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Lecture-23
Bijaganita of Bhaskaracarya 1

So, there are 3 works of Bhaskaracharya (FL) and (FL) all the 3 are also called put together in
(FL) also, then he wrote the (FL) commentary on (FL) on (FL) on (FL) also. The (FL) and (FL)
and (FL) mainly deal with explain in the examples given in his works where the (FL) discusses

(FL) explanations, proofs and things like that.

Then Bhaskaracharya also wrote (FL) and also he wrote a commentary on (FL) with a (FL).
Anyway we will discuss the (FL) mainly Bhaskara’s treatise we will quickly look at the
development of algebra.
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Qutline

» Development of Bijaganita or Avyaktaganita (Algebra) and
Bhaskara's treatise on it.

» Understanding of negative quantities.

» Development of algebraic notation.

» The Vargaprakrti equation X2 — D ¥2 = K, and
Brahmagupta's bhavana process

» The Cakravala method of solution of Jayadeva and
Bhaskara.

» Bhaskara's examples X2 —61Y2 =1, X2 —67Y2 =1

» The equation X2 — DY2 = —1.

» Solution of general quadratic indeterminate equations

» Bhaskara's solution of a biquadratic equation.

~

Then look at something’s like how they understood negative quantities, how algebra is notation
develop we will mainly talk about in both this lecture in the next lecture about the (FL) equation
and particularly the so called (FL) method of solution of a (FL) equation. In this talk I will also
tell you something about some other equations interesting equation at Bhaskara solved in it (FL).
So, the notion of (FL) unknown quantity goes back to (FL) you all saw that (FL) gives you how

to construct another square which is n times given square.



(Refer Slide Time: 02:06)

Development of Bijaganita

» The notion of a variable quantity, yivai-tivat (as many as),
goes back to Sulvasitms. The Katyayana-Sulvasitra deals
with the problem of constructing a square whose area is
n-times that of a given square

»  Aryabhatiya (c.499) uses the term gulikda for the unknown.
There, we also find the solution of linear and quadratic
equations and also the Luftaka process for the solution of
linear indeterminate equations.

» Bhiiskara | (¢.629) uses the notion of ydavat-tavat in his
commentary of Aryabhatiya.

» Brahmagupta has given a detailed exposition of Bijaganita
in the Chapter XVIIl, Kuttakadhydya, of his
Brahmasphutasiddhanta (c.628). This work has been
commented upon by Prthidakasviami (¢.860).

» Sripati deals with avyakta-ganita in Chapter XIV of his
Siddhantasekhara (c.1050)

2

And that n was explained expressed in term (FL) the term (FL) occurs in Aryabhattiya for the
unknown and Aryabhatta of course give the (FL) method of solving the linear indeterminate
equations. Bhaskara uses the idea of (FL) in his commentary, Brahmagupta of course give a
detailed exposition of algebra in the (FL) Brahmasphutasiddhanta in 628 AD discussion of
algebra appears in the work of (FL) which was written in 1050.

(Refer Slide Time: 02:45)

Development of Bijaganita

» Bhaskaracarva |l has written the most detailed available
treatise on Bijaganita (1150), where he states that he has
only compiled and abridged from the treatises of Sridluara
(c.750) and Padmanibha, which are not available to us.

» DBijaganita has about 100 verses giving various rules and
about 110 verses givng various examples. Bhiskara has
written his own commentary Vasana, which gives details of
solutions of the various examples.

» Bijaganita has also been commented upon by Siirvadiisa
(c.1540) and Krsna Daivajna (c.1600). The commentary
Hl;rl:m”ﬂrl'lr ar “.ljri:.lru'-ni.‘.'ru'ﬂ of I‘.‘!'Tlllil pTO’v’iﬂES detailed
proofs (upapattis) of various results presented in
Hr,rru:uqu?ri'. -

» Naravapa Pandita (¢.1350) has also composed a treatise,
Dijaganitavatamsa, of which only the first few chapters are
available.

But the most important work an algebra that is Indian algebra that available to us today these are
(FL) of (FL) 2 as you are know he wrote this work when he was 34 years around 1150 and he
says he has compiled and abridged well-known treatises of Sridhara and Padmanaba on (FL)



both of which are not available to us (FL) is also a somewhat smaller 100 verses giving the
various sutras are roots and above 110 verses giving examples and as I said this Bhaskara’s

commentary (FL) on this.

Two important commentaries on (FL) one by (FL) and the one by (FL) the commentary on of
(FL) has been partially edited and printed the commentary of (FL) is available in, in published
form in full. He discusses proofs of various results contained in (FL), there is another very
important work on algebra due to (FL) solved (FL) but only the first few chapters of this book
are available to us now up to (FL).

(Refer Slide Time: 03:56)

Bijaganita of Bhaskaracarya |l (¢.1150)

The following are the topics dealt with in the Bijaganita of
Bhaskaracarya:
» Six operations with positive and negalive numbers
(dhanarna-sadvidha)
» Arithmetic of zero (kha-sadvidha)
» Six operations with unknowns (avyakta-sadvidha)
» Arithmetic of surds (karni-sadvidha)
» Linear indeterminate equations (kutfaka)
» Second order indeterminate equation x2 — D y2 — 1
(vargaprakrti)
» The cyclic method (cakravala)

E

So, quickly the contents on Bhaskara’s (FL) the 6 operations with positive and negative numbers,
third (FL), 6 operations with 0 (FL) 6 operations with unknown quantities, arithmetic of surds
(FL) leaving the linear indeterminate equations (FL), second order indeterminate equation (FL),
the cyclic method for solving them (FL).

(Refer Slide Time: 04:28)



Bijaganita of Bhaskaracarya |l

L

Equations with 5il"|g|e unknown (« kavarna-samikamna)

Elimination of middle term in quadratic equations
(madhyamdharana)

L

v

Equations with several unknowns (anekavarna-samikarana)

Elimination of middle term in equations with several
unknowns (anekavarna-madhyamiaharana)

» Equations with products of unknowns (blidrita)

v

According to Bhaskaracarva, the topics dealt with in the first few
chapters, upto cakravala, are said to be “bijopayogi” —useful for
the consideration of equations that are to follow.

-

Then these portions Bhaskara calls them (FL) they are useful for algebra can else he saw other
equations and the main portion (FL) is actually deals with (FL) equation with single unknown,
(FL) elimination of the middle term in a quadratic equation, equations with several unknowns
(FL) then elimination of middle term in equations with several unknowns and finally the (FL)
form of equation which this classification is standard it has come down from Brahmagupta as

you can Scc.
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Invocation to Avyakta-Ganita

Bijaganita or avyakta-ganita, is computation with seeds, or
computation with unmanifest or unknown quantities, which are
usually denoted by varnas, colours or symbols.

