Scientific Computing Using MATLAB
Professor Vivek Aggarwal
Department of Mathematics
Indian Institute of Technology, Delhi/DTU
Lecture - 24
Iterative Method for Solving Linear System of Equations

Hello, viewers. Welcome back to the course on Scientific Computing Using MATLAB. So today
we are going to discuss the lecture 24. So in the previous lecture, we have discussed the direct
methods like Gauss elimination, LU decomposition, and other one. So today we will discuss the
iterative methods for solving a system of equations.
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So, iterative methods. So I have a system of equations that is n*n system and I want to solve this
one with the help of iterative methods. So for example, I start with the first one is the Jacobi
method or we also call it the Gauss-Jacobi method. So what we are going to do in this case, like I
told you this iterative methods, so suppose, I have a system of equations. So al1*x1+al2*x2
+..+aln*xn=bl; a2n*xn=b2 and in the last I have bn. So this is my system of equations.

So in this case, I will reduce this matrix in such a way that I can write a code for that one, and
with the help of the initial condition, I should be able to find the solution. So what I do in this
case, first I will concentrate on the first row. So in the first row what I will do, I will just keep the
term this one and I am taking all the other terms of this system on the right-hand side.

So I will write this one as X1 = (b1 — (@12x2 + ... + ayuxp))/an, apn #0



provided my all is not equal to 0, so that is my condition, because if all is there and that is 0

then we interchange the rows. So in this case, my all should not be 0. So this can be written as
nz

xp =\ b — Z ajx, |/a

Jj=1j#l . So that is my x1.
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Now the same way, from the second row, so this is the, my second row. So I will rewrite the
second row in the same way



Xy = (by — (a21x1 + ax3x3 + ... + axuxp))/az2,  axn # Osqin this case
also, I am considering that a22 is not equal to 0. In fact, it should not be a very small number
because if we divide it with a very small number then we will lose the significant digits.

n
X2 =| by — Z ax;x; |lax
So this one can be written as J=1.j#2 . So the same way |

can go, keep going, and in the last line in the last equation, I can write as a

n
Xp = | by — Z pjX; lQyn,  Gpn e 0
J=1,j#n
So in this case, if you combine all these equations together you will see that you will get

x; =[by —(a12x2 + ... + ay,xp)lan
X2 = [by = (@21 x1 + ... + azyxp)l/axn

L
L]

Xp = [bn - (anlxl + ...+ n.n—1Xn-1 )]f!ann
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Now, if this is a system I am getting, so from here, now I know that in the iterative process I
want that this is my iterative process, so suppose I take a capital X, so capital X is a column



vector representing x1 x2 xn, so suppose this is my exact solution. So in this case, | want that for

kD) — g x

the iterative process, for the iterative process I want that X
It means that is the iteration, the solution I am getting at the kth iteration, then I will multiply it
because from here, I can see that this is the system we are going to get, so I will multiply by the
some system and I will get the new approximation of this one.
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And now, from here I can define the term at X (kt1) _ X {k}. So that is the difference between

XK plus 1 iteration minus XKth iteration. So if you see from here, it can be written as I have a



x1 K plus 1 up to xn K plus 1 so this is one of the vectors minus the other vector, so x1 K. So this
is the difference between the two vectors, so I can write this as

xk+l xk ]
1 1
y kD _ y (k) — :
xk+l . xk
| -An h 1. So this is I am getting the, another vector and

that is the component-wise difference I am finding between the kth approximation and the
(k+1)th approximation.

Now, from the above this one I can write my system. So this is my, I can write it as 2. So from
here, I can write my system as, so 2 can be written as
xk+l

k k
I = (b1 - (HIZIZ + a13 X3 +...t a.,!xﬁ)]fa”'s() that is my first equation.

Second equation will be as this one,

k+1 __ _ k k k

Xy = (E‘,'g (ﬂzl Xj +an X3 Tt ar,xy })fﬂn . And in the last I will get
k+1 _ k k k

xXp o = (by — (an X +am X2 T g KXn-1 ))‘m"". So this is my system.
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Now, how to start. How to start, so how to start means first I will choose, first we start with
initial approximation. So in this case I will start with x0. So I should write it as a capital X0. So
capital X0 means I am having the x10 x20 and xn0. So this value I have to choose. So I can start
with any number.

So maybe suppose I take X0 is equal to, maybe I will take 0 0 0 all 0, or I can take my XO is
equalto 1 11 all 1, so any number I can start with. So this is my initial approximation and then
what I will do is that I will put this value here and I will find the new value of X1. So from here,
this is my iterative process. So from iterative process 3, we will input X naught and we get X1.
So this is my X1 I will get.



Then I will input and I will give, I will get X2 as output and keep 1. So it means that I am going
to input, so we are going to input XK and get in X(K+1) approximation.

Now the question is how to stop. So in this case, we will find out the error. So, the error is how
we will be finding out? So just now, I just told you that the difference between X0 and X 1 and

X* s in this case what I will do is T will find out X' — X* S0 this difference I will find
and if you will see that this difference is again a vector.

So what I will do after getting this value, I will take, this is a vector so I will take 12 norm, 12

norm means then I will do that it is the same as Euclidean norm. So this is a vector so then I will
do

error = Lo(x*' — x*) = \/{xi{”" — X O =X L T = k!

