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Hello viewers. So, welcome back to the course on Matrix Computation and its application.
So, today we are going to discuss a very important concept that is Pseudo inverse : how we

can define the inverse of a matrix which is in the maybe n* n matrix, but its rank is less than
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n or we have a rectangular matrix. So let us discuss that one.

So, today we are going to discuss the pseudo inverse and this is also called Moore—Penrose
inverse. So, in this case what we are going to discuss is that suppose I have a matrix A that is

of order m*n. And this matrix I know represents the linear transformation from R" to R™.

Now, I will define the three different cases.

So, suppose that case 1 suppose we have m = n. So, in that case we have a square matrix, so

that A will be n* n and let rank of A is n. So, in that case we know that the A™' exists and if |

take A'A that will be equal to I and this is also equal to AA ™.
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So, in this case we are putting the inverse on the left-hand side of A. So, this is called the left
inverse and this is my right inverse. And in this case when we are able to take the inverse the
classical inverse or whatever the inverse we have defined. So, in this case my left inverse is

also equal to the right inverse.

So, we have already seen that whenever the matrix is a nonsingular matrix then we can define
the left inverse and the right inverse and then we can define it like this one. So, this is the

case we have already discussed.

So, I will take case 2. Now we have a matrix that is equal to n, again the square matrix. Then
suppose the rank of A is K < n. So, in that the matrix will be, so the matrix A is a singular
matrix. So, in that case how can we define the inverse? We can define inverse, so in this case
definitely we can now define the regular inverse as we have discussed here. But we have to

define the inverse of this type of matrix.
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Maybe you can take the case 3: I have a matrix A m*n and let I just take m < n, it means the
number of equations < the number of variables. So, in this case whenever we have a system

of equations like Ax = b then if the system is consistent then always.



So, if the system is consistent then infinitely many solutions exist; then infinitely many
solutions exist. Because in this case the number of equations is less than the number of

variables. And so, in this case also how to define the inverse, that is also one of the questions.

Similarly, I can take the case 4; when I have A matrix m*n matrix and my m > n. So, in that
case the number of equations is greater than the number of variables and in this case also the
system is consistent then the system. So, the same system I am talking about, Ax = b. So, if
the system is consistent then it may have. So, in that case I can say, so this system has I can

make a condition here.

So, in this case m > n now what will happen if I take the rank of matrix A is. So, the number
of equations > the number of variables. So, what would happen if it had a full rank? It means
the columns are linearly independent. So, if the columns are linearly independent then in this

form then we are going to have a unique solution.

And when the rank of A < n the number of variables and the system is consistent then is
going to have infinitely many solutions. So, in this case also, how to define the inverse? So,
all these systems we will discuss here how we can define the inverse. So, now, definitely for
such types of systems we are unable to define the regular inverse. So, this type of inverse is

called the regular inverse.
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So, let us define another term that is we call it pseudo inverse. So, in the pseudo inverse let us
take all the cases. So, I will take case 1, suppose I have a matrix A that is of order m cross n.
And in this case suppose and A has all columns linearly independent. It means that it has full
rank in terms of the number of variables that implies that the rank of the matrix A is n that is

the number of variables.

So now in this case, suppose I have a system Ax = b then I know that I can pre multiply by
the transform; AT A x =A"b. And from here I can write now, because this matrix is a full rank
matrix ; all its columns are linearly independent. So, I know that the ATA is invertible and

from here I can define my x = (ATA)' A'b.

So, these things we have already seen in the terms of least squares. Now, so from here I
define; so this term I will define as now let us see what will go and what is going to happen.

See if I take (ATA)" (ATA) =I then in this case if you see I will get an identity matrix.

So, from here I can say that this(A"A)" A’ so this is A transpose if I can call this Left inverse
or I can represent by A left. So, this is my left inverse because 1 am multiplying on the left

of the matrix A and I am going to get the identity matrix.

Now what will happen let us see; so, this is going to be in the case of left inverse, now let us
see what will happen if I take on the right-hand side. Suppose, now I take A and put it on the
right-hand side A(ATA)' A"=P . So, that is the projection matrix on the column space of A
that we already know. So, in this case I will get my P the projection matrix and that which is

the projection matrix on the column space of the matrix A, this one.

