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Lecture - 59
Fitting Models to Data (Contd.)

Hello everybody, this is Rudra Pradan here. Welcome to Engineering Econometrics,
today will you continue with count data and discrete modeling. In the last couple of
lectures, we have highlighted this concept that to understanding the Count Data and
Discrete Data. And accordingly we have also identify various models relating to count
data and discrete data. So, we can directly go to various structure of count data

modelling.
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Structure of Count Data Modelling
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So, basically the structure is like this; so we have the concept called as count data

modeling, and the starting is actually to understand the data.

In the last couple of lectures, we are strictly discussing various models relating to data
structure starting with you now time series models, then cross sectional models, then
panel data models and then count data models. So, in the count data models we
specifically highlighted some of the structure that is, with respect to data types. That
means, here the type of data is like this that we have continuous structure; we have

discrete structure that is what here.



So that means technically, so the data division will be continuous type and then discrete
type. And it can be negative while in the continuous structure and if it is really negative
then we will follow the normal TDS tuition, and if not then lognormal and gamma

distribution.

On the other side we have discrete structure and that to number of out comes. If it is with
respect 2 that is what which we call as Binomial, and if it is many it is called as Poisson’s
or Negative Binomial or Multinomial. So, that is what the typical structure about the
kind of count data modelling, but what is happening here is; we are not going in details

about this modelling structures.

We are strictly discussing this aspects only that to playing the game between you know
Poisson distributions and Negative binomial distribution. Of course, we have highlighted
these 2 models in the last lecture and again we are bringing this particular structure to
connect certain examples, where we can use actually Poisson distribution and then

negative binomial distribution.

Accordingly, we have 2 different model that we need to highlight under the count data
modeling, that is Poisson regression modelling and the binomial regression modeling. In
the choice of these 2 models which we have already highlighted this basic structure starts
with calculating mean and variance. If mean variance are equal, then we can actually use

Poisson distribution or Poisson regression modeling.

If mean variance are not equal, then we may go for negative binomial regression
modeling. That is how the beginning of this entry or that to with respect to count data

modelling.

(Refer Slide Time: 04:23)
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Fitting the Data: Robustness

U In many cases, the assumptions underlying the likelihood function are
wrong: “some data points are too unlikely”. Such data points are outliers.

U Outliers can either be left out of analysis or likelihood “robustified” to
reduce their influence.

U Robustification includes: minimizing the median residual, leaving out
the largest residuals, downweighting large residuals.
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So, what I like to highlight here is I will bring some of the examples, where we can
actually connect with you know this a kind of Poisson regression modelling and the kind
of negative binomial regression modelling. Before that I like to bring one particular
concept; since we are discussing about the fitting models that to relating to count data.
So, we have couple of issues here, one is which we have highlighted is called as over

dispersion.

And then this is called as robustness; in many instances this assumptions underline the
likelihood function are wrong; some data points are too unlikely so that data points are
outliers. That means, technically means we have already discussed this concept you

know that is the outlier in the header scarcity problem.

It is a very dangerous kind of component which also having actually problem in this
count data modeling. Outliers can be either be left out in the analysis or like likelihood

you know robustified to reduce their influence; that means, we have lots of instances.

Since, we have lots of possibilities where we can reduce the impact by normalising the
data or some kind of restructuring of the models or something like that. But ultimately
what is actually requirement there should not be outlier in the final set up. So, that the
model may not be actually creates any kind of problems of for us, prediction is
concerned or the kind of forecasting is concerned. So, it so the requirement is that
minimizing the median residuals, living out the largest residuals and down weighting

large residuals this is how the kind of structure.
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Fitting the Data: Contradictory Data

- All probability statements are based on the assumptions of the model and
likelihood function, and these may be wrong!
= Often when we have two (or more) data sources they disagree!
= The problem is that (at least) one data source is not measuring what we
think it is.
- Solutions:
* Include some probability that each index doesn't tell us anything; and
+ Run separate assessments for each index in turn.
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So, against contradictory data is that all probability statements are based on the
assumption of the model. And likelihood function and these maybe actually wrong; upon

when we have 2 data sources they disagree.

