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Hello there, so to continue our discussion on portfolio theory and capital asset pricing model.
In this session we will talk about Capital Asset Pricing Model and Index Model and we will

continue our understanding of index model as a tool for investment management.
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Now, we know that diversification is one of the tools through which investors try to reduce
the risk for a given level of expected return or they try to increase the expected return for a

given level of risk.



Now, there are different strategies through which investor try to calculate the expected return
for a certain level of risk or try to gaze risk for a given level of desired return. Now, one of the
strategies or concepts that we are going to discuss in this module is naive diversification and
another is single index model through which investors try to understand the implication of

risk on return.
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Portfolio Decisions

Portfolio Diversification as a Tool of Investment Management

+ While constructing a diversified portfolio of risky assets,
we need to understand:

1. Do the values seem reasonable?

2. Is any unusual price behavior expected to recur?
3. Are any of the results unsustainable?
4. Low correlations: Fact or fantasy?
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To begin with, if we try to understand the naive diversification, before that we need to
understand what are the issues or questions that investors face when they try to diversify their
investment portfolio of risky assets. We need to understand when we try to calculate the value
of an investment to incorporate in portfolio diversification strategy; do the values seem

reasonable for an investor?

As we understand, different investors can have different expectations, different lifespan,
different investment horizon, different risk pairing capacity. So, do we have to consider their
individual differences or heterogeneity into the diversification exercise? We also need to
understand whether there is any unusual price behavior that can be expected to recur,

particularly in markets with more volatile nature or more volatile behavior.



We can see that certain assets behave differently at different points of time because of so
many different reasons. And when we bring in those results, bring in those events in the
market, are those results unreasonable or unsustainable for any investor or any set of

investors.

Of course, we need to understand the implication of correlations, particularly the cases of low
correlations. Many a times we realize that the correlation coefficient between two or more
assets could be very low and this does this this implication have serious inferences for
portfolio diversification strategy. We should not be ignoring the fact that low correlation does

not necessarily mean that those stocks are not good for including in the portfolio.
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Portfolio Decisions

Naive Diversification

* Naive diversification is the random selection of portfolio components
without conducting any serious security analysis.

* As portfolio size increases, total portfolio risk, on average, declines. After
a certain point, however, the marginal reduction in risk from the addition
of another security is modest.

total risk

securities
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So, to understand the naive portfolio in the light of all these concerns let us try to understand

to implement what naive portfolio diversification strategy is and how it can be related to the



broad single index model or index model for that matter. So, as we understand naive
diversification is basically the selection of portfolio components or selection of assets for
constructing a portfolio in a very random haphazard manner where we do not carry out any

serious security analysis.

In a typical diversification strategy, we need to bring in assets based on their risk and return
characteristics. And when we try to do this exercise, we do we carry out serious security
analysis before we include any assets in our portfolio. Naive diversification is contrary to this
practice. Here we do not consider any serious security analysis and we just bring in portfolio

components or assets to construct the portfolio.

The underlying assumption is as we increase the number of assets in the portfolio, the total
portfolio risk on an average will decline. As we know that if we randomly bring more and
more assets in the portfolio, the total variance of the portfolio will decline because of their

correlation and other factors.

After however, we need not to forget that after a certain point, the marginal reduction in risk
from addition of another security is modest and after certain point of time, this may be
negligible or nil as well. The idea of naive diversification is to bring in as many securities as

possible for the investor to reduce the risk.

So, when we try to have this this concept called diversification where we have number of
securities, as we can see in this graph and the portfolio risk on other axis, as we increase the
number of stocks in the portfolio, our portfolio risk starts declining. And it so happens that
after certain point, the portfolio risk the marginal portfolio risk decline will be stable and it

may not change at all.

Now, this has implication for understanding of a return determination or return generation
process. Now, we know that this is the level of risk that we cannot diversify or that we cannot
avoid. So, if we are investing in this market irrespective of the number of security after

certain point, we know that the risk cannot be reduced.



Suppose, I hold a portfolio here with this many number of securities, I know that I can I still
have certain risk that I can reduce. And how do I reduce? I typically go to include more and
more assets in the portfolio. So, as we move towards increasing more and more asset to the
portfolio, I reduce the risk and I have the scope to reduce the risk to this extent by including

this this this these many securities.

So, effectively this is the number of ideal securities or this is the optimal number of securities
that I should include in my portfolio and I should be able to minimize the risk. After this, if |
try to include even more securities in my portfolio, that will not have any effect on the total
risk of the portfolio. Which means this component of risk is non-diversifiable risk. What

implication does this have for understanding of risk return relationship?
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Portfolio Decisions
Naive Diversification

+ The remaining risk, when no further diversification occurs, is pure market
risk.