Now, somehow suppose from here let us see what is going to happen. Now I take if A is n*n
and invertible if A is n*n and invertible. Then I can write from here it will become

(AA)ATY' AT=T1*I =I.

So, in this case it will also become the right inverse. So, that is the condition for the
projection matrix that if the matrix is an invertible matrix then this will be the identity matrix.

So, this is my left inverse we have defined.
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Now, I will take the second case; so I have taken case 1, now I am taking case 2. So, A is
m*n and in this case now suppose, so [ have the Ax = b this is my system and I am taking let
the rank of the matrix A is m. So, suppose we have a m < n, the number of equations < the
number of variables. So, in that case suppose I have a rank equal to m, so from here I can say

that the matrix A has full row rank.

So, in this case what we are going to define is now let I have the system. So now, I define a
matrix that is AA" and then I am taking its inverse and then this one. So, let us see what is
going to happen in this case. So, I define the term this one and I call it right inverse and I

represent it by A right.

So, in this case let us see, so why is it right? If I take A and I multiply by this inverse then
this will be equal to AA" and A"(AA")" and that is equal to y. So, from here I can say that this
is in the right inverse of the matrix A and from here then I can write like this one. Also, if

try to put it on the left side, let us see what is going to happen.

Now, also if I take AT(AA")! I am putting on the left-hand side because it is the right inverse.
Then if you see, then this is also a P. It is a projection matrix on the row space of A, because

instead of A” you just put A and then you will get the same value as the previous one.



So, that was the column space, so now I take just on the A”. So, I get this value and that is the
projection matrix on the row space. And the same way if you take this matrix is invertible and
then this becomes the identity matrix. So, in this case we are able to write the left inverse and

the right inverse. So now, we can define the terminology.

So, now we define the terminology A" with this sign the plus sign. So, this is we call it
Pseudo inverse or we also call Moore Penrose inverse, because this is given by the
mathematician Moore Penrose. So now, from here I can call that this left-hand inverse also

can be written as a dragon. So, this is like a.

And this also can be written as. So, it is a plus sign like a cross, so this is the pseudo inverse.
So now, from here we are able to write the pseudo inverse that is the we call it right-hand

inverse and the left-hand inverse. Now we are going to take the next case.
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So, let us take the third case. Now we have the matrix A that is m* n. And suppose A is rank
deficient, so rank deficient means it is not a full rank. So, let the rank of matrix A is k and
that is less than whatever the minimum value I am taking this. Because if a number of rows is
more than the number of variables then it can be n, minimum value can be n otherwise

minimum value can be m. So, the rank of the matrix is even less than this one.



So, in that case, so now from here now if this is the case then the matrix AATand AAT are not
invertible, this thing also we have seen. So, if it is not invertible then if you see from here
then I cannot define the left inverse and the right inverse. So, in this case how are we going to

define? So, now, from here I will take the help of SVD.

So, we will define the pseudo inverse with the help of SVD, singular value decomposition.
So, in this case what we are going to do is now I have matrix A, so this is my matrix A that is

m*n. So, I know that I can write its singular value decomposition, so I will take the

A=UY VT

So, these things we already know where this U is a square matrix of order m* n having the;

so here it is an orthogonal matrix.

o, 0 0 O

0 o, 0
: oy
0 0

Now, summation sigma is the diagonal matrix with singular values

and then (0 0 0). And this is, so this is of order m*n and this is again the n* n matrix taking
its transpose. So, this is a V', so this is also an orthogonal matrix. And we know that in this
case we can find out the orthogonal matrix. So, U and V we know that we can find U and V
as; so U and V can be found as. So,

(ATA)Ui oV = \/xivi
So, now, from here because I know that the o = \/Xl . So, maybe I just write this one lambda

i, this value. Now from here, it means that this A" A is orthogonally diagonalizable. So, from

here I can find the value of V, so this is the V I can find.
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Similarly, we can define U, so U we can define from AA" and then putting this ui's and that is

also equal to whatever the values we are taking, so maybe I can write them wu.. So, this is

also how we can define the diagonalized form of the matrix AA", because this is going to be
the m*m matrix. And this is going to the n* n matrix. And this is a symmetric matrix, so we
know that it is always diagonalizable, so we can write this form and then we can substitute

here and we get this value.