So this is called the 12 norm.
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Or maybe in other books, we can also take error as 11 norm, or 11 norm means that I am taking

error = L) norm = |x**! —Iﬂ + |;ac§+1 —xgl 4o K K

1 l So this

is my 11 norm.

So from here, you will see that I am getting a number from here, a unique number. So this is a



real number I am getting, this is a real number. So from here what I will do? I will take this error
and if this error is, I will define the tolerance or the accuracy, so I will define the tolerance.

So this tolerance is suppose I am giving (1/2)*1 0* , s0 it is 0.0005. So this one, from here [ am
getting, suppose I am taking this tolerance and then I am just writing this one because I am

taking it, so it is 0.5 *1 0™*and if I take this one as well it will give you 00005. So that is my
tolerance.

So I am getting this tolerance and then I will find out my error and if error is greater than
tolerance then continue and if the error becomes less than tolerance then we stop. So it depends
upon how much accuracy you will need it, you are interested in. If you want more steps then

suppose I take tolerance=(1/2)* 1 0? , 0 in this case, the number of steps may increase.

So it all depends upon how much accuracy is needed. So based on the accuracy, we will do the
iteration process and with each iteration, my approximation will be better as compared to the
previous one.

If the system is going to converge and then within the number of iterations we will be able to
find our solution with the accuracy whatever we have defined. So this accuracy is needed or is
achieved with the number of iterations. So that is the way we can stop the method that is called
the Jacobi method.
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Now, the thing is that in the Jacobi method, we have seen that all the diagonal elements, so
whatever the diagonal elements we have defined, this diagonal, all the diagonal elements so that
should be non-zero.

So we know that all the diagonal elements of the system Ax=b matrix A should be non-zero or
should not be small because we know division by a small number is avoided, we should avoid
that one. So in this case, what you will do is this, so to eliminate this type of possibility we want
that our matrix A, so whatever the matrix we are choosing should be diagonally dominant.

So the same condition was needed when we were dealing with the Gauss elimination process or



the LU decomposition process. So in that case also the diagonally dominant matrix was needed.
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So this is and we know that this is a sufficient condition. So from here, we can say that if the
matrix A is diagonally dominant then the Jacobi process is going to converge. So in this case, we
do not know that if the matrix is not diagonally dominant then what will happen whether it is
going to converge or not, so that is an unnecessary condition but sufficient condition, that if A is
diagonally dominant matrix then definitely the Jacobi process which is going to converge and we
are going to get the approximate solution.

If, so this is the condition if condition, if the matrix A is not diagonally dominant, so if it is, this
matrix is not diagonally dominant then we interchange the rows to make it diagonally dominant.
So what do we do that we interchange the rows as we have done in the partial pivoting. So we do
the interchanging rows and with the interchanging of the rows then it may happen that will get
the diagonally dominant matrix. So that is the sufficient condition for the Jacobi method.

So in the, for example, | have a system like 2.3*x1+0.5*x2+1.2*x3=b1=4.5, then I will get
x1*1.5 +x2+2.3*x3=2.5, then 0.5*x1+x2=0, suppose I take this one. So in this case if you see
from here, then the first row is okay, it looks like a diagonally dominant. So how can we check?
So from here, we can check that to 2.3 is greater than 0.5+1.2. So that is okay.

What about the second one? Second one is 1 because this coefficient and this is 1.5+2.3, so this
is less than this one and the third one is the element is 0, so here it is 0. So in this case, this value
is definitely less than 0.5+0.1. So in this case, I can say that the whole matrix is not diagonally
dominant. So in this case I cannot apply the Jacobi method.
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Now if [ want to apply the Jacobi method what I will do is that, so if I take this matrix and I
apply my Gauss-Jacobi method, then the method will not converge. So what I do is exchange this
one. So in this case, maybe I will take it, this is okay, now I can interchange this one so this will
take it 0.5 x1+x2+0*x3=0 and the next is 1.5*x1+x2+2.3*x3=2.5.

So in this case what is happening? This is okay, now in this case I will see that now this is my
diagonal element, so from here I can say that 10.5. From here I can say that 2.3 is greater than
1.5+1. So it is not greater so it is in fact, so I can maybe just to make this diagonally dominant I
will 1.5 and 1, so maybe I just change little bit or I can, should I change this one or if I take the
same one so this is less than this. So this matrix is not diagonally dominant.
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But in this case, if I change little value here because this is just a random value I have taken so if
I take the some small value, instead of this one I changed the value to, maybe I can take here 0.5
and then, in this case, I can say that okay, so if I change this one now, so my this will become
now 2.3 is greater than 1.5+0.5. Then I can say that this matrix is diagonally dominant.

So it is not always possible that we will find the diagonally dominant after interchanging the row
like we have seen here. But if we, it is possible to make them, the system diagonally dominant
then and then we apply the Jacobi method, then we are sure that our Jacobi method is going to
converge and it is going to give you the solution. So this is why we should stop here and this is
all about the Gauss-Jacobi method. So in the next class, we will go further from this. So thanks
for viewing this, thanks very much.