——

¢ Once you own all the stocks on the market, you cannot diversify any
more!
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We know that when we have this remaining risk, when no further diversification occurs, is
this risk is essentially driven by market forces or market factors. Once we own all the stocks

in the market, we cannot diversify risk anymore.

As I was trying to show in the previous graph, where we have on one axis number of
securities which means number of stocks or number of number of stocks in the portfolio or
number of assets in the portfolio and on the other hand, I have total risk of the portfolio or

total portfolio risk.

And we know that if we try to reduce the portfolio risk by including more and more stocks in
the portfolio, after certain point of time, after certain number of securities, there will be no
incremental marginal decline in total risk. And this particular risk is known as

non-diversifiable or market risk in general.
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Portfolio Decisions
Naive Diversification

¢ The remaining risk, when no further diversification occurs, is pure market
risk.

+ Once you own all the stocks on the market, you cannot diversify any
more!

¢ Market risk is also called systematic risk and is measured by beta.

¢ Asecurity with average market risk has a beta equal to 1.0. riskier
securities have a beta greater than one, and vice versa.

* [),=1=Neutral Stock Market Stock
* f,>1=Aggressive Stock ( Riskion Hhon th “ mmkd’ﬂ&&)
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So, when we have this market risk, this is also called systematic risk or beta in functional
form. So, we have this systematic risk or beta measured in terms of measured by beta and it is

basically that component of risk that we cannot diversify.

So, once we have this systematic risk identified or calculated using beta, we know what is the
component of total risk, the component of total risk that we can diversify by increasing the
number of securities in our portfolio and what is the component of total risk that we cannot
diversify that is effectively the market risk, the systematic risk that we can measure through

beta.

So, when we try to understand this concept of beta, we know that a security with average
market risk has a beta of 1 and if any asset has more than 1 beta, any asset has a beta value of

more than 1, then that security is relatively riskier than the market asset or average market



risk. If the beta is less than 1 for any asset, we know that this asset is less riskier than the

average market risk or average market asset.

So, the these three explanation for beta shows if an asset has more than 1 beta, then we know
that these are aggressive stocks. Basically, these are stocks riskier than the average market
asset or the average market stock. If the beta is less than 1, then it is a defensive stock and we

can say that it is less risky than the average market asset.

So, if I have a security with more than 1 beta, then I can say that this asset, this security is
more risky than the average market asset and if I have a security which with less than 1 beta,
then we can conclude that this asset is less risky than the average market asset. And if it is

having beta value of 1, it is the market asset or close to the market asset.
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Portfolio Decisions

Single Index Model
+ Betais the statistic relating an individual security’s returns to those of
the market index.
+ Also, an indicator of relative riskiness of the security i w.r.t. the market
asset/portfolio.

8 =@>p} _ cov(R,., Rm)

2 4
Gm Gm :
where R,, = the retum on the market indec
R; = the retum on security i
o; = standarddeviationof securiy i returns
o,, = Standarddeviationof marketreturns
Pim = correlation betweensecurityi returns and marketreturns
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Now, as we understand the beta value is basically an indicator of relative riskiness of the
security with respect to the market asset or portfolio and it is basically one statistic that is that
is related to an individual securities returns along with those of the market index. So, if an
asset or a security has a beta value of more than 1, it is more riskier than the market in relative
terms and an asset with beta value of less than 1 is less risky than the market asset or market

portfolio.

Now, the calculation for beta can be interpreted or can be done in this manner where we have
the correlation between the asset and the market and the sigma of the individual security
divided by the market. We can also write is like covariance of asset along with the market and
the market variance and in this way, we can calculate the beta. Earlier in capital asset pricing

model, we have seen how we calculate beta.
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Portfolio Decisions
Single Index Model
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If we just go to the single asset, a single index model, we know that beta is the one factor;
beta is probably the one most important factor that determines the riskiness of the asset and

subsequently the expected return of the asset.

So, this particular single index model is helping us to understand the security market line
which is basically the relationship between beta and the return that asset is generating over

and above the risk free rate of return.
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Asset Pricing
Single Index Model

¢ Asingle index model relates security returns to their betas, thereby
measuring how each security varies with the overall market.

* R, = Constant + Common-Factor + Firm-Specific

=k
News ews

* R=w+flte =

1
¢ This is the mddel that is used for estimating betas for CAPM.
¢ CAPM is a specific example of a SIM.