Now, let us see, so what is going to happen now. Let us define a pseudo inverse. So, this one I

will define, so it is U V' pseudo inverse. Now I can define this as

A= (UZVT)+ - (VT)+2+U+AT — v’

So, it is a pseudo inverse, so it becomes the transpose because U is an orthogonal matrix. So

from here I will get this form.

Now, let us see what is going to happen here. Now we know that the sigma is basically a

s, 0 0 0
0 o, ... 0

2 o,
0O o0 0

diagonal matrix with singular values



See if I take the sigma inverse the pseudo inverse, so this will be

Now let us see I define AA inverse pseudo inverse. So, this is

ad" = (vt

adt = usstu”
= U[Ik 000 ]UT

Now, in this case this and this will be an identity matrix because it is an orthogonal matrix.

So, I can write from here then this will be equal to U".

And if you see from here then I am multiplying this by this matrix. So, it will be a U and then
I will get, here I will get the identity matrix of order k. So, if I put the pseudo inverse on the

right-hand side I will get this value; so AA pseudo inverse.

So, I am not going to get the value I here because we have this matrix and if this matrix has a
full rank and then it is complete I then it will be I and then U U" will be 1 otherwise this will
be on this form. Similarly, what we are going to define is, now I take A inverse A. So, in this

case [ will get V summation and U transpose and put the value here A.

So, A is U £ V' and from here you will get V X. Now in this case also this is an identity
matrix because it is an orthogonal form. And from here this will be equal to sigma V. So, in
this case also we are getting V then Iy and then V'. So, that is how we are going to get when

we take on the left-hand side of A.



So, this is the way we can define the pseudo inverse for any type of matrix. If it is
diagonalizable then I can define its left inverse and the right inverse. And means if the matrix
is a full rank, then we can define the left inverse and the right inverse. And if the matrix has
the rank deficient form, so in that case we can use the help of this SVD to find out the pseudo

nverse.

(Refer Slide Time: 29:08)

B Note1 - Windows Journal _oEH
file Edit View Insert Actions Tools Help
2 5/ EEEEEEEN " » B T ETIE
' Ay K
A
3 o @ﬂ&
- A
Pxch = k=P (unese) & M.)( [Jown=#)
Ax=0 =y X= Fo 3 x%e)
n(w:= )
)=
Sinde = al)=53 ba
= )= (o
xoh el £ e = 2R
Rad AM = o
= T )" T E = A+
Q’»\Pl B — 41,
= kil
= [ln =59

3

O
£y
% A
oz i
. 3 L2l 1042AM
) ﬁ e 9 \L ! I . N e

=

Another important thing we just want to discuss here is that. Now how this, because we know
that, if I have a matrix A m* n then this is a transformation. And we all also know that these
are the four subspaces and this is orthogonal to each other. So, I know that this is a row space

of A, this is a column space of A, this is a null space of A and this is the null space of A " .

Now, from here if you see that if A is n* n and invertible then I know that Ax =b and from
here my x will be A" b. So, in that case I have a unique solution. Now suppose I take Ax = 0.
And from here you know that this will be A'0 and that gives you that X= {0} element

because it will be 0, so x will be 0 element only here.

So now, if the matrix A, so now, this is my transformation A. So, in this case if the matrix is
invertible then I can say that the null space of A has only 0 element. Similarly, I can take the

A" and then we can define some y = b. So, in that case also you will see that if A is invertible



then A" is also going to have the rank full rank and in that case it is also going to give the

unique solution.

So, from here you can see that the same way I can define that the null space of A" is also 0
element. So, whenever we are going to have an inverse of the matrix A then in that form
always the null space of N (A) and the null space of A" is 0 when this inverse exists. So, this
is the A we are going to take and my A inverse is going back from here to here. So, that is my

A inverse.

So, suppose this is my some let us take this my x. So, this will be Ax and this is going to give
back Ax. So, this is my Ax, if I take this x and this is going to give you the x the back. So,

that is the meaning of inverse in this case.

Now, similarly, the left inverse is basically this is the left inverse. So, left inverse what it is
doing is killing the null space on the left-hand side and right inverse killing the null space on
the right-hand side. So, similarly we can define that we have a system A that is m*n x =b.