The problem is that one data source is not actually measuring what we think it should be.
What is exactly the solution that include some probability that each index does not tell us
anything. And along separate assessments for each index in turns; that means, we have a

kind of different structure of in handling the data and then the kind of modelling.
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Contradictory data(northern cod)

The northern cod dilemma: two abundance indices - one increasing (and relatively
precise), the other not (and noisy). To pool or nat to pool!
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So, let us have a look here a contradictory data the one part of this particular structure
follow kind of simple patterns and the other one is actually having some kind of
different. So, that means, actually one way you can say that one increasing the others not.
So that means there is a kind of huge obstacles in the setting up the data and the kind of

modelling.
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Case of Poisson distribution
«The Poisson distribution results if the underlying number of random events per
unit time or space have a constant mean (?t) rate of occurrence, and each event
is independent Simeon-Denis Poisson (1535) Research on the Prabab:’ﬁfy of
Judgments in Criminal and Civil Matters

.\p|||\ ing the Poisson: | |\.||l,: bomb strikes in South London
Key research question: falling at random or under a guidance system
If random independent events should be distributed spatially as a Poisson disiribution
Divide south London into 576 equally sized small areas (0.24km?)
Count the number of bombs in each area and compare to a Poisson
Mean rate = 1 =[229(0) + 211(1) + 93(2) + 35(3) + 7(4) +1(5))576 *
= 0,929 hits per unit square

0 1 2 3 4 5+

Observed (229 (211 |93 |35 |7 1 sVery close fit; concluded
2275|2113 [98.15 [3039 [706 |154 | rendom

Poisson
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So, let us bring some kind of cases relating to Poisson distributions or Poisson regression
modelling and then the binomial regression modelling. So, here actually we have some
sample occurrence in the observe frequency. So that means, technically so how we

actually apply here these are all observed structure corresponding to the possible values.

So; that means, what is happening here; the key research question is that falling at
random or under the guidance systems, if random independent events should be
distributed specially as a Poisson distribution. Then you have to follow the particular
structure by calculating mean of this particular series and then variance of this particular
series. So, after calculating the mean so we will find here 0.93 having the particular data

availability.
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Case of Poisson Distribution

: EE ] Probability mass
o function(PMF)
’jjl k: S ‘ for 3 different
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occurrences

+\When mean =1; very positively skewed .

+As mean occurrence increases (more common event), distfibution approaches Gaussian;
+ So use Poisson for ‘rareish’ events; mean below 10

+Fundamental property of the Poisson: mean = variance

+Simulated 10,000 observations according to Poisson

Mean Variance Skewness
0.993 0.98 1.00
4,001 407 0.50
10.03 10.38 0.33

«Variance is not a freely estimated parameter as in Gaussian
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Now if you go to next slides, where you can actually report the kind of variance;
sometimes what is happening it may not be closely tie, but if it is a slightly converge to

each other the equal the equality may not come because of round of errors.

But somehow if it is actually equal and converge to equality by mean and variant, then

we can easily apply this kind of regression modelling.

(Refer Slide Time: 09:00)
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#No of soldiers killed annually by horse-kicks in Prussian cavalry; 10 corps over 20
years (occurrences per unit ime)
+The full data 200 corps years of observations |11 0

*  Asa frequency distribution (grouped data) Deaths
0 1 2 3 T4 ot
+  Frequency 109 65 22 3 1 0
Mean  Variance Number of obs
061 0611 200
« Interpretation: mean rate of 0.61
P deaths per cohort_year (ie rare)
t #Mean equals variance,
e L U o therefore a Poisson distribution
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So, similarly there is another kind of situation here number of soldiers killed annually by

horse kicks. So, here we have actually data structures structures that is, that is actually



with respect to frequency distribution and that to group data of death occurrence. And the
frequency corresponding to each frequency available here like these ones. So that means,
technically again so this is what the frequencies and the corresponding observations, and
then we will again calculate mean and variance and corresponding to this total

observations.