The following invocatory verse of Bijuganita of Bhiaskaricirya has
been interpreted in three different ways by Krsna Daivajna:

JEE Al G qeEer Argy: |
TF Foe AXFAAHAFHT A0 T a2

Ao H &9 A0 T a1 yeaAm WAH | S FeEEOa
ufags | &9 afEmr=sY deradarH | AEEsaF A |

Meaning I: | salute that weyakia (pruketi or primordial nature), which
the philosophers of the Sisikhya School declare to be the producer of
budidhi (the intellectual principle muhat), while it is being directed by
the immanent "urusa (the Being). It is the sole hiju (seed or the
cause) of all that is manifest.

-

So, in the first verse of (FL) does an invocation to (FL) and it is a very interesting beautiful verse
which has been given 3 different meanings where the (FL) can be either thought of as the (FL)
primordial nature as understood in the (FL) philosophy it can be thought of as (FL) in his



commentary says (FL), so there are 3 invocations made in a single verse (FL) in the (FL) school
of philosophy at the primordial nature (FL) second meaning you think of it has the (FL) as gone
in (FL).

And in the third meaning (FL) is (FL) of the mathematics done with un manifest quantity or
algebra. So, the 3 meanings are here you can read it at you leisure.

(Refer Slide Time: 06:18)

Krsna on the Notion of Negative Quantities

The verse of Bijaganita
U AR e 49: afoeaad |

gives the rule of signs that, in subtraction, a negative quantity
becomes positive and vice versa.

Krsna Daivajia, in his commentary explains how negativity is
to be understood in different contexis. He then goes on to show
that this physical interpretation of negativity can be used to
demonstrate the rule of signs in algebra in different situations.

The idea of negative quantities where host a great problem in history of mathematics in many
cultures but in India from the beginning it had a very nice and good interpretation there was no
fear of the negative numbers or no uncertainty are confusion about the way they have to used.
Now while commenting on the verse of (FL) that a negative number when you subtract become

positive (FL) try to explain what is a negative number.

So, he says a negativity can be understood in 3 different ways depending on the physical
situation and each of them what negativity means he tries to explain.

(Refer Slide Time: 06:59)



Krsna on the Notion of Negative Quantities

FUr@iAE B e 399 Fod: IREa | a9
T 9 AR EEE ATAdE
CTTIETATH HN .. " FAFHFAET | FOFTAr AT
Wﬁﬂmﬁ%ﬁtmmﬁﬁﬁm
ﬁﬁam%tmqa‘ﬁnﬂﬂrw@mﬁmmaﬁrﬁﬁqﬂm
afaon fafireaf | o 7 qEERARTA YR g
FAA § Wl afeae FUEHI. .

U9 YA AN FUE aRugiey ugH | v
afR T a5 WEIEE: G- 7 agaafd
mﬁnﬁ:a@?%ﬂﬁwawmﬁvﬁ qFE: |

So, (FL), so the negativity can be of 3 kinds one in spacial direction, one in temporality and one
in the terms of objects and he goes and explaining what it is. So, in spacial direction if 1
direction means thought of to be positive, the opposite direction is to be thought of to be negative
a very clear physical explanation of, similarly temporarily if one way of your use of time is to be

thought of it is positive, the other plane can be thought of to be negative.

Similarly if I posses a set of object and then it can be called my well and if I call some of it to
you then it becomes negative for me and positive for you. So, this (FL) and (FL) which arouse
normally in commercial mathematics, so negativity has all this different ways of understanding.

(Refer Slide Time: 07:57)

Krsna on the Notion of Negative Quantities

“Negativity {rnatva) here is of three types: Spatial, temporal and
that pertaining to abjects. In each case, [negativity] is indeed
the vaiparitya or the oppositeness. As has been clearly stated
by the Acirya in Lilavati in the example ‘The bhujas are ten and
seventeen etc.’ The negative base intercept (a@badha) is to be
understood to be in the opposite direction. There, the other
direction in the same line is called the opposite direction
(viparita dik); just as west is the opposite of east... Further,
between two stations, if one way of traversing is considered
positive, then the other is negative...

In the same way past and future time intervals will be mutually
negative of each other... Similarly, when one possesses the
said objects they would be called his dhana (wealth). The
opposite would be the case when another owns the same

objects..”




And what (FL) is doing he is trying to prove this result, that — of — is + by using a spacial way of
understanding negatively.

(Refer Slide Time: 08:13)

Bhaskara's Example of Negative Intercept

The example discussed by Bhiiskara in Lildvati has to with the
calculation of the base-intercepts (dhdadhis) in a triangle. There,
Bhiaskara explains that if the calculation leads to a negative
intercept, it should be interpreted as going in the opposite
direction. This happens when the foot of the altitude falls
outside the base.

ATTHTIVH HA BRI a7 qawe =@
WA 77 FE a1 O MO S S a7 H
“In a triangle, which has sides 10, 17 and 9, tell me

quickly, Oh mathematician, the base intercepts and
the area.”

4.7

Then he also brought attention to the beautiful verse (FL) and (FL) which was explained in the
morning class by professor Sriram this is to calculation of the perpendicular intersect in a
triangle where the base the perpendicular falls outside the base (FL).

(Refer Slide Time: 08:40)

Bhaskara's Example of Negative Intercept

In his Vasana, Bhiskara gives the solution of this prablem as
follows

¥ BRTSt serari gemiear @ea g
FAT T T T | QT HOI S
FOATTS ST Fevaaiedaend: | ar e Ay &,

R4l

Here, using the rule, “The sum of the sides..”, we get
(the difference of the intercepts to be) 21. We cannot
subtract this from the base (9). Hence, the base has to
be subtracted from this (difference) only and the half
of the result is the intercept which is negative, and it is
to be understoad to be in the opposite direction. Thus
the intercepts are (-6, 15).

172

So, Bhaskara his this is Bhaskara’s (FL) commentary we will come to in the moment.

(Refer Slide Time: 08:49)



Cc
In a triangle with sides a. b, and base c. let the base intercepts be
c1. Cz. Now (€ + @) = cand (& — &) = (& - &). Therefare,
b — &) B — &)
Co [+
o)

o + c
Thus, in our problem
ci+a=9 and a—o =139 _ oy

Hence c; = 15 and ¢, ot (5

14

The triangle that is being thought of is 9 is the base 17 and 10 are the sides and this is the
perpendicular and normally when you calculate the base intercepts you think of a triangle with
an acute angle at that top and in all the 3, so the usual calculation has been explained to you
several times, C1 and C2 have to be calculated, b square- a square is C2-C1 square and C2-C1
therefore is b square- a square by cl+c2 which is c itself and so you have 2 equations one for c2-
cl one for c2+cl and by the method (FL) which was explained in the morning you find c¢1 and
c2.