+Now, getting back to calculating the efficient frontier:

+A pair-wise comparison of the thousands of stocks in existence

would be an unwieldy task. To get around this problem, the single
index model compares all securities to the benchmark measure of
risk.
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So, effectively when we try to understand the single index model, we know that a single index
model relates security returns to their beta. Basically, the relationship between risk and return

and thereby they measure how each security varies with the overall market.



For example, if I have a security i and I need to calculate the return of asset i and we try to
understand what will be the impact of common factor let say news that is common factor for
all asset. And then we have firm specific news which is related to the related to the firm 1 or

stock 1 or asset security i.

We know that we can generate we can calculate the expected rate of return following this
functional relationship between return on individual security i, the index model and expected
rate of return can be calculated. And this is the basic or baseline model that we use for

estimating beta for capital asset pricing model.
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Asset Pricing
Single Index Model

* It decreases the number of calculations of co-variances
* From: Cov(R, R) = Cov(o+ (1 +e,0u+Bl +e)

* Implies 124,750 separate co-variances for
= Typically have 500 x 60 = 30,000 data points

= Statistical error!!

* To: Cov (R, R) = (B;p0%)

= Only need 500 f's and 1 ¢*, to estimate all 124,750 co-variance
* Assumes: e

Cov(e, &) = 0and Cyﬂ,_ e)=0
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In fact, if you could recall couple of sessions earlier, we have seen that this kind of model can
be used to understand the capital asset pricing model or can be explained with the help of

capital asset pricing model.

Now, before we go to that capital asset pricing model once, we know that when we have
single index model there are certain issues because it decreases the number of calculations of
co-variances. Let say for example, if we try to calculate the covariance between asset 1 and j
which is basically two assets i and j. We can calculate it in such a way that covariance of two
assets are available. And if we have a portfolio of 500 stocks we need to calculate 124,750

separate co-variances.

And then when we use this kind of calculation typically, we have 30,000 data points and this
might lead to a statistical error while calculating the expected rate of return based on such
model. But if we have this beta based model then co-variance between R and i and j can be
calculated using beta based model where only 500 betas are required 1 sigma is to estimate

1,24,750 co-variances.

And here it is assumed that covariance between expectation of i and j returns is 0 and the
epsilon i and epsilon j and covariance of the index and epsilon i is also 0. And with this
assumption we can use this beta based model or single index model for calculating the

co-variances as well.
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Asset Pricing
Single Index Model: Capital Asset Pricing Model (CAPM)

*  We conclude that the reward-to-risk ratios of the stock i and the market portfolio
should be equal. Essentially, equation (1) equals to equation (2):

E@)-Y = w g
* [Elr) - rd/Cov(r, ry) = [Elry) - ri/0y’ > 0] Ml

* To determine the fair risk premium of stock i, we rearrange the
lightly to obtain: - [
slightly to abtain EQf.‘)'Y‘} A

¢ E(r)-r= B [E(ry) - EUS): T}“PFW%M '{5’)

o E(r)=ry + B [Elry) -1
et

above equation

Now, just let just go back and recall how we calculate the expected rate of return using capital
asset pricing model in a typical modern portfolio theory. We know that the reward to risk
ratio for stock 1 and the market portfolio is considered to be equal. So, we have reward to risk

ratio for individual assets and reward to risk ratio for the market given.

And when we try to rewrite this reward to risk ratio of individual asset and reward to risk
ratio of the market asset, we can rewrite this function in such a way that expected rate of
return minus risk free rate of return is equal to expected rate of return on the market minus

risk free rate of return divided by market variance into covariance of r i r m.

Now, if we rewrite this once more we have this function that can be expressed as expected

rate of return on asset i minus r f covariance between r i which is return on asset i and r m by



variance of the market and expected rate of return on market asset minus r f. And this

particular function, this particular component is indicated by beta in a single index model.

And we have this form where we can express this expected rate of return on asset 1 is equal to
r f plus beta which is nothing but the covariance variance of the asset and the market into r m
or expected rate of return on the r m and r f. And this is basically the capital asset pricing

model that we work with. Now, once we have this kind of capital asset pricing model.
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Asset Pricing
Single Index Model: Security Market Line

B0Vl 0 vyt = WE

*  E(r,)-r;, = market risk premium

* SML=rq+PIE(r,)-r]
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We can use this for single asset single index model and derive the security market line. Now,
we know that beta can be interpreted or expressed in terms of covariance of the asset with the
market divided by variance of the market and expected rate of return on market asset minus r

f which is r m minus r f is market risk premium.



