Matrix Computation and its applications
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Lecture - 58
Matlab/Octave code for Householder transformation

(Refer Slide Time: 00:17)

] Note3 - Windows Joumal = ﬂﬂl
File Edit View Insert Actions Tools Help
SRl [TITTTT ] " EZ-9-SET -
M,,mjwm_g,, Howrchubler Truraandton e
/_________-
L H=T~- _’;‘i‘i—-
AM'- urs e i
() Ondoiimt o= A7 =
-\ T kT &
e - T )
= ﬁl"l- LOLN

= —

= B8R

Hello viewers, welcome back to the course Matrix Computation and its application. So, this
is the last lecture of our course. In this lecture we are going to solve some examples using the
Householder transformation, to find out the QR factorization and the tri-diagonalization of a

symmetric matrix with the help of Octave software.

Now we are going to use the application and the first one is the QR factorization. As we have
already done the QR factorization with the Gram Schmidt process. So, in this case also we
have a matrix A and multiplying by some Householder transformation and on the right hand

side I will get R. So, this R is an upper triangular matrix. So, in this case what we get H ) H 5

orthogonal matrix.

H=1_2wwt



So, I can find from here then, this can be written as A = (Hn. Hn—l"'Hz' Hl)_lR. So,

inverse means this is equal to transpose i.e A = (H:l H:l_ e H;. H;)R and we know that
Hn is a symmetric matrix. So, it becomes H » H ) Hn and these are orthogonal matrices so the

product is also orthogonal. So, I will get A = QR, so this is like QR factorization of the given

matrix.
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So, let us try this one in the octave and now suppose I take the matrix A. So, let us take the

example of this one.
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So, I will just take same example and we will define the matrix A as:

A=[41 -2 21201 —-203 -221 -2 —-1]

Here we have A = A . So, I have taken a symmetric matrix and we are going to use this. We
find its QR factorization using Householder transformation. So, this is what we are going to
do. So, let us start with the octave. I have saved a one script file with the word octave. We
start with clear and clc commands to clear the command window and variable form

workspace in Octave/Matlab. I should write here about householder transformation.

So, after defining this matrix now I want to start my Householder transformation. So, I can

say that using first column, so I am using the first column C | as
C = 41-22)

so this one I am going to use. And from here I will make this vector transform value here

(000 O)t . So, this is what I am going to do with the help of this one.

So, now I am going to use the first column, so let us write this one, so let us take column

write it C . So, in this case I am writing C L first columns all the rows and the first columns,



so this is my C . Now I define my n as the the length of C . Now I know that I need to define
the norm also. So, in this case what [ am going to do I am going to defined newC L because I

am dividing the C L by infinite norm of C .

Cl

TLQWCI = norm(Cl,infinte)
So, norm I will take of what C L and I want to take the maximum norm or the infinity norm, so

I will write inf. So, this norm I am defined this 1. So, this is my newC ) I will get. So, once I

will get the new(C > how I want to define w..
w, = neWC1 + ||neWCl||C1

So, that is what we are going to see the sign of the first component star multiply this one,
what I need to do? I need to find a norm for the length of this. So, I am defining the norm of

neWCl, so this is my new C1 neWCl. So, that is my new C1 and I am taking the 2 norms of
this one. And then I will multiply by the vector identity vector. So, I will write eye, so this is
the command, but [ want the vector of length.

So, n should be the number of rows and only one column should be there. So, this is basically
we are getting the column vector. So, this is what we are going to find w, and now once I
find the w » I will get the matrix H. So, you can write from here in this case. So, this is you

can write here as vector w and now this one I can write finding the Householder matrix H x

Why we writing this H 1‘? Because first I am dealing with this one, so I will find the matrix.

So, from using this one I found my w, and then I will find my H L and then multiply the H L

with this vector and I will get some value here (0, 0, O)t and then I will find out H L and my A

the matrix and I will get the new matrix that is A x So, this is what we are going to do.

So, now I am finding my H S0 H ) is equal to, so I need to find out because you will see that

H ) is going to be a 4 by 4 matrix. So, I need to define my identity matrix. So, identity matrix



is eye(n) of order n because it is n is the number of length. So, this is what I am going to take
now. So, this is the value we are going to take sorry maybe I will define this one divided by

w, transpose multiply by w.. So, this is what we have defined, so that is my H g

t
H = eye(n) — 22
1 w

*w
Now, I want to see that what will happen if I take H L and I will multiply this one with a

neWC1 as H1 * neWC1 So, maybe I can define it just my newA = H1 *A.
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So, newA can be write this as my Al. So, A1 I will get by multiplying H ) with my matrix A.

So, let us see whether it is going to work till here or not. So, first I will save this value and
then I will run this one. I will change the directory and let us see if any mistake is there, so

ok.