But you plug in 17 and 10 and 9 immediately you will find that the c2-c1 212 is larger than the
base 9 and therefore we will one of the intersects cl will have to become negative, so this was
Bhaskara explain in here (FL) that is by using the formula for the (FL) you will get that c2-cl is
21 (FL) we cannot subtract 9 21 from 9 (FL) therefore we subtract 9 from 21 and we get an

intercept which is (FL) which is negative which means it goes in the opposite direction.

He is explaining the entire concept of negative number in this beautiful example to which (FL) is
drawing attention in his commentary here. (FL) mean (FL), so this is a very beautiful and
important way of understanding negative numbers.

(Refer Slide Time: 10:50)



Algebraic Notation

In the Aryabhatiyabhasya of Bhaskara | (c.629) we find
references to the algebraic notation used in Indian
mathematics. Various features of the notation are more clearly
known from the Bakhshdli manusgript (c. 700).

The system of algebraic notation is explained and fully
exemplified in the Bijaganita of Bhiskara Il (¢.1150), together
with his own auto-commentary Visand.

In Viisand on verse 3 of Bn'_fﬂl‘]'uf_llfih Bhiskara says:

Now the development of algebra is notation this will also means talks about one of the best
indicators for it is of course is in the (FL) manuscript in the Aryabhattiya (FL) we find the
references to algebra it is notation. Bhaskara very clearly writes down the notation (FL) in

algebra (FL), so the first letter of the unknowns have to be written for denoting this objects (FL),

WA FUOTHEAATA ARTARTIZT TS e |
TT AT AR T

Here (in algebra), the initial letters of both the known
and unknown quantities should be written as their

signs. Similarly those (quantities) which are negative,
they have (to be shown with) a dot over them.

4aE

so you have to put a dot above the negative quantities.

So, we saw that Bhaskara was putting a dot here (FL) 6 with the dot there -6 that was the base

intercept in, so here in algebra the initial letters of the unknown quantity should be written as

their science.

(Refer Slide Time: 11:46)

Algebraic Notation

The symbaols used for unknown numbers are the initial syllables
it of yaval-tival (as much as), ki of kiluka (black), ni of niluka
(blue), p of mta (yellow) etc.

The product of two unknowns is denoted by the initial syllable

bha of bhavita (product) placed after them. The powers are
denoted by the initial letters vu of varya (square), yha of yhana
(cube); vura stands for vargavarya, the fourth power. Sometimes

the initial syllable gfii of ghata (product) stands for the sum of
powers.

A coefficient is placed next to the symbol. The constant term is
denoted hy the initial symbnl ru of rupa (form).

A dot is placed above the negative integers.

The two sides of an equation are placed one below the other.
Thus the equation x* — 2x? — 400x = 9999, is written as:

g99 ? 9 a* W Hae* & G
O99 o Oi9 o T o ¥ %9999

4




So, the symbols used as (FL) so you use (FL) for the (FL) black colour (FL) for the (FL) for that
(FL) p for that product of 2 unknowns will be written with a (FL) following them (FL) the
product (FL) sum quantity will be written by writing a (FL) following that quantity standing for
(FL) if it is cube write a (FL), so you can see that the equation x to the power whole -2x square-
400 is equal to 9999 an equation which Bhaskara solved a very famous by quadratic equation

that Bhaskara solved in his (FL), it is to be written in symbols like this.

The 2 sides of the equations are written 1 below each other instead of writing on the left and the
right they are written 1 below each other (FL) 1 (FL) 2. (FL) 400. (FL) 0 that is constant term 0,
(FL) 0 (FL) 0 (FL) 0 (FL) 9999 stands for this equations, this is the kind of algebra is notation
this is clearly there in the commentary (FL), so this kind of notation is standard and was very

established by1150 in Indian algebra, (FL) is a constant term.

So, 9 9999 is (FL) 9999, so it is not an unknown it is a constant (FL) the one that is visible to you
straight away as a number (FL) is something that is not known it is (FL) this is (FL).
(Refer Slide Time: 13:27)

Vargaprak Tt

In the Kuttukidhyiya of his Brihmasphutasiddhinia (c.628)
Brahmagupta considered the problem of solving for integral values of
X. Y. the equation

X-DY?=K
given a non-square integer D > 0, and an integer K.
X is called the jyestha-muly, Y is called the kunistha-moul
D is the prukrti, K is the ksepa

One motivation for this problem is that of finding rational
approximations to square-root of D. If X. Y are integers such that

X2 - DY?=1,then,
XN 1 1
D
' \¥) | <zxv < 2w
The Swulva-sulr approximation +2 = 1 % 3—4 ﬁ ITP S an
example as (577)% — 2(408)% = 1.

Incidentally there is a very interesting discussion on the second verse of Bhaskara for where he
says (FL) that the (FL) is (FL) so this can be interpret in 2 ways (FL) is the (FL) of (FL) it can
also interpreted as (FL) is that for which (FL) is the (FL) so both can be use and (FL) tries to



explain it that in order to understand algebra you should first know how to calculate with

manifest quantities with numbers etc.,

But in order to prove the rules given in arithmetic like the rule for square root of the rule for cube
root you take recourse to algebraic methods. So, in that algebra is the (FL) of arithmetic okay
now we the rest of the lecture is on the (FL) equation what is the equation. He had to solve this
quadratic indeterminate equation the k is a given integer D is a given non-negative non-square

integer.

So, D can be 2, 3 not 4, 5,6,7,8 not 9, so you have to solve the x and y in integers, so such class
of equations where you want to solve for the equation in integers are called indeterminate
equations u they are wrongly called (FL) equations (FL) is consider equations but the solution he
look forward rationale so you look for equations solutions of equation like say an equation like
this 7x+3y is equal to 5.

(Refer Slide Time: 15:16)

Now if I demand that you solve are x and y in integers this becomes a (FL) problem but if I do
not demand anything then given any x you can always find the y and there find that is something
intermediate between that he said we want to solve for x and y in rationale numbers, so given
any rationale number for x you obviously obtain a rationale number for y, so he did not discuss

indeterminate equations at all.



In European tradition it was (FL) who started the detailed study of indeterminate equation before
that (FL) try to solve the equations like this we will come to that later. So, in this (FL) version x
is called (FL) y is (FL) D is the (FL) K is the (FL) we saw this equation also that if x square-Dy
square is equal to 1, then x/y is a good approximation to root D, the larger the y here the base
term will be the approximation and (FL) approximation is a particular case of (FL) solution of a
(FL) equation if the D is equal to 2.