So, security market line or the slope of this curve relating expected rate of return on asset and
beta can be expressed in terms of r f plus beta into r m minus r f in general. And this can be
used to draw the security market line. We will just take a look at one example where we have
some hypothetical numbers related to the security related to the beta expected rate of return
and the market return market return and thereby, we can try to find the security market line

and accordingly we can calculate the risk free rate of return on the expected asset.
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Single Index Model: Security Market Line &i Bo ke s
* P=[Covirr,)l/ oy : - fho

e fic L. iy s
¢ -Eln s ekl i premm. onler ol
o SML=r+BlE[r,) -1
Illustrative Example #1: o agd”
E(r,) = 11% or 0.11 pashe o

R= 3%, or 0.03
By=1.25
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Now, suppose that this is the basic notations and we have an example where we have
expected rate of return on the market to be 11 percent, risk free rate of return to be 3 percent
and beta of the asset A for example, is 1.25. As we understand when we have the beta of the

asset A any asset greater than 1 let us say beta of i greater than 1 this is considered to be more



risky than the market asset. And if beta is less than 1 then we can say that it is less risky than

the market asset.

With this inference if we can try to calculate what will be the r 1 the approach will be r 1
should be equal to r f plus beta into r m minus r f which is nothing but expected rate of return
on asset i is equal to risk free rate of return that is r f relative risk of the asset which is beta.

So, relative means it is relative to the market asset and market risk premium.

So, once we have this kind of formula, we all we do have all we need to do is to plug in the
numbers and find the value. So, r i will be 3 percent plus 1.25 into 11 percent minus 3
percent. So, here it is important to understand market risk premium will be 11 percent minus

3 percent is equal to 8 percent.

So, this will be 3 percent plus 1.25 into 8 percent that gives us 3 percent plus 10 percent is
equal to 13 percent. So, this should be the rate of return expected rate of return on asset where
we have a situation where r m is equal to 11 percent, r f is equal to 3 percent and beta of the

asset is given to be 1.25.
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Asset Pricing

Single Index Model: Security Market Line
+ B=[covir,r)l/c,}
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* R 3% 0r0.03

+ P,=125
E(r,) =.03 +1.25(.08) = .1
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We can understand the value to be 13 percent. In a similar fashion if we have a scenario
where there is another asset and this asset has a beta of 0.6 which is effectively less than 1

which means it is less riskier than the market asset.

Then we can follow the same approach where expected rate of return on asset B can be
calculated using r f plus beta into r m minus r f where we have r f to be 3 percent plus 0.6 into
8 percent which is coming from r m minus r f, we have we are given r m and r f. So, we have

3 percent plus 4.8 percent. So, we have 7.8 percent of return if the beta is given to be 0.6.

Now, we can simply relate we know that higher the risk higher should be the return, lower the

risk lower should be the return. Here beta shows that it is more risky than the market asset



because its value is 1.25. So, it should generate more return than the market asset. Market

asset is generating 11 percent return.

This asset is generating 13 percent return. And if the beta is less than 1 which is the case here
which implies that it is less risky than the market asset and if it is less risky then it should
generate less return than the market asset. Here market is generating 11 percent and this asset

is generating just 7.8 percent.
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Asset Pricing
Single Index Model: Security Market Line
© B=[covirr,)l/ o,
¢ Elr,)-r; = market risk premium
* SML=r+PlE(r,)-r]
lllustrative Example #1:
E(r,) =11% or 0.11
© Ri=3%0r0.03
By=125
E(r,) =.03 + 1.25(.08) = .13 or 13%

lustrative Example #2:
* E(r,)=11%o0r0.11
R¢=3%, or 0.03

Pp=0.6

E(ry) =.03 +.6(.08) =.078 or 7.8%
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So, this way we can fit it into the security market line.
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And if you try to continue to understand the security market line for an asset here, we can see
that if there are two axis return and risk we know that there is this asset called market asset.
So, this is the market asset lying here or market portfolio we can say where we have 11

percent of return and a beta value of 1.

So, any asset that is lying above here with a beta value of more than 1 should be generating
more return and if an asset is lying somewhere below than this asset and having less than beta
value of less than 1 then it should be generating less return, like in this case here we just
calculated with beta value of 0.6 this asset is generating 7.8 percent return and with beta value

of 1.25 this asset is generating 13 percent of return which is higher than the market return.



So, this particular relationship between return and risk of the asset is expressed to be

securities market line or SML.
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Asset Pricing
The APT and Multi-factor Models

+ But, is the stock market as a whole the only source of co-movements
between stocks?

+ Is beta the only driver of expected returns (as shown in CAPM)?