And then we come to we come to conclusion that since mean and variance are equal then
you can easily again apply the kind of by say regress regression modelling that to with

respect to Poisson distribution.

(Refer Slide Time: 09:56)
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Death by Horse-kick: as a Poisson

Again :The Poisson results if underlying number of random events per unit time or space
have a constant mean (r) rate of occurrence, and each event is independent

sWith a mean (and therefore a variance) of 0.61

Deaths 0 1 2 3 4 ot
Frequency 109 65 2 3 1 0
Theory 109 66 20 ° 4 1 1
)-:i ]
Formula for Poisson PMF PMF() =i‘ = (117

» € is base of the natural logarithm (2.7182)
» 7 is the mean (shape parameter): the average number of events in a given time inferval

» %! is the factorial of x
: 06
EG: mean rate = of 0.6 accidents per corps !’M.’-'@] B
year; what is probability of getting 3 accidents Rl
ina corps in a year?

=0022
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Now, or likewise another kind of examples here similarly see the deaths occurrence
frequency. So, then again is the structure is actually to connect with Poisson
distributions, and then check whether the mean, and variance are you now coming each
other. If they are same then again you can go for Poisson regression modeling, if not then

you have to go back to the binomial negative; binomial regression modeling.
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Horse-kick: as a single level Poisson model

General form of the single-level model
_,,..rr-""' Observed count is distributed as an underlying Poisson with
y, ~ Poisson(r) a mean rate of occurrence of r;

Y, =(7,)+e,z;;, «—— Thatis as an underlying mean and level-1 random term of
. Bt 20 (the Poisson ‘weight’)
1-e Mean rate is related to predictors non-linearly as an
log(7,) = Byx, + Bx, +.... exponential relationship
£ 05
2y = i

var(e, ) =1

R Model log, to get a linear model (log link)

The Poisson weight is the square root of estimated
underlying count, re-estimated at each iteration

//

Variance of level-1 residuals constrained to 1,

sModeling on the log, scale, cannot make prediction of a negative count on the raw scale
sLevel-1 variance is constrained to be an exact Poisson, (variance =mean
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So, basically the Poisson regression modelling is a like this. So, it is exclusively you
know exponential type which we have already discussed in some extent in the case of
regression modelling with you know different functional form; that to the game between

linear regression modelling and non non-linear regression modelling.

So, here the these kind of models what we are discussing you know related to Poisson
regression modelling in binomial regression modeling, where actually we are actually
strictly focusing on you know non-linear regression modelling. So, the only difference
we are bringing here is with respect to you know data structure only because here the

data structure is that the similar kind of model.

But the type of data the information contents is relating to the variable must be a count
data that to integer types and then avoiding the kind of negativity; that means, we need
actually simple non negativity integers only. If the data structure is like that then by
default we will go for Poisson regression modelling and the kind of you now negative
binomial regression modeling; subject to check point of the mean and variance if they
equal then we will move to Poisson modeling, if not then we will go for negative

binomial modeling.

So, it is similar kind of flow here. So, this is how the kind of structures which you like to

apply in the case of count data modelling.
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Overdispersion: Types and consequences

So far; equi-dispersion, variances equal to the mean
» Overdispersion: variance > mean; long tail, eg LOS (common)
» Un-dispersion: variance < mean; data more alike than pure Poisson process; in multilevel
possibility of missing level
Consequences of overdispersion
» Fixed part SE’s "point estimates are accurate but they are not as precise as you think they are”
+ In multilevel, mis-estimate higher-level random part
Apparent and true overdispersion: thought experiment
* number of extra-marital affairs: men women with different means " rallted
« apparent: mis-speci ixed part, not
Who? e | S e separated out distributions with different
means.
strue: genuine stochastic property of more

Men& |055 |(0.76 |Owerdisp

Women : inherent variability.
Men  [100 |1.00 |Poisson +in practice model fixed part as well as
Women [0.10 |0.10 |Poisson possible, and allow for overdisperion.
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So now, coming to this particular structure again we have a kind of structure what we
called as double over dispersions, that is the case where you know mean and variance are
not actually is same; that means, that there is a question of over identify case. So, again

so we have to you know the same problems may be whatever we have discussed earlier.