So, in this case if we define (AT A )™ AT, so this is my left inverse.

So, I know that the dimension of A" A is n*n because we have taken that it has the full rank
the rank of A we have defined is equal to n the number of variables. So, in this case also if
you see the number of variables are n, it means I can say that the null space of A will contain

only 0 element because this matrix has a rank that is n.

So, we can see that this is the whole of the dimension n then at its dimension will be 0 by the
rank nullity theorem. So, in this it means that the null space of A is 0. So, it means that the

left inverse pseudo inverse is killing the null space on the left-hand side.

And similarly, (AA")" on the right-hand side in this case you can say that the null space of AT
is 0. And it means that the right, so that is I can write as A right-hand side. So, it will kill the
null space on the right-hand side, so that is my right-hand side. So, that is the meaning of the
inverse, so finding the inverse means it kills the null space related to that vector space from

where it is defined. So, this is just the way we can define it.
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So now, let us take one example of how we can define the pseudo inverse for the

corresponding given matrix, so let us take one example. Suppose, I have a matrix A thatis a

1
A= 5
column matrix. So, let us take one very simple matrix. I just take the column matrix

So, this is my matrix of dimension 2*1 and I know that the rank in this case is 1. So, it is full

rank; full rank matrix. So now, I want to define its pseudo inverse.

So, it means that it is a full rank, so I want to define its pseudo inverse. So find its pseudo
inverse. So, pseudo inverse means I need to define this value and in this case this value will
be equal to because we know that it is the full rank matrix. So, I can define my (ATA)'A" .

So, this is basically what [ am going to define here as the left inverse. So, let us see.

Now I define my A" A. So, A transpose A will be [1 2] and this is [1; 2], and from here you
will see that it is 5 because it is 1* 2 itis 2 *1, so it is 1* 1. So, I will get the matrix 1* 1
matrix with the element 5 and A" A inverse because in this case I know that this is invertible.

So, it will be 1/5. So that is my inverse in this case.



Now, I can define my pseudo inverse, so that will be 1/5 and A", so this is [1 2]. So, that is
my left inverse. Because you can check from here, then if I write like this one then it will be
1/5[ 1 2] and A is [1 2]. So, itis 5/ 5 thatis 1, so my A" A will be I that is 1. So, basically it
is an identity matrix of dimension 1 *1. So, that is the way we can define my pseudo inverse

for the matrix of this form.

So, let us take another example, the second example. I can take the matrix A now I just take
this matrix row matrix 2 cross, so it is 1* 2 matrix. Now, I can say that it has a rank(A )is 1,
that is the number of rows. So, it has a full row full row rank, so has full row rank. So now, I
can define its pseudo inverse that will be (AAT)", because I am putting on the right side so
that is my A" and this is I know that this is A right. Now let us see what is going to happen

in this case.
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So, I will get the matrix that is 1* 1 matrix. And (AA")" will be 1/8. And now, from here I
can define my A"(AA" )", so it is 1/8 and A" is [2 ;2]. So, I can assume that I just multiply
here, so it will be [1/4 ; Ya].



So, that is my pseudo inverse in this case. And I can check this one that my A, so this is [1/4
;1/4] and then my A is [2 2]. So, it is 2*1 it is 1* 2, so it will be a 2* 2 matrix. Now, multiply
here, so it is 1/ 2. This is also multiplied here, so it is 1/2; it is a right inverse not on the left

side.
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So, I have to write AA™ , so my A is [2 2] and this is 1/4 and 1/ 4. So, it is 1* 2 and this is
2*1. So, from here this will be equal to, so 2/4, so it is[ 1/ 2 + 2] and that is 1. So, my right
inverse is when I apply on the A I get the value I this is my identity matrix of dimension 1*1.

So, from here we are able to verify that this is the right inverse.

Now 1 take case 3. I take the matrix A. Let us take it may be 2* 2 matrix I just take

{1 1}
2 2 So, in this case you know that the rank of the matrix A is 1. So, it is a rank

deficient matrix and from here I know that A" A and AA" are singular. So, I cannot define the

left inverse and the right inverse then I have to take the help of SVD theorem.

So, since these are singular matrices then we can now define A left and A right are not
possible in this case. So, I have to take the help of SVD, so we need to apply for the SVD

form, so let us take this one. So, I just want to write the SVD form.