(Refer Slide Time: 16:26)

So, we can start with 3 square-2 into 2 square is equal to 1, next is 17 square-2 into 12 square is
equal to 1, next is 577 square-2 into 408 square is equal to 1 these are 3 steps see that each of
them come from the previous (FL).

(Refer Slide Time: 16:47)



Use of Bhavana when K 1,2, 4
The bhavana principle can be use to obtain a solution of equation
-Dyt=1,
if we have a solution of the equation
-Dy =K. forK=-1+2 +4

K 1:x = x2+0yd y=2an
f vl 4 D 21
K=+2:x el y".y X1 ¥
2
] 1 5 ]
K 4:x (x2 +2) 2(:; F1)(F +3) -1
xi ¥ (X2 +1)(x2 + 3)
y 1 1 5 1
.
K 4:x lx.22l_r }% if xy is even
2_19 2 _ 1
x x1|x12 ].y Ll J.ITI1 is odd.

2

40

So, Brahmagupta not only discuss this equation he gave this (FL) which has been done in the
morning what is the (FL) principle.
(Refer Slide Time: 16:50)

Brahmagupta's Bhavana
7w fpeania oz aRtadeT |
FRTT AOTFA: FE=GA A FAd=a |
TFAIH TIH THTFTIIT: |
TATIFRT 7 T4TH $7
IFX? - DY? - K,and X2 - DYZ - K, then
(X1 Xz = DY, ¥5)? - D(X, Y2 = Xo¥y )2 = KK,

In particular, given X? — D Y2 = K. we get the rational solution

2 2,12 2
(X2+DY ]} D[mxm] :
K K

Also, if one solution of the Equation X? — D Y2 = 1 is found, an
infinite number of solutions can be found, via

(X.Y) = (X* + D Y2,2XY)

10

If you had a solution for the (FL) equation for a given D (FL) for K1 if you had the solution for
the (FL) equation for the same D with some other shape of K2 then you can construct the
solution for the same (FL) equation with D with shape of K1, K2. So, given equation with a K1 a
solution given in equation with K2 another solution you can construct a solution for K1, K2 that
can just be done by taking the product of this 2 equations that will immediately it come just an

algebraic identity given this and this it immediately follows algebraically that this 2.



But this was the great discovery because it enable Brahmagupta to handle this equation, so first
thing he did he said you can construct always rational solutions for the so you can start with an x
and a y get whatever k you want and then do this we will get a rational solution. But more
importantly if I if k1 is equal to 1 and k2 is equal to 1 then k1k2 is equal to 1. Therefore if I
know a solution xy with k is equal to 1 then you know another solution x square+D y square into

2xy which is also had it for k is equal to 1.

So, if this equation can be solved to get one solution then you can obtain another then you can
obtain another, therefore it has infinite number of solution. So, how this are obtain by (FL) you
can straight away see.

(Refer Slide Time: 18:34)

So, we are solving x square-2 y square is equal to, so x is equal to 3, y is equal to 2 is one
solution we can straight away see from inspection. So, we do (FL) on this, so X square+Dy
square will give me 3 square+2 into 2 square, so this is 17, 2xy if you mean 2 into 3 into 2 is
equal to 12 and you will obtain the other solution 17 square this 289, 12 square*2 is 288 and
again [ will do it 17 square+2 into 12 square this gives you 577 and 2*17*12 it is 408.

(Refer Slide Time: 19:31)



So, you will immediately get the (FL) approximation for root 2. So, you can say root 2 is
approximate equal to 3/2 is 1, next is 17/12 that one is 577/408 and this is, so this is the power of
(FL) you know 1 solution.
(Refer Slide Time: 19:48)

Brahmagupta's Examples

nfarFeTegtd fg=afaorar st an
& T FAATEEE o
To solve, x? ~ D y? =1, for D = 92,83
102 -92.12 =8
Doing the bhivand of the above with itself,
1922 - 92207 = 64 [10% + 92.12 = 192 and 2.1G1 = 20]
Dividing both sides by 64, we get 242 — 92. (3 ) =1
Doing the bhavanda of the above with itself,
11512 —92.120% — 1 [24? + 92 (§)° = 1151 and 2.24. (3) = 120]
Similarly, 92 -83.12 = -2
Doing the bhivand of the above with itself,
1642 — 83.182 = 4 and hence, 822 - 83.92 — 1

[oTa

And Brahmagupta has was pointed out in the lecture on Brahmasphutasiddhanta solved 2
examples xsq-D y square is equal to 1 for D is equal to 92 and x square—D y square is equal to 1
for D is equal to 83 by near inspection and application of (FL). So, he just started with so 92 look
at the nearest square 10, 10 square-92 into 1 square is 8, then just by doing (FL) of it with itself
and manipulating both the sides he finally lands up with a solution x is equal to 1151, y is equal

to 120 which is not at all easy to guess unless you knew the (FL) method.



(Refer Slide Time: 20:40)
Cakravala : The Cycle Method
The first known reference to Cakravala or the Gyclic Method

occurs in a work of Udayadivakara (c.1073), who cites the
following verses of Acarya Jayadeva:

FEaAg 4 FIoRTSar &Taar: 4T
FEFN TP eage du e
qEeF A TP & FaTHI THA|
SEqaTany: ST S 419: )

YAAIAUF FETEN FABHGE |
OA89e T4UHUl Hod HAsuad |

famiTE Rz BT EETT |

T WA faona 9 FEHEH

So, we now move on to the historic (FL) method which was a systematic method algorithm for
solving the equation x square-D y square is equal to 1 for any D which is not a spec till that it 40
as wrote it first thought that this (FL) method occurred in the (FL) of (FL), so people thought that
(FL) 2 himself was the originator of that later on in 1957 professor K. Sukra discovered verses
about (FL) in a commentary of (FL) is writing a commentary (FL) on the (FL) of (FL) 1, so in
that commentary he is sighting (FL) and quoting the (FL) method.

So, (FL) method it is goes back to (FL) who must have lived some kind prior to 1073 now this
set of verses of (FL) roughly translate to what I am writing now.
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Given X;, Y;. K; such that X? — D Y? = K|
First find P, as follows:
() Use Lutfala process to solve

(YiPy + X))

Yis
K;

for integral P,.,. Yi.,
() Of the solutions of the above, choose F,_; such that

(P2, - D)
. has the least value

"

So, what is our procedure at some stage you have a solution xi square-Dyi square is equal to Ki
suppose you want to solve X square-D y square is equal to 1 for a given D suppose you have
reached this what should you do (FL) says you calculate a quantity Pi+1 by these 2 conditions
they are somewhat complex but they will keep repeating themselves repeatedly, so first thing you

already know Xi as an integer Y1 as an integer, Ki as an integer.