Of course, we have sited you know problem which where the case is actually mean
exactly equal to variance because our intention is to connect with the Poisson regression
modelling. And here again our intention is to connect with you know negative binomial
regression modelling. So, as a result we have to bring one such problems where we like
to justify or bring the scenario that, you know the mean and variance are not actually

equal.

So, if it is actually equal then will we go for Poisson distribution or Poisson regression
modelling if there you know mismatch then we will go for some kind of other structure,

what we call is a negative binomial regression modelling.

So, the classic example is here is where you now, if you clop these 2 samples that is the
men groups and women groups. So, where we find mean and variance are unequal that is
the case of over dispersion. And if you go by clustering that men clusters and women
clusters separately what is happening here so mean and variance. And again mean and
variance all are same so; that means, if you go for; that means, technically in this kind of

problem.



So, we have 3 different kinds of models if you have a clopping and that to group
samples. So, then we can use actually negative binomial regression modeling, and if you
go by you know sample specific men separately and women separately corresponding to
the data and the kind of inference between, mean of this particular series and variance of

these particular series then you can apply Poisson regression modelling.

That is what the interesting about the count data modeling. The same dataset if pull then
you will have actually structure where we can apply negative regression; negative
binomial regression modelling and again if you go by clustering. So, you can apply
actually Poisson regression modelling, but ultimately this kind of modelling the clue is

actually somehow same.

Of course, we have already discussed the case that where if you increase actually a
sample points you know indefinitely; that means, technically n stands to infinite, then by
default they will eat equal each other’s; that means, there is no such big difference

between Poisson distribution and negative binomial distribution.

Of course the where density function of Poisson distribution and negative binomial
distributions are different, but ultimately the outcomes of regina regression modelling is
concerned followed by density function may not actually so much difference; which we
have already highlighted in the case of dummy modelling that to in the context of non-
linear regression modelling with the help of logic and profit the same structure, will
follow here with respect to Poisson regression modelling and binomial regression

modelling.

Now, to continue again so this is the case where we can apply both the model

simultaneously.
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Overdispersion: Negative Binomial Distribution

+Instead of fitting an overdispersed Poisson, could fit a NBD model
«Handles long-tailed distributions;
+An explicit model in which variance is greater than the mean
+Can even have an over-dispersed NBD

y,~NBD(7,)

.]:r s (}Tr )+ ﬁ’mzou +(.’mz'“

log(z,)= fx, +Bx, +...
(03 : +Same log-link but NBD has 2 parameters for the level-1
2y =% 32y =T variance; that is quadratic level-1 variance, v is the
2 overdispersion parameter.

var(y, |m)=m+mlv
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And they this is how the structure and in the case of negative binomial distribution which
is in the case for over dispersion the same structures. We have to start with you know log
of this density function subject to all the independent variables which we have already

highlighted here that is the case here and same way.

So, the typical variance vector is here, and here the link is that the variance and you
know mean are not same. So, variance is greater than mean so that is how the over
override infrastructure and by default we will use actually negative binomial regression

modelling ok.
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Binomial and Poisson Distribution Linkage

« First Bernoulli and Binomial

« Bernoulliis a distribution for binary discrete events
» y is observed outcome; ie 1 or 0

« E(y) = m; underlying propensity/probability for occurrence [0.01  |0.01/0.99 = 0.0098
o Varfy) = -1 05 |0505=02500

0.99 0.99/0.01 = 0.0099

Mean: = |Variance: n/1-n

« Binomial is a distribution for discrete
events out of a number of trials
ey is observed outcome; n is the
number of trials, {.
» E(y) = ; underlying propensity/ of
occurrence -
o Var(y) = [d/(1-n))n P—"

* Least variation when denominator is large (more reliable), and as underlying probability approaches 0 or 1
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So, that is the case where we apply negative binomial distributions. Now we will
highlight you know some kind of linkage between binomial and Poisson distributions in
that to binomial negative binomial regression modelling with Poisson’s regression
modelling. So, somehow actually mean and variance again so means you see it is a game

1s mean and variance.