(Refer Slide Time: 13:41)

2 e & -
file Edt Debug Window Help News
L= D Currere Drectory: C:\Users\ETSC\Desitop ry |
[Fle Srowser & % Command Window %
2 2.25000 A
C/Users/ETSC/Deskt '
R N AR
Name & 0.50000
Deskiop copy 0.50000
Mooc Hl =
MOQCs Jan 2021
MOQCs July 2020 -0.800000 -0.200000 0.400000 -0.400000
Week 1 v| =0.200000 0.977778 0.044444 -0.044444
e 5 x 0.400000 0.044444 0.911111 0.088889
L = -0.400000 -0.044444 0.088889 0.511111
Name’ dass Dimension ~ Value Attribute ~lans =
A double 44 41,-221,.. 1.2500e+00
A1 doudle 4 -2.0817e-17
4.8572e-17
4 doudl Tl
e ~5.5511e-17
H double 4d v
a xAL=
i =3.0000e+00 -1.6000e+00 3.6000e+00 -
eigiA"A) Al -3.3267e-17 1.7111e400  6.2222e-01
€igiAA) 1.942%e-16  5.7778e-01 1.7556e+00 .0667e+00
# Octave 520 Fii Aug 13 125627 2021 GHT <unkionn@PC> -2.2204e-16  4.2222e-01 ~1.5556e-01 -1.9333e+00
de
dear >k 2
HauseHalégf‘ . z
| V| Command Vindow  Documertaton | Varisble Edtor
15

1221PM
-

20-Aug-21

(Refer Slide Time: 13:44)

€ e —sum
file Edit Debug Window Help News
LW [0 crenoredy: clssErsadesion Jam
[Fle Browser & X Command Windew 8 x
Clsars/ETSCDeskop vagr- A
Name - 4 L -2 2
I 2 0 E
Deskiop copy 200 1k
Moo 201 -2 -
MOQCs Jan 2021
MOQCs July 2020 cl=
> L Week1 b
| Wortspace & x 1
1
Fﬂ?ﬁvT 2
Name Cass Dimension ~ Value Attibute & 2
A doudle 44 41,221, n= 4
Al double 4 [-5,-16000, .. wl =
l 41;-2:2
1 doudle a %22 2.25000
H dole 4 (080000 -. v 25000
s x -0.50000
= 0.50000
fiter
g™ Al =
eigiA'A]
#Octave 52,0, Aug 13 1256:27 2021 GMT <unknown@PC» -0.800000 -0.200000  0.400000 -0.400000
dc B -0.200000 0.977778  0.044444 -0.044444
b 5 0.400000 0.044444 0.911111 0.088889 v
HuuseHnlgt%» < - 2
\\~ ¥ | command window  Documentaton | Variable Editor

So, no mistake is there first I have taken this matrix. So, this matrix is

A=[41 -2 21201 -—203 —-221—-2—-1]
So, 1 divided by 4 is 0.25 . And after this I get my w.. So, w, we have taken that new C1

plus. So, sign of this is positive, so we have taken the positive sign the magnitude of this one

we have taken and then e 1. So, we got this w, and after doing this w.,sow, if you see this is



my [ call it C . So, and then I will convert this into the new C ;SO it is new C L plus sign of

this is positive. So, I am taking the new C , horm and then e S0 this is what we have done.
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And after that my H L become this one. So, once I take this H L and applying on the vector, you

see that this value becomes -1.25 and this value 0 0 and 0. So, both are all the 3 will become

0 now and I applied this on the A L A matrix. So, A 1 is a new matrix with the first column a

new vector and then here it is 0 0 0. So, this is what we got. So, my value of this A1 is this

value ok. So, now let us see, so up to here we are able to find out the Householder matrix and

its application transformation on the new C SO this is what we are able to finish.
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So, itismy C 5 and now I am going to calculate my new(C , s follows

5

TleWCZ = norm(CZ,infinte)

Next one, so I need to find now W,
w, = newC, + sign(newCZ(l) * norm(newCZ, 2) *eye(n — 1,1))

And now after this one we will find the Householder matrix

2*w2*w;
H,= eye(n — 1) — —
2 2
Now we calculate A 5 matrix as:
—_ — k
A2 = neWA1 = H2 A1
(Refer Slide Time: 21:07)

/ Note3 - Windows Journal ] < | |

file Edit View Insert Actions Tools Help

9 B/ MENEEENECEORC0 LY QTHEZ-9-SETr-

s

So we have (I-; ) and we define as
3*3



and

Implies:

Which is an upper triangular matrix.