So, here Xi is known, Ki is known, Yi is known solve this (FL) equation these are known
integers Xi, Ki and Yi, so solve this (FL) equation for the unknowns Pi+1 and Yit+1 and as you
know in the (FL) problem solution is not unique given 1 solution there can be infinite number of
others you have choose amongst the Pi+1 which satisfy this (FL) equation that Pi+1 such that
Pi+1 square-D divided by Ki as the least value, find them at Pi+1 is found/i+1 is found.
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Cakravala according to Javadeva

Then set
(P2 D) (Y Py + X3)
Kiw = —¢ Vi =%
Xis1 P Yier — K Yi

These satisfy X2 , — D Y7 , = Ki.4

Iterate the process till Kj.1 = =1, 2 or
equation using bhavana is necessary.

Javadeva's verses do not reveal how condition |l is to be
interpreted.

La 7 |

Then you find Ki+1 and Xi+1 by the following algebra it relations then you have found a new set
of quantity Xi+1, Yi+1 such that Xi+1 square-D Yit+1 square this Ki+1. So, we have obtain from
starting from this step Xi square-D Yi square is equal to Ki to a new step Xi+1 square-D Yi
square-Ki+1 of course this not the solution but (FL) tells you that do not worry you keep going

on you read that obtain at same stage Ki+1 is equal to 1 itself then you have solved the problem.

Or you may hit upon -1+/-2 or +/-4 in which case Brahmagupta has told you how to solve the

problem by using (FL), this was explains this to in the morning I did not spend time on that this

+4. and then solve the

is that.
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U e

f Bhavana when K 1. +2.+4

The bhivand principle can be use to obtain a solution of equation

o5

2 -Dy? =1,

if we have a solution of the equation

R-DyE =K, forkK =—1,+2.+4
K 1:x X2+ Dyi. y=2xy,
2+ Dy?)
K=42:x B EAR)
2
=% . . g
K 4:x (X% + 2) 2|_x,‘ 1)(x5 +3) =1
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¥ 2 ®
K 4:x |__xr2- 2) ¥ ’HT}'“ if xy is even
2_3 (x2 -1
X — ) y Ll ]_ if xy is odd.

2 2




Brahmagupta have told you that if you know how to solve this equation for -1+/-2 and +/-4 then
a simple algebra it formula for the solution for K is equal to 1 can be obtain. So, for instance if
you know X1 square-D yi square is equal to -1 then you can say X1 square+D yl square and
2x1y1 will solve this equation, if you know that x1 square-D y1 square D is equal to +2 then you

can immediately see that this will solve this equation.

So, like that if you know it +4 and -4 also (FL) has given you the formulae for cal obtain in this
solution. So, once you reach K is equal to +/-2 or +/-4 are -1 you do not need to follow this
complex procedure you do not need to do this.

(Refer Slide Time: 25:18)

Given X;. Y. K;suchthat X2 — D Y2 = K;
First find P, , as follows:

(I) Use Luftaka process to solve

(YiPyy + X))

Yie1
K;

for integral P,_;. Y.,
() Of the solutions of the above, choore F,_, such that

(P, - D)
has the least value

La Ls ]

You can use (FL) use of, so this was the (FL) verses according to (FL) unfortunately this verses
do not tell us how exactly are these conditions to be implement it is see in a many what is the

problem is about this conditions, if they are not very clear this statement.
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Cakravala according to Bhaskara (c.1150)

In his Bijaganita, Bhaskaracarya gives the following description of
cakravila:

FEAABIRAT HIAT&THISF |
Feal FEA! JURTA T G (A |
T FFA SUATd S 2

T &g & I WIS |
TorEfE): U a6t SUEHaSHE |
T TIIRATEFASEE F: I
TqGIFIAITANE HAT: TR
TAfGE TR FTETIHTI U

Bhaskara has given the Condition Il in the precise form:
() Choose P;.; such that |(PZ, — D)| has the least value

IR

And there are examples of (FL) also available, now we will come to (FL) statement of (FL) and
it is a very simple statement in about 4 verses and he is saying (FL) people call this method as
the (FL) method which in fact made many people suspect that (FL) is talking of a method that

was already well known it his stand and the mean difference between this condition.

And the condition Bhaskara is giving is that Bhaskara is making a very specific condition choose
your Pi+1 such that (FL) Pi+1 square-D as the least value. So, he has made written very clear
condition and where does this appear here (FL) that is that Pi+1 (FL) is the Yi+1 Pi+1 there (FL)
Pi+1 square (FL) subtracted from D (FL) are Pi+ D subtracted from Pi + square (FL).
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So, either way that D-Pi+1 square or Pi+1 square-D whenever either of them becomes the least
you choose that, so the condition of (FL) is very clearly this. So, now let us write down the
algorithm in final form.

(Refer Slide Time: 27:21)

Cakravala according to Bhaskara

In 1930, Krishnaswami Ayyangar showed that the calrarala
procedure always leads to a solution of the vargaprakyti
equation with K — 1. He also showed that condition (1) is
equivalent to the simpler condition

(I') Py + Py is divisible by K

Thus, we use the cakmurdla algorithm in the following farm:
Tosolve X2 —-DY2=1:SetX;=1.Y,=0.lg=1. P,=0
Given X;. Y;. K; such that X? — D Y2 = K; :

First find P, ; > 0 so as to satisfy:

(I')P; + Py, 4 is divisible by K;

()|P2_, — D! is minimum.

A

A further small simplification was done in 1930 by Krishnaswami Ayyangar then when you
analyse Bhaskara (FL) algorithm and he showed that this complex (FL) condition for
determining Pi+1 can be replaced by a much simpler condition, that Pi+Pi+1 is divisible by Ki.
So, finally the algorithm that we are going to use and workout 1 or 2 examples is the following.
We want to solve x square-D y square is equal to 1 some initial condition let us start with X0 is

equal to 1 y0 is equal to 0, KO is equal to 1, p0 is equal to 0.

At any step in the algorithm you have reached a point Xi-D yi square is Ki find the next Pi+1 by
solving by using this 2 condition choose Pi+1 such that Pi+Pi+1 is divisible by Ki and modulus
of Pi+1 square-D is minimum.
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Cakravala EiCCCldiﬂQ to Bhaskara

Then set
lPe_ D} [YrPr— T Xr:'
Kist —';{r Yis1 TI i Yi +€iYi-
XP. ,+DY

Xy = CED ) By —sign (KK Vi = 8Xihei Xy
These satisty X2, — D Y2, = Kj.,
Iterate till K;_ 1,42 or +4, and then use bhavand if
necessary.
Note: We also need a '-P'}g"-‘-' and [: :;'_wi[h a=1

~r

Then you are able to obtain you a Ki+1, Yit+1, Xi+1such that you reach Xi+1 square-D yi+1
square is Ki+1 iterate this till either you obtain lor 1 or +/-2 or +/-4 in the later case do (FL)
there are 2 other quantities which will also use which will be interesting later Pi+Pi+1 by mod Ki
we will call it as ai and the sin whether Pi square is greater than D or lesser than D we will

denote it by writing an epsilon and is 1 or -1.