So, I will take AT A in this case. So,
’ 1 2]1 1 55
A A= =
1 2]2 2 55
And I know the rank of this matrix A" A is always the same as the rank of A, so from here 1

can say that its rank is 1.

Now, A" A the rank is 1, so it means that this is a singular matrix, so it is going to have one
eigenvalue 0. So now, from here I can find out I can say that the eigenvalues of AT A. So, this
is 10 and 0 because I can write directly, because the sum of eigenvalues should be equal to

the trace of the matrix. So, the trace is 10, so I can take this value 10 and 0.
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Now, from here I can find out the eigenvector corresponding to, so lambda is 10 basically.

Now, from here I can define (AT A-101) v,;=0 > Sy 0

L[z
"2

So, x =y. And from here I can take my first eigenvector



because I need to find its magnitude 1; the v1 should be of magnitude 1. So, that is my first

eigenvector we have taken.

Now the second eigenvector is corresponding to the 0 eigenvalue. So, it should be equal to
5 5] x| |0
" _ : . |5 5|y |o
(A" A)v, =0 and from here you will see that this is

—1/\51
1/\2

]
and that gives me x =-y. So, if X = -y I can choose my v2. Maybe I can take

V{l/ﬁ —1/@]
Nz 2

Because from here now I can define my matrix V as

And you can check that V is an orthogonal matrix. So, we are able to find this orthogonal

matrix. Now from here I need to find the U, so to find U this one we need to find.

So, in this case it is also of 2 dimensions, so I will define with; so first we have a non zero

singular value. So, I will define for o, = /10 that is my singular value, so this is my singular

value. So, in this case I will take Av1 =ou.l already know how we can find ul.

So, from here this value is, so I can find my u .= %Av % So, that is equal to
1

_L{l 1}{”‘5}_L{2/‘5}{”ﬁ]
CJi0[2 2[1/42 | i0laz| |2/45

So, this will become like this one So, I am able to find ul because ul is also a unit vector.
Now I can define my u2. So now, I cannot define these things because my other value is 0, so

then what we need to do is that.
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Now, u 2 is I can define from, so if you see from here this u is generally of order n cross m.
So, suppose we have a A n cross m then A transpose A is always n cross n and AA transpose
is always m cross m and my A is from R n to R m. So now, from here you can see that my u 2
will belongs to null space of A transpose, because my u 2 will be perpendicular to the

subspace of column space of A.

U=[1A5 —2/32/51/5]

= A =15 ~2/52/5 15[ 10000][1N2142 — 1 Z1A2]A" = 1N — 1821A2 102 ][7,

Because, here it will be the column space and that is of dimension m cross m, so this is
basically m cross m. So, in that case the rank is 1 only here and it is of 2 dimension R 2 in
this case. So, 1 is lying in the column space that is u 1. So, another will lie perpendicular to
this one because we need the orthogonal matrix. So, that will definitely belong to the null

space of A transpose.



So, I can write that u 2 belongs to the null space of A transpose. So, from here I can write that
A transpose is 1 12 2, so itwill be 1 1 2 2 x y and that equals 0 0. And from here I will get x

plus 2 y is equal to 0 and that gives me that my x is equal to minus 2 y.

So, from here I can take my vector as I suppose y is equal to 1. So, maybe I will just take x as
equal to 1 or maybe y is equal to 1 and x will be minus 2, and now I normalize it. So, if I
normalize this will become, so 2 raise to power 2 4 plus 1; 5. So, it will be minus 2 by root 4

and 1 by root 5, so this way I can define root 5.

So, this is my u 2 and you can check that this is orthogonal to u 1. Another way is that we can
define. Otherwise, we can define a vector some vector I can define some vector maybe P that
is linearly independent to u 1 and then apply Gram Schmidt. So, then I apply the Gram

Schmidt process to find u 2. That is also one of the ways.

So now, from here we are able to get the values. So, my u is now, so it is 1 by root 5 2 by root
5 and this is minus 2 by and 1 by root 5. So, 1 by root 5 2 by root 5 and if you take the dot
product, this is going to be the 0 value and from here you can see that, which implies that my
matrix A is now U. So, this is 1 by root 5 and this summation will be root 10 0, 0 0, because 0

is the other eigenvalue of A transpose A.