(Refer Slide Time: 22:06)

HHHA=R
372771

|Editor
file Edt View Debug Run Help

Lis-a2Fs

* Housetiolder.m £

n=length (C1)
newC1=Cl/norm(C1, inf)

i rinding the Hou: matriz H1
11 Hl=eye (n)- (2*wl*wl"/ (Wl

12 H1*newCl

13 Al=H1*A

15 C2=Al(2:n,7)
16 newC2=C2/norm(C2, inf)

18 H2_temp=eye(n-1)-{2*w2*w2'/ (w2'*u2))
19 H2 temp*rewC2
20 H2-blkdiag(l,H2_temp)

\)
line: 15 col BeefBrcoding: SYSTEM. et CRLF

iy,

alZ2&0e0d L

9 wi=newCl+sign (newC1(1))*norm(newCl,?2) *eye(n, 1) Vector W1

17 w2=newC2+sign(newC2(1) | *norm(newC2, 2) *eye (n-1,1)




(Refer Slide Time: 23:04)

file Edt Debug Window Help News

L® [0 oreoremy: CersETSCesitop vam
il srouser 3 % Conmand Window 5
) 1.9420e-16  5.77782-01 1.7556e#00 -1.06§7e+00 "
[ e MLd 2.OIEE  1.2222:01 -7.5556e-01 -1.9333e+00

Name &

¥ & Desktop copy Ca

b 4 Maoc 2

L MOQCs Jan 2021 0

» 1. MOOCs July 2020 1B

b L Weekl L
Worispace & nmevcz =
= 1.00000
Name Class Dimension ~ Value Attribute Al 0.00000

0.50000
A double 4 1,221,
a1 dowdle 4 15,1600, .. W =
a doudle M 2.11803
© dole 30 201 v 0.00000
|— @ x  0.50000
il * H_temp =
#Octave 5.20, i Aug 13 12:5627 2021 GMT <urion@PC> -
dc -0.89443 -0.00000 -0.44721
= -0.00000 1.00000 -0.00000
e -0.44721 -0.00000  0.69443
HouseHolde b
HouseHol %} b =
{ ¥ | Command Vindou  Documertaton | Vari Edtor

(Refer Slide Time: 23:41)

file Edit Debug Window Help News
R B oot _em
|Fle 3rowser & X Command Window o x
3 -2.0817e-17 A
[EsAE L e
Name Al -5.5511e-17
? . Deskiop copy AL =
b & Mooc
» & MOOCs Jan 2021 -5.0000e+00 -1.6000e+00  3.6000e+00 -2.2000e+00
> . MOOCs July 2020 -3.3267e-11 6.2022e~01  5.3333e-01
b L Week] v|  1.9429e-16  5.7778=-0% 1.7556e+00 -1.0667e+00
Wortpnce 2 x  -2.2004e-16  4.2222s-01 -7.5556e-01 -1.9333e+00
”"LI d S
Name Cass Dimension ~ Value Atfribute e
A double 44 41,221, ;;#;
Al doudle 4 [5,-1600),... 0.42222
4] double o [4%-221 =
[} dowle 3 [17111;057... v
» x  1.00000
0.33766
0.24675
5
w2 =
2.08393
0.33766 M
< >
¥| command vindou  Doaumertaton | Variabe dtor




(Refer Slide Time: 24:04)

file Edt Debug Window Help News

Lie = D Curtert Drectory: C:\Users\ETSC\Desitop My 1
[Fle Srowser 3 % Command Window -]
3 & 2.08393
C/Users/ETSC/Desktop via & T
Name ks 0.24675
I Desktop copy H2_tenp =
4 Mooc i
MOQCs Jan 2021 -0.922569 -0.311517 -0.227647
> 1. MOQCs July 2020 0.311517  0.949524 -0.036886
Week 1 v| -0.227647 -0.03¢886 0.973045
| Workspace § x
- ans =
Name Class Dimension ~ Value Attribute A F1.08393
2,2, g
A doudle 4l 41,221, 0.00000
Al doudle 44 [-5,-1.6000, ..
1 douole 1 S
@ doudle 3 ¥| 1.00000 0.00000 0.00000 0.00000
a x 0.00000 -0.92257 -0.31152 -0.22765
i 0.00000 -0.31152 [y 0.94952 -0.03689
= 0.00000 -0.22765 -0.03689 0.97304
dc ~
dear > |
HouseHolder
HouseHolder
HouseHolggF™
HouseHol % 8 L
| 3 V| Command Viindow _Documentaton | Variab Edtor

(Refer Slide Time: 24:51)

g Octave ‘ﬂg

; dilor L |

Editor B
File Edt View Debug Run Help

(W22 mmg%oceh M

* Housetioderm 3

A(2, 1)

7 n=length(Cl)
8 newcl=C1/norm(c1,inf)

9 wi=newCl+sign (newC1(1) ) *norm(newC1, 2) *eye (n, 1) Jecto

11 Hi-eye (n)- (24l*wl’/ (3
12 iT*newcl

/norm (C2, inf)

17 w2=newC2+siqn (newC2(1) ] *norm(newc2, 2) *eye (n-1,1)
18 H2_temp=eye (n-1)-(2*w2*w2'/ (w2'*u2))

19 H2 temp*newC2

20 Ho=blkdizg(1,H2_temp)

24 newC3=C3/norm(C3, inf)

25 wi-newC3+sign (newC3 (1)) *norm(newc3, 2) *eye (n-2, 1)
26 HI temp=eye(n-2)-(2*w3*w3'/ (w3'*u3))

27 3 temp*nevC3

28 H3g izg(l, 1, H3 temp)

1236 PM
N 6

20-Au-21

Again using the same technique the value of C 3 H 3 and A 3 is calculated.