And this ai and epsilon and 1 will simplify the calculation of the Yi+1 and Xi+1 in terms of Yi
and Xi you can straight away do the calculation without divisions and all that.
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Bhaskara's Examples
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So, Bhaskara’s first example was 61 and 67 (FL) which number square multiplied by 67 (FL)
which square (FL) multiplied by 67 or another example (FL) so which square multiplied by 61
(FL) 1 added to it (FL) square root of that will be an integer, please tell us if you really know the
(FL) if you really know how to calculate the (FL) equation tell us. So, now Bhaskara’s own
calculation goes like this I have just given it to tell you, you can compare with the table that I am
going to write down later to see that how Bhaskara is arguing in his (FL) for solution.
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Bhaskara's Example: X 61 Y
i‘ﬁi K| a i x| YI
[of o 18] 1 1| 0}
1| 8| 3] 5[ -1 B[ 1|
2 74| 4] 1| 38| 5
3/ 9(-5|-3|-1| 164 | 21

Tofind Py: 047.0+8,0+9 divisible by 1. Of them 82 closest
to 61. Hence P, — 8, K, = 3=

Tofind P: 8+4,8+7,8+10 divisible by 3. Of them 72 closet
to 61. Hence P = 7, K; —4

After the second step, we have: 39° — 61.5° 4

MNow, since have reached K 4, we use bhavana principle to get
X = (39% +2) [(3) (397 + 1)(39% + 3) — 1] = 1.766.319.049

Y = (1) (39.5)(39% + 1)(3¢° = 3) = 226,153,980

1766319049° — 61.226153980° = 1

AN

It is not the entire solution a portion of the solution I have just told you till you reach the 39 and
5 okay. So, as I said the first step involved was that you take X0 is equal to 1, y0 is equal to 0, p0
is equal to 0, kO is equal to 1,
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So, this is just the statement that 1 square-D square into 0 square is equal to 1. Now from this p0
I have to go to next p, so what are my 2 conditions, so those 2 conditions I will write them on the
board Pi+1+Pi is divisible by ki, so this our condition 1, condition 2 Pi+1 square-D is minimum,
so keep this in mind when we understand this table, so my P1 should be such that, PO+P1 is
divisible by 1, know every integer is are 0+7, 0+8, 0 +9 are all divisible byl, square of P1 square
should be closest to 61.

So, amongst all this squares it is 8 square which is closes to 61, so immediately we will choose
our P1 to be 8. Once P1 has been chosen to be 8 what you need to do you have to calculate your
K1, so pl we have already obtain to be 8.
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So, your K1 is equal to P1 square-61 you are doing the 61 example right by KO, ko is already 1.
(Refer Slide Time: 32:14)

And so we will get this term yeah you can write sign, so this equal to 3, so 8 and 3 have come
you really do not calculate all this at this stage you can keep on going till you find your K to be 1
you can fill up all this columns later, but still for the sake of convenience let us remember what
x1 is what y1 is to do that we need to go back to this formula x1 is al into x0, x2 is al into x1+

epsilon 1 into xO0.

Similarly y2 is al into y1+ epsilon 1 into y0, so you have to just apply that and remember your

al is PO+P1 divided by k, 0+8 divided by k that is 8 here. In this K can take positive and



negative values, a can take positive and negative values, P always takes positive values epsilon
can take positive negative values, x and y always take positive value. So, what is the next step

you have already obtained your P1 to be.

And so you have arrived at a stage which is very trivial 8 square-61 into 1 square is equal to 3
which is something which could have written just without doing all this, now what is the next
step, P1+P2 is divisible by 3, so what are the possibilities 8+4 is divisible by 3, 8+7 is divisible
by 3, 8+10 is divisible by 3 of this 4, 7 and 10 of these 3 the square of which is closest to 61, 10
square is 100 it is 39 away, 7 square is 49 it is 12 away, 4 square is 16 it is 35 away 45 away.
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So, 7 is the so P2 is 7 once P2 is 7, so K2 is equal to P2 square-61/k1 that is equal to 7 square-
61/3 therefore you get -1 and you can go ahead and calculate your x1, x2 and y2 before that what
is your a2, a2 is 8+7/3 that is 5 and your epsilon is -1 because here this D square is larger than 61
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And so at the step 2 you are obtaining 39 square-61*5 sq is equal to -4, of course you in the
normal course you have to go on but (FL) meaning the Bhaskara and (FL) has told us if you
obtain +/-2, +/-4 use (FL) principle, so this is the formula in case -1, so let us go back and see
that formula in case k is equal to -4, in case x1 square-Dy1 square is -4 then construct your x by
x1 square+2 into half of x1 square+1 into x1 square+3-1 construct your y this way that will be

solution of x square-D y square is equal to 1.

So, let us see that is same thing that will do here 39 square+2 half into 39 square+linto 39
square+3-1 and this is your x and this is your y and for such a big number this is smallest value
of x and smallest value of y such that this equation satisfy. So, 1 is of the order of trillion, 2 is of
the order of 100 226 million (()) (36:47).
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m

Bhaskara's

TRK] & 4 Xi i
ol o 1| 8] 1| 10 0|
1 8] 3| 5[-1 8| 1
2| 74 4|1 39 | 5
3| o] &| a[- 164 | 21
4| 6| 5| 3 1 453 58
5| 0 4| 4] -1 1,523 | 195
6| 7| 3| 5] 1 5,639 | 722
71 8116 (-1 29,718 | 3.805
Bl 8|3 5[-1] 469,849 | 60,158 |
9| 7| 4| & 1 2,319,527 | 296,985
10 9] 5[ 3| -1 0,747,957 | 1,248,098
1| 6|5 3[ 1 26,924,344 | 3,447,300 |
12| 8| 4| 4]|-1 90,520,989 | 11,590,025
13| 7] 3| 5| 1| 335159612 | 42,912,791
14| 8] 1]16 -1 1,766,319,049 | 226,153,980

an

If you have not stopped at this -4 if you are continued the (FL) you would have obtain the
solution you would obtain your k is equal to 1 at the 14™ step in between you would have gone
through various other k values, so 8 square-61 into 1 square is -3, 39 square-61 into 5 square is
-4, 164 square-61 into 21 square is -5 like that it will go you would have reached the -1 point
also and you can see a certain symmetry in this p and k that is the thing, that is moving in the site

that is the (FL) about it.

