || dp. And that is dominated

from above by | h dusimply by following that inequality.

Again, since h < |h|, [ hdu < [ |h|dp, that is it, you get both sided inequalities. And

hence, to get that |[ h du|, you get |[ hdu| < [ |h| dp. So, this is a very simple inequality to

prove, as long as we have managed to compare any two arbitrary measurable functions and

their integrations.
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So, with this relation at hand, we can now make some very interesting comments. So, here

start with a h, which is non-negative and integrable. So, if h is already non-negative, then

h = 0. So, you do not have to worry about h .So, h = nt here. So, if h is non-negative,

this is what is going to happen. Then integration of h is nothing but [ h' dp and that is a



finite quantity provided that h is given to be integrable. Then, what is going to happen is that
provided such h, if you can get arbitrary function g, such that |g| < h.

So, you are starting off with the arbitrary function g now, and if |g| gets dominated from
above by this function, this non-negative function h, then you will immediately say that g+ is
dominated by h simply following this inequality that g+ is a non-negative function and it is

dominated from above by |g| but |g| is dominated by h. So, therefore, g+ is also dominated

by h from above.
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A similar inequality holds for g ,so g < |g| is also less equals to mod g, and if |g| < h,

then g < h. So, therefore, you will immediately say that integration of [ g+ du < [ hdu

And since [ h dy is finite, you will immediately say that [ g+ du is finite.

Similarly, [ g dp is finite, because it is dominated from above by | h dy. So, both is g+ and

g have finite integrations. So, therefore, how do you immediately say is that the function g

is integrable. And you immediately also observed that g and |g| both are integrable here.

So, this is something interesting that as long as you can dominate |g| by an integrable

function h, you can immediately say that the function g is integrable, you do not have to



separately verify the integrability of g. So, if you can get a bound in terms of some known
nice function h, which is known to be integrable, then g has to be integrable. So, this is some

explicit condition that will allow you to check integrability in a slightly easier fashion.
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But then what is the relationship between integrability of g and |g|. So, you make a partial
statement here, we will come back to this statement later on, once more in a later lecture. So,

what we are observing here is that if |g| is integrable, then we claim that g has to be

integrable. Why?
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If mod g is already integrable observe these inequalities that we have stated earlier, forget
about h gJr is dominated by |g| . So, therefore, [ g+ du will be finite provided |g| is

integrable. So, this is a non-negative function |g| is non-negative, and if it is integrable, that

means integration of |g| is finite.

So, g+ has a finite integral, as long as g+ gets dominate from above by |g|, so that is it. So

therefore, g+ has a finite integral. Similarly, g is also a finite integral. So, putting them

together, you get the integrability of g.
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So therefore, to check that g is integrable, one sufficient condition is that |g| is integrable.
Another sufficient condition is that you find some other nice function h which is integrable
and check that the inequality |h| < h holds, that is it. So, in all of these results, that we have
discussed, so far, we have discussed this scalar multiplication and certain comparison

inequalities, we are yet to discuss the linearity property of the integration.

(Refer Slide Time: 22:54)



N we one geb iy digcuss e Qi\'\m\\gj

\?m%e:\a \ SQ&'\Q A{\)\ = S%Af‘* 4 S\.\&N u.
As &uch, bbgo;\e_ \)ho\r‘\'\'& o %’\‘O\ta_m@{t
a% T %ﬁu‘r\) wWe Conmot Lge ’\SY\'\S [\

OV &!\ﬂ\x‘n\u\'\; o

Neke () 1 Once we prow e Solamedt in

So that is by that I mean that we would like to say that [(g + h) du is the addition of

[ g du and [ h dy. But the problem is as long as you do not prove this, you cannot use it in

your argument. So, in all these arguments till we prove linearity, we have to be very careful,

we cannot use linearity. So, this is caution that you should be taking care of.

(Refer Slide Time: 23:22)
a@ Fmg Aonm, We Cmtot Wge g o

OL N\a\xm@(\t .

Nn\y.@ ¢ Onte We ‘gmwe, e &*mﬁmv\’; n

Note (0), We ahalll '?““\"" Poe Convenge c;%

fe  Soemedt v Nete (9,



Nee @: Tg 181 b wwdegrebie, hen by
Nm/ & [ \\w\*iﬁdm\b\e,-

Now(iD): we one yeb & dircues e Qi“’“”"*\g)

Prapey S g = Sadp + Sy

Ne Auch, bﬁ%‘m& \Dho\ﬁ”fa N Shelement

But once you prove the required linearity, then we can prove the converse of the statement in
note 9. So, what is note 9 again, so, in note 9, we said that |g| is integrable implies g is
integrable. We are going to show that g is integrable implies |g| is integrable. So, this will
follow once we prove the linearity of the integration property. So, we will discuss these issues
in later lectures. And we are going to continue looking at properties of measure theoretic

integration in the next lecture. We stop here.