+ Relaxing the assumptions of CAPM leads to the Arbitrage Pricing Theory
and Multi-Factor Models

Assumptions?

¢ Only one risk-free asset
* Consensus on mean, variance, co-variances, etc.
* No market frictions: taxes, transaction costs
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If we infer our understanding from security market line, we know that beta is the single factor
that is effectively affecting the return generation process in all cases. But in the real world is
the stock market as a whole the only source of co-movement between stocks, if we try to
understand this or even if we try to think about the beta being the only driver of expected
return as we have seen in capital asset pricing model where expected rate of return on any

asset is a function of risk free rate of return plus beta into market risk premium.

So, is beta the only driver of expected rate of return. And at the same time, we understand that

capital asset pricing model is based on several assumptions. So, if we relax those assumptions



it may lead to the development of what we known as multi-factor model or to certain extent

arbitrage pricing theory.

Now, assumptions here for CAPM is there is only one risk free asset, there are consensus on
mean, variance, co-variances and other factors all investors agree to that, there is no market
frictions such as there is no taxes, there are no transaction costs. With these assumptions
capital asset pricing model was developed. And if we try to relax these assumptions, we can

find multi-factor asset pricing model or arbitrage pricing model.
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Asset Pricing
The APT and the CAPM
Both models yield similar types of results: expected return on a chosen

asset;

Both models can be used for estimating either or both expected return and
risk, given certain inputs.

Advantage of APT over CAPM:
+ Different Assumptions

¢+ APTis less restrictive
Disadvantage of APT:

+ Fails to identify the common factors;

+ As with CAPM, factors chosen are typically based on
finance/economics theories;
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So, just to touch upon the arbitrage pricing model, we know that arbitrage pricing model also
yield similar type of results as capital asset pricing model where we are able to generate

expected rate of return on a chosen security for given inputs and CAPM does the same job,



when we try to understand at the advantage of arbitrage pricing theory over capital asset

pricing model.

We know that arbitrage pricing theory is based on different assumptions where not all the
investors need to agree on the same risk factor or risk driver which is beta in case of capital
asset pricing model, but in arbitrage pricing theory it could be anything as perceived by
investors or set of investors. And that is why it is also known as arbitrage pricing theory is
less restrictive it does not restrict investors or analysts to consider only certain risk factor in

that sense it is more flexible.

However, given the advantages arbitrage pricing theory has some disadvantages as well
because it does not identify common risk factor which is available which is common for all
market participants. Because every investor might have unique set of risk factors and that is
what arbitrage pricing theory suggests. As with capital asset pricing model factors are chosen

typically based on finance and economic theories.
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Asset Pricing
The APT and the CAPM
+ Some typically suggested factors:

- Growth rate of GDP
- Level of interest rates
— Default premium

- Term structure

- Expected inflation

- Oil prices

Ri =agtap+ap,+..+af+g
E(R) =2, +a;p + af,+ ... + 3,y

+ If markets are not “efficient,” then still other factors may come into
play. These other factors must be found by trial and error. This
leads to the development of Inductive ad-hoc Factor Models.
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For example, if we see some typically suggested factors that might act as risk factor in
arbitrage pricing theory these are growth rates of GDP, level of interest rates, default
premium, term structure, expected inflation, oil prices, currency exchange rate, investor

sentiment could be anything.

And with this we can develop a model like this where we have expected rate of return on
asset 1 as a function of beta 1, beta 2, beta 3 till beta k where every beta represents unique risk

factors and this can help us in generating expected rate of return on any asset.

However, if the markets are not efficient then still some factors may come into the play and

these other factors must be found by trial and error. And this approach of finding risk factor



by trial and error leads to the development of inductive add-hoc factor model which is beyond

the scope of the coverage.
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CONCLUSIONS

* It is widely believed that the beta cannot be the only factor driving the
expected returns on an asset, a multi-factor model is used to incorporate as
many risk factors as an investor might believe to be relevant.

* Relaxing the assumptions of CAPM leads to the Arbitrage Pricing Theory and
Multi-Factor Models.

* If markets are not “efficient,” then still other factors may come into
play. These other factors must be found by trial and error. This
leads to the development of Inductive ad-hoc Factor Models.
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So, we stop here, we know that the beta cannot be the only factor driving the expected rate of
return on asset and that is why multi-factor model is more suitable where we can include as
many factors as investors can to incorporate in the return generation process. Here we need to
relax the assumptions based on which capital asset pricing model was developed and that is
why arbitrage pricing theory or multi-factor model seem to be working better than other

typical model. And with this I conclude this session.

Thank you very much.