That there is a you can see a very nice symmetry both in the k and in the p and that is what is the
(FL) about it. Let us do the second example of Bhaskara quickly x square-67 y square is equal to
1 again we start with x0 is equal to 1, yO0 is equal to 1, p0 is equal to 0, kO is equal to 1 we have
to find P1, pO+p1 is divisible by 1 all integers are at visible of them again 8 is what is closest to
67, x square is to be taken but 8 square-67/1 is now -3, 8 square-61/1 was+ the 8 square-67/1 is
-3.

So, the first step you will have k is -3, now again to this 8 again 8+ so this that is also very
similar to the 61 example 8+4, 8+7, 8+10 are all divisible by 3 of them 7 square is closest only
now 7 square-67/-3 is equal to 6, 7 square-67 is -18 divided by -3 is 6 and at this stage you are
having 41 square-67*5 square is equal to 6. Now next step 7+the next quantity should be
divisible by 6, so 7+5, 7+11, 7+17 are the possibilities of them 5 square is what is closest to 67.



So, you choose 5 then 5 square-67 divided by 6 will be the next k that is -7 and at this stage you
have 90 square-67*11 square is -7, now again 5+p4 is divisible by 7, 2 is possible, 9 is possible,
16 is possible between 2, 9 and 16 it is 9 square which is closest to 67, 2 square is 4 it is 63 away,
9 square 1s 81 it is 14 away, 16 square is 256 it is 1 89 away therefore 9 is what is closest, so you
choose 9 once you choose 9, 9 square-67/-7 it will turn out to be -2, you are still not obtain k is

equal to 1.

But you have obtain 1 of these 4 quantities +/-2, +/-4 now we can do (FL) and we can do (FL)
and we get 221 square-67*27 square-2 from that we get 48842 square-67*5967 square, so this is
the final solution.
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0 0 1 8 1 0
1| 8|3 5] 1 8 1
217 6 2 1 41 5 |
3 5 7 2 1 90 1
4| o[2] 9[- 221 27
5| 9|-7| 21| 1,809 | 232
6 5| 6] 2| 1| 3577 | 437 |
7| 7| -3 5| 1| 9,053 | 1,106
8/ 8| 1,16 1| 48,842 | 5,967

L La ]

Again if you do not stop at -2 you go on doing (FL) you will obtain the 1 value in the end and so
this has taken you 8 steps but -2 occurred at the fourth step itself and so you could go on from
there. I will not speak more about (FL) in this talk I will speak more about (FL) in the next talk I
will speak about other things also done by (FL) in the (FL) work. So, one is solution of x square-

D y square is equal to -1.

Obviously this equation is not solvable for all non square integers D, in fact if it solvable and all
those cases where this -1 will appear in the sequence that you do. For instance in the case of 61

you have a -1 appearing and in fact you have a solution for x1-61 y square is equal to -1 and that



solution is beside this 297 only and 3805. So, Bhaskara just says this problem cannot be solved
unless Dz sum of 2 squares so, 61 is a sum of 2 squares what 2 squares 5 square and 6 square, SO

(Refer Slide Time: 41:54)
The Equation X? — D Y? — —1

Bhaskara states that the equation X2 — D Y2 = —1 cannot be
solved unless D is a sum of two squares.

v fefes A o 7 )

Taking D = m? + r? Bhaskara gives two rational solutions

(X, YJ=(E 1) and (X, Y) = (T l)

m m n'n
From these, it is sometimes possible to get integral solutions by

ingenious use of bhavana and cakravala, as Bhaskara shows in
the case of X2 — 13Y2 = — 1. He obtains X = 18, ¥ = 5.

~

Now Bhaskara gives a method for calculating rational solutions for this equations when D is sum
of 2 square if D is of the forum m square+n square Bhaskara gives you these two values which
are rational solutions not integral solution. And he takes this example x square-13 y square is
equal to -1, we can take this example and do (FL) on it and see whether you can obtain the
solution, so 13 can be thought of us 3 square+2 square.
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So, 3/2 and 2 will be a solution, so what is this is 9/4-13/4 this indeed correct okay. But there
was another example where Bhaskara did not come up in the previous case he did come up with

the integral solution.

(Refer Slide Time: 42:29)

That 18 square-13*5 square is equal to 5 this is -1, this is 18 square is 344-13*25 no it is square

is 324.
(Refer Slide Time: 43:36)

This is 325 therefore is equal to -1. In the next example Bhaskara is nearly giving the rational

solution for the case x square-8 y square is equal to -1 he just giving the solution x is equal to 1,



y is equal to half but here our (FL) tries to say that by doing (FL) of this solution you can obtain
integral solutions by that is in the not 2.
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You can convince yourself by a simple argument that x square-8 y square has no integral
solutions. One symbol were seeing it is think of x and y as quantities which are of the type
4m+1. 4m+2, 4m+3 and then see that the none of these 3 cases you have a solution for an
equation like that. So, here is 1 sort of an error which was pointed out in a recent thesis by (FL)
on (FL) commentary.
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General Quadratic Indeterminate Equations

Bhaskara has shown how the solution of vargaprakrti equation
with K = 1 can be used in determining solutions of general
quadratic indeterminate equations.

We illustrate the method with a couple of examples.

ﬁ'ﬂﬁﬁ‘ﬁ‘]ﬁﬁ ﬂﬁ: gafaa: |
qAA QAo Jars TH

I qraTTagAgIon a%: o gafaa: a9 s @ o
Uy 37 Zfa FEHEI GHETOTYS Y

ne



(FL) is not use this (FL) in certain other examples these are not very complicated examples this a
simple example. So, I will just give the English translation of this (FL).
(Refer Slide Time: 45:03)

General Quadratic Indeterminate Equations
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I am giving this (FL) argument just 2 show you the way you are arguing in the commentary on

the solution.
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General Quadratic Indeterminate Equations

Here the two sides are 6.x% +2.x +0.y% and 0.x% + 0.x + 1.y?
Equating and clearing the sides, the equation is
Bx2 + 2x = y?
Multiplying both sides by 6 and adding 17we get
Bx+12 -6y =1
The solutions of the above equation are, for instance,

y = 2.20 and correspondingly 6x - 1 = 5.49 and so on.

In this way we get the integral solutions x = 8. y = 20.

L~

So, one example he is trying to tell us is try and solve 6x square+2x is equal to y square, so what
does Bhaskara do of course as it is looking it is not looking like (FL) or any such thing, so you

have to complete some squares to make it look like (FL) and so first is multiply both sides by 6



add 1, so if you do that left hand side becomes 6x+1 whole square and then this y square if you

bring it, it becomes 6y square is equal to 1.