So, if you increase the sample size than by default they converge each other, there is a
high chance and as a result then both can be actually tie. And ultimately our objective is
it not to you know check whether to use actually Poisson regression modelling or

negative binomial regression.

Of course that is the requirement subject to you know data structure, ultimately we you
know if you increase the data size data size or sample size. So, we have twin you know
twin advantage because higher the data or higher the sample size model accuracy will be
much higher. And then again is we may be in a position where you now that will be
normally distributed and then finally, this kind of in environment both the distribution

can close each other.

As a result, we can instead of going for 2 different kind of setups it is better to apply
single model and then analyze the situation as per the particular engineering requirement.
That is how the deal and this is, kind of examples where we have actually calculated the

kind of mean and variance and then justifying the kind of requirement.
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Binomial and Poisson Distribution Linkage
+ Poisson is limit of a binomial process in which prob = 0, n—w

* Poisson describes the probability that a random event will occur in a time or space interval when the
probability is very small, the number of trials is very large, and each event is independent.

*The probability that any automobile is involved in an aceident is very small, but there are very many cars
on a road in a day so that the distribution (if each crash is independent) follows a Poisson count.

*If non-independence of crashes (a “pile-up’), then over-dispersed Poisson/NBD, latter used for
‘contagious’ processes.

« In practice, Poisson and NBD used for rare occurrences, less than 10 cases per interval & hundreds or
cven thousands for denominator/ trials.
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Again is what [ have already mentioned. So, if you increase the sample size and stands to
infinite then there is a high chance that, the distribution will be close to each other and
the kind of over dispersions factors can be actually you know removed. And then finally,
the kind of Poisson distributions in the kind of negative binomial distribution can be
actually a close to each other. That is what actually requirement, but what is happening in
practice you know both Poisson distribution negative binomial distribution you know it
is a kind of rare occurrence and less than 10 percent of instances for interval or 100

percent Poisson like you know travel cases.

We will find such kind of situation that is why these models and that to counter turn
model is very accessional kind of situation where we have to apply, subject to the kind of
chances. And the kind of occurrence otherwise it is not possible to apply this kind of

modelling to study the impact of independent variable to dependent variable.
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] Distributions for counts

« If common rale of occurrence (mean >10) then use raw counts and Gaussian distribution
(assess Normality assumption of the residuals).

o If rare rate of occurrence, then use over-dispersed Poisson or NBD; the level-1
unconstrained variance estimate will allow assessment of departure from equi-dispersion;
improved SE's, but biased estimates if apparent overdispersion due to model mis-specification.
« Use the Binomial distribution if count is out of some fotal and the event is not rare; that is
numerator and denominator of the same order. g

Polsson Vasiance o uanl NBD Variance O Mean

Mean variance relations for 4
AT different distributions that could be
ls\:m-m.u'lsmuu.nn uscd for counts.

NPTEL ONLINE
CERTIFICATION COURSES

So, this is how the kind of distributions structure and here a what is happening here is if
you find graphically the deviations. So, this is actually Poisson case where mean and
variance are equal. And this is negative binomial distributions where variance greater

than to means.

And then corresponding to Poisson distribution and negative binomial distribution then
we have a concept called as Gaussian distribution, where variance unrelated to means
that is what the case. And then we have binomial where actually mean and variance
proportionately converge towards similar kind of structure. So that means, you know we
are bringing here actually 4 different kind of distribution starting with Poisson
distribution, Negative binomial distribution, then Gaussian distributions and you know

then Binomial distributions.

Of course, you know Gaussian distribution is very interesting distributions, but
alternately whatever distribution we can actually think about think about it. You know
you can think occurs at a exclusively depends upon the data structure and the kind of the

kind of requirements that they features of the particular data.