And here I will take V transpose, so my V value is basically 1 by root 2. So, I will take the
transpose of this, so the minus will come here. So, it is equal to 0 over root 2 minus 1 over
root 2 1 over root 2 and 1 over root 2. And if you do this one you will get the value, so that

you can verify yourself.

Now, from here I want to define my pseudo inverse. So, pseudo inverse in this case will be
because my A is U summation V transpose. So, this one I want to define, so this will be equal
to V U transpose. So, in this case my this will be equal to; so now, I need to find the V. So,

this will be equal to 1 by root 2 minus 1 by root 2 1 by root 2 and 1 by root 2.

And this is the inverse of this, so it will be 1 by root 10 0, 0 0 and U transpose, so this is my
U minus 2 by root 5 2 by root 5 and 1 by root 5. So, that is the value we are going to get and

if you solve this one, maybe I can do the calculation for this. So, if you do the calculation I



will get the value 1 by 10 and this is 1 2, 1 2. So, that is the pseudo inverse we are going to

get in this case.
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So, my pseudo inverse is 1 2, 1 2. And now you can check from here that A A pseudo

inverse, somy Aisinthiscaseis 1 1,22 1 by 10itis 1 2, 1 2. So, in this if I take the
calculation, so I will get the value this is 1 and 1 2, this is 4; it is 4 and this is 4 plus 4; 8. So, |
will get the value here 2 by 10; 0.2 0.4, 0.4 0.8

And if you take a pseudo inverse A, so thisis 1 by 10 1 12 2, so thisis 1 by 10. And this is I
am taking it will be 5 here and then it is 5 here 5 5. So, this is equal to 0.5 0.5, 0.5 0.5. So,

that is my pseudo inverse and you can also verify this with the help of.

Now, after getting this value you can see that we are unable to find here the identity matrix.
That we already know that we are not going to get the identity matrix. And these things we

can also verify by taking this form. So, A pseudo inverse if you see from here A this one.

So, A pseudo inverse, yeah A pseudo inverse is this form V I K V T. So, it is equal to V
summation V T. So, V is basically we already know, so my V is 1 by root 2 1 by root 2, so I
can just take from here also. So, 1 by root 2 and minus 1 by root 2; this is 1 by root 2 and 1
by root 2 and this is 10 by root 10 0 0 0. And V transpose is just and if you do the calculation

here, so you will see from here I will get this value. So, let us calculate this first.



So, I will get this, so I will get 1 by root 20 1 by root 20 and then, so this is going to be this is
going to be this now this is 0 0. So, I will get this value; into 1 by root 2 1 by root 2 minus 1
by root 2 and 1 by root 2. And if you do the calculation here, so 1 by root 2 is here now from
here I will get 1 by root 40 and this is 1 by root 40 this is the value. Now this should be I

basically, if you see from here this is .
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So, it should be 1. So now, from here if I do this one it should be 1 by root 2 and this should
be 1 by root 2 and now from here I can check. So, 1 by root 2 and 1 by root 2 1 by 2, now this
is also 1 by 2, this is also 1 by 2 and this is 1 by 2. And that is 0.5 0.5, 0.5 0.5 and this is also
how we are getting this way. So, this is either we can verify from here and we can verify from

here also.

=L
A =—=[1212]
AAT =[1122]x-=[1212]=-[2448]=[2448]A"A ==-[1212][1122]==-[5555]=[555

So, and this is not it is basically I K 0 0 0 because I have taken this form this way. Similarly,
we can define from the other way and we can verify. So, this is the way we can take the

pseudo inverse for any type of matrix: it is either as a full rank or in the matrix or square



matrix with the lower which has the row deficiency. So, this way we can define the pseudo

inverse of the given matrix. So, we will stop here.

So in today's lecture we discussed the pseudo inverse of a given matrix. So, we have shown
that if the matrix is a rectangular matrix and if it has the full rank then we can define its left
inverse and the right inverse. And if the matrix is having the rank deficiency then we can take
the help of SVD to find out the pseudo inverse of the given matrix. And this pseudo inverse is
also known as a Moore Penrose inverse or the pseudo inverse. So, I hope that you have

enjoyed this lecture.

Thanks for watching.