So, if you call this 6x+1 as z or something else this is a (FL) equation, so now I mean if this is
the (FL) equation you solve (FL) in the usual manner then one solution is y is equal to 2, 6x+1 is
equal to 5 that is.
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So, you are solving z square-6 y square is equal to 1, so z is 5 and y is equal to 2 this one
solution, z is equal to 49 and y is equal to 20 other this can be done by (FL) once you know one
solution. So, your z is 6x+1, so this part now you have to solve 6x+1 is equal to 5, you have to
solve 6x+1 is equal to 49 this you can solve straight away, x is equal to 8, so you obtain integral
solution x is equal to 8. So, it is just an application and algebra it transformation of this equation
and then application of (FL).
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General Quadratic Indeterminate Equations

Frafegraien T i T FereH)
Teq Fepor SfEre=Td Hage

Say what is the number of terms of a sequence (in
AP) whose first term is 3 the common difference is 2;
but whose sum multiplied by three is equal to the sum
of a different number of terms (of the same AP).

Let x and y be the number of terms. Then

302 +2x)=y*+2y
Multiplying both sides by 3 and adding 9,

(Bx+3)°=22=38y>+6y+9

Another problem now he is trying to positive and more sort of motivated way say what is the
number of terms in an arithmetic progression whose first one is 3, common difference is 2 but
whose sum multiplied by 3 is equal to the sum of a different number of terms of the same
arithmetic progression recall the (FL) is the number of terms, so (FL) starting with 3 (FL) 2 is the

addition at each stage in the arithmetic sequence.

So, you can immediately see if an arithmetic sequence has x terms 3 it is first term and common
difference is 2, then if sum is x square+2x. Similarly another arithmetic sequence which has wide
terms 3 is the starting term and 2 is the common difference if sum is y square+2y this you can
straight away do by simple algebra now 3 times this should be equal to the other, x is the number
of terms in the first case, y is the number of terms in the second case.
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I think you are all staring at it so I have to do this a is equal to 3, d is equal to 2 x is the number
of terms, so what is the sum 3-+half of x into 3+x-1 into 2 right. So, this is 2x. So, similarly y is
the number of terms y square+2y is the sum of the arithmetic is, so 3 times 1 is the other, so
again now you have an quadratic equation in x and y you have to ultimately convert it into a (FL)
forum by transforming it suitably.
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General Quadratic Indeterminate Equations

Again multiplying by 3 and subtracting 18

322 - 18 =2 = (3y + 3)?
We find that a solutionis z = 9and t = 15.

Other solutions can be found by doing bhavana with solutions
(2 1)off-32=1.

Thus we get z =33 and t = 57.
Hence we get x = 2,y = 4 and x = 10,y = 18, and so on.

So, the transformations are given here multiplied by both sides by3 add 9 you get an equation
like this. So all that you have converted 1 into a square. Again multiplied by 3 and subtracting 18
you get an equation like this now you are in the domain that you can handle t square-3 z square is

equal to -18 is a (FL) kind of equation. So, start with a solution of this and obtained the solution.
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Bhiskara Il has given an example of the method of solution of a
biquadratic equation of the special form

x* 4 PXE+qQx+r 0
which involves adding ax? — gx + b to both sides, choosing aand b
such that both sides are perfect squares.

This can be done in general, but it could involve solving a cubic
equation for a. In his example, Dhiskara seems to have guessed the
values of a. b

Bhliaskara's example is in the madhyamaharafic section of Bijaganita:

i 30 vl iy
I 42 q iy 3= A g

x* — 2(x% - 200x) = 10000 - 1

So, finally I come to the by quadratic I was talking about in general an equation like this x to the
power 4+px squaret+qgx+r (()) (50:05) by adding a term like this ax square-qx+b but what a to be
is to be used in this equation. If you try in ¢ you will see that you will ultimately and the but the
cubic equation. Therefore is not easy to solve this equation Bhaskara is given one example

various slight to find out this a yes this a very correctly.

So, the equation Bhaskara is giving this much is transformable into this form (FL) is 10000 (FL)
is coming x to the power 4 x square-200x-twice of this subtracted from x4 is 10000-1 (FL) if you
know algebra please answer this. And this the way Bhaskara goes above solving this.
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Bhaskara's Solution of a Biquadratic
Blisskara first obtains the two sides of the equation in the form
x* — 2x* — 400x = 9999

He then remarks that if we add 400x + 1 to the left side we get a
complete square, but the same thing added to the right hand side will
not produce one, and hence proceeding in this way we cannot
accomplish anything.

Hence, says Blinskara, here one has to apply one’s intellect.
If we add 4x* + 400x + 1 to both sides, we get the roots
X2 +1=2x+100
This can be solved in the usual way to obtain
x=11

Bliiskara remarks that this is how the intelligent should attempt such
problems.

Krishnaswami Ayyangar has noted that Bhaskara's is indeed the first
solutien of a non-trivial biquadratic equation.

So, first Bhaskara says if I can add 400x+1 to the left hand side it will become a perfect square
but eh right hand side will not become a perfect side, 400x+9999+1 is not a perfect square. So, in
this were proceeding we are not reaching anywhere.
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Bhaskara's Solution of a Biguadratic
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So, he says (FL) therefore we are not able to proceed for them (FL) therefore the mathematician
is now pre the device his method to solve this equation, so what is the method add 4x
square+100 x+1, so this particular form +400x is coming from this +1 is also coming but this
choosing of this 4 is very special and this what he chooses if we add to left hand side and right

hand side both become perfect squares and there square roots are like this.



So, left hand side becomes x square+1 whole square right hand side will become 2x+100 whole
square and this can be solve this a ordinary quadratic equation Bhaskara is giving only the
solution 11 what is the other solution -9, so that can also be used there is nothing.
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Bhaskara's Solution of a Biquadratic
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So in the end Bhaskara is saying (FL) therefore there is no algorithm for solving this equation
one has to epsilon once intelligent to find a suitable solution if 1 is a b why do so. So, if that (FL)
noted that this in the the first solution of such a non trivial biquadratic equation.
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So, the paper of (FL) was the paper which first showed that Bhaskara’s cyclic methods actually

in variably always leads to the solution of the, the quadratic indeterminate equation of the (FL)



equation he also showed that it is more optimal and different than what is called the (FL) method

for solving what is called the (FL) equation I will something about that in my talk on (FL)

tomorrow.
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This is Krishnaswami Ayyangar’s paper on the biquadratic in this Shukla’s paper on (FL) verses,
thank you.