So that means, since our discussion is actually with respect to Poisson regression
modelling and negative binomial regression modelling. So, ultimately whatever you
know sample structure is there provided you know the data will be specified as a count

data. Then in the first instance we have a 2 different you know choice the Poisson



structure and then negative binomial structure and that to the choice of a particular model

exclusively again depends upon you know and the mean and variance.

So, if mean variance are actually is same then we strictly means; we direct move to move
into the structure of the Poisson regression modelling. And if there is a over dispersion
case where you know mean variance are not equal; that means, variance you know
variance greater than to means. So, we can go to the usual negative binomial regression
modelling, but in addition to Poisson regression modelling and negative binomial
modelling or negative binomial distribution. We have other type of distribution where we

may find in a real life situation corresponding to some of the engineering problems.

Again if that will be followed then; obviously, one way actually to streamlined the case
and go as per the particular requirement is actually to increase the sample size and the
kind of data transformation. So that means, what is actually in our hand always that you

can normalize the data and then you can increase the sample point.

So, that proper analysis or the kind of proper inference can be drawn subject to ability of
data in the kind of the particular identify problems and the kind of engineering
requirement. So, if your data size is very small and the information contents are not
count data type then. Then we may not be in this particular environment we will not

think about too much about this particular.

You know issue about mean variance equality or the kind of over dispersion case so; that
means, technically we have lots of instances through which actually we can highlight,

but technically what is happening here is.
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Modeling the SR

Model: SR, = (Obs/Exp) = F(Age, Gender, Class)
Where i is a cell, groups with same characteristics
Aim: are observed survivors greater or less than expected, and how these
‘'differences’ are related to a set of predictor variab\esl';
Xt 2. Xy

al

As a non-linear model: E(SR)= E(Obs/Exp) 5

Log, (Obs)) - Leg,(Exp)) = B+ BX
As a model with an offset, mo\rlng Log,(Exp) to the rig l hand side, and

constraining coefficient to be 1; ie Exp becomes pred\ctor variable

Lo'ge {Obs) 10° Loge(Expu) + vBu 1} & ﬂl""h Fo
log, transforms the observed respanse; we have to create log, of expected and declare it as an offset
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Some of the cases where you know the modelling structure will be subject to the kind of
these survival structures where actually we like to apply. And let us bring the situation
where we use actually this Poisson distribution and negative binomial distribution. What

I like to bring a situation here specifically with respect to count data.

And the structure is that it is a specialised case where data is actually positive integer
types, but what is happening in real life situation some of the instances where the kind of
for instance, a accidents, then the incidents, and the death case. So, these are the sited

examples where this kind of modelling can be used.

For examples there is a concept called as survival structures we have actually a
component called as survival analysis which we will discuss in the next lecture. So,

where actually the particular data will be by default will be count data type.

And we like to check how they behave each other and then what kind of modelling you
can apply, and then how to go about the a model choice and the kind of estimation
procedures and the kind of outcome the robustness checks and the kind of reliability

check.

And then finally, come with a kind of situation where you can actually predict the

survival rate subject to availability of data in the kind of problem requirements.



So; that means, technically a till now whatever we have discussed. So, it is basically you
know related to count data and then we have discussed 2 specialized kinds of problems,
and that to Poisson regression modelling and then negative binomial regression
modeling. And then we have highlighted some of the instances and the kind of
requirements, and the kind of check points; through which you can make a choice

between Poisson regression modelling and Negative binomial regression modeling.

And then again we have highlighted they a situation where both can actually converge to
each other and then we can bring a situations, where we can either use actually Poisson
regression modelling or Negative binomial regression modelling by increasing the
sample size and bringing the accuracy to the systems and the kind of model

requirements.

With this, we will stop here and in the next lectures we will connect a particular
problems called as survival analysis corresponding to this count data modelling and the
kind of Poisson regression modeling, and by negative binomial regression modelling

with this we will stop here.

Thank you very much. Have a nice day.