Now, let us do that one, now applying on the next column.

C,= A(3:n,3)




So, itismy C 3 and now I am going to calculate my new(C 5 as follows

G

neWC?, = norm(C3,infinte)

Next one, so I need to find now w.,
w, = neWC3 + sign(neWC3(1) * norm(newCB, 2) *eye(n — 2,1))
And now after this one we will find the Householder matrix
2% *Wt
H, = eye(n — 3) - ——

*
w_w,
33

Now we calculate 4 3 matrix as:
A =newd =H_ *A
3 3 3 2
Now, we have obtained w - C . H 3 and 4 -
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So I put this matrix H . here and this is just the block diagonal matrix we got. And now we

applying this on the A3, so you can see that this became my new matrix and that is the upper



triangular matrix. So, after doing this one I got my upper triangular matrix, so this is my

upper triangular matrix.
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And from here I can find the final upper triangular matrix. So, I can write R a upper

triangular matrix as

— * * *
Up]oerT—H3 H2 H1 A

We are going to compare our obtained matrix with the inbuilt QR function. So, that is we
write it QR, so this is what we get from here and I will write QR of matrix A and then we can

check, so this is let us see.

[, R] = gqr(4)
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symmetric matrix, then I can convert matrix A into
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So, these things we can do here, let us suppose I have matrix A, I can apply H L left side and
the right hand side H2 H3 H4 and suppose it is going up to Hn. So, after doing this, whatever

the matrix we get, that is maybe I can write it R or I should write it T. So, this is a tridiagonal

matrix.
Hn.... H3H2H1A H1H2H3.... Hn =T
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So, now I have chosen matrix A to be the symmetric matrix. So, the same way I can define

in here. Let us convert it into a tridiagonal matrix form. So, we have nothing to do in this
case only thing we have to do is to choose the first vector of the same matrix i.e

41 -2 Z)t. So, in this case we can apply the same matrix.
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I will call this file a tridiagonal form using Householder. So, I will write it and save it on this

one. So, what I am going to do, I will copy this file ( control c). and we will put it here by

using the shortcut key (control v) for pasting files.
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Now, first column C L I have choose here is from A(2 :n, 1). So, this is what we need to do

we need to find this value here. So, we are going to find the new(C ) and W, same way.

So, H L would be n-1. So, [ will call it as temporary H Ltemp'

applying on the next column.
C,=A2:n, 1)
So, itis my C L and now I am going to calculate my new(C L 38 follows

Cl

Tl€WC1 = norm(Cl,infinte)

Next one, so I need to find now W,

w, = newC1 + sign(newCl(l) * norm(newCl, 1) *eye(n — 1,1))

And now after this one we will find the Householder matrix

24w
171
= eye(n — 1) - ——+

1temp
1



Now we calculate A 1 matrix as:

—_ — E3
A1 = newA1 = Hltemp A

H = blkdiag(1, Hltemp)

Here H L is a block diagonal matrix.
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H ) is a 4*4 matrix, and now we calculate the product of H L and A matrix. Then we

calculate H . *A*H g
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Again with the help of C . new(C ) and w we obtained the value of H stemp and H ) which is a
2

block diagonal matrix.

And now from here I can find my tridiagonal matrix T. So, T is my tridiagonal matrix,

T=H 5 *A L *H . So, you will see that this is going to be our tridiagonal matrix, so let us

run this one.
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So, by this way in the computer programs you know that it is quite easy once we write the
program, then we can just change the matrices and the same program can be run for various
type of matrices. So, that is the benefit of writing codes to do the numerics. I think now we
should stop and with the help of this code you can run and write your own codes and then

you can verify or you can try these things for different type of matrices.

So, in this lecture we have discussed the application of the Householder transformation, first
we have shown QR factorization. And then we have shown another application in this lecture
that if the matrix is a symmetric matrix, then we can convert this one into the tridiagonal form
using the Householder transformation. For computation purposes we have used the Octave

software.

I hope that you have enjoyed this course, the complete course on matrix computation and
learned a lot of things from here that will be useful for your further studies. So, thanks for

taking this course and completing this course.

Thanks very much.



