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Hello, welcome to another module in this massive open online course on probability and random
variables for Wireless Communications. In the previous module, we have looked at an important
quantity that is the power spectral density of the random process X(t) which is basically the
Fourier transform of the autocorrelation function Rxx(t). Now let’s look at an application of this
concept of power spectral density in the context of wireless communication or in the context of

communication systems.
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So let us look at an application of power spectral density which we have denoted by the

abbreviation P(S). So we consider a wireless signal X(t) which is a random signal which—is

naturaly-thereforepreeess since it is a function of time. Consider a wireless signal X(t) with
autocorrelation functions, with-attecorrelation Rxx(t), which is given as —

1
Ryx(t :—e_altl
xx(T) a



Right? And further, we are given that this parameter, a is let’s say equal to 5 kHz. @ is given to be

5 kHz. So what we have, we have a wireless signal X(t) which is a random signal.

So random signal is naturally a random process because it is a random variable as a function of

. : . 1 ) :
time. We have also been told that Its autocorrelation Rxx(t) IS 226 altl \yith the parameter @ is 5

kHz. Now, el is basically a decaying exponential with respect to T on both sides of t. That is

for positive t and negative t because it is el 1t 100ks something like this.
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If I have to draw a decaying exponential, it looks something like this. At obviously, t equal to 0,

this is basically 1/2a and this is basically yeurthis-whele-thingis-basicathy - your i e 4T And

now we can ask a couple of questions. For instance, for this signal, what is the power?
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For this random signal, what is the power? For this wireless communication signal, what is the
power? What is the power spectral density for the given signal X(t)? Further, another interesting

aspect, from the power spectral density, calculate the bandwidth required which contains 90% of
the signal power. Se-we-are-betrgaskee: Basically we are being given a random signal X(t) with

. . .1 .
autocorrelation function Rxx(t) is Ze altl \ve are asked, what is the power of the random

signal? Right? What is the average power of the random signal? What is the power spectral
density of this random signal X(t) and more importantly, what is the bandwidth required to

transmit this signal ?

And not just any bandwidth. What is the bandwidth required to transmit this signal which
contains 90% of the signal power? On an average which contains 90% of the signal power. And
this is an important quantity for wireless communication because we have to decide a bandwidth
for transmission of the signal and ghe-stghal the transmitted signal cannot have an undue or
cannot have a large amount of power outside the band of transmission. So therefore, most of the

signal energy has to be restricted to a particular band of transmission.

Therefore we are asking the question, what-is-the-banewidth-efthis what is the bandwidth that is
required which contains 90% of the signal power so that only 10% of the signal power or a small



faction of the signal power is basically radiated outside of this band. And this is important
because one has to restrict a majority of the wireless signal power to a certain band.
(Refer Slide Time: 6:13)
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Now let us look at the solution for this. And the 1% part is simple because the power is —
1 1

2(t)} = _ L g-alol =
E{XO} =Rxx(0 =€ =
So basically from the autocorrelation function, what we get is that the pewerefthe-sighal power
of the message signal the power of the signal is 1/2A.

So basically how do we obtain have-develeped-ia the power of the signal X(t)? Remember,
Rxx(0) that is autocorrelation corresponding to the delay, t = 0 gives the average power of the
signal. By setting t = 0, we have obtained that the power of this signal is basically 1/2A. Next,
we have asked, what is the power spectral density of this signal? That is the power spectral
density. Remember the power spectral density is the Fourier transform of the autocorrelation

function.
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Therefore, the power spectral density can be obtained as - eguals-RXO<of Fae-which-is-equal-te
basi L dengit I hic i
Sxx(f) = [, Rxx (1) e /2™Tdr
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Now since the magnitude is basically I can split this just because as I’m looking at the modulus

of ¢, | can basically split this into 2 integrals. This is basically —



1 o0 _ 5 1 (0 5
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Okay?
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So I have split this into 2 integrals and now | can write as —

— 1 ro e—(a+j2‘r[f’t)dr + ifo e(a—jZTIZf)TdT
2av—™®

2a 0
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and this is therefore your power spectral density. We have derived the power spectral density for

this random message signal . with the autocorrelation -

We have shown that the power spectral density, which is basically the Fourier transform of the

autocorrelation function that is given as —

So this is the power spectral density of the message signal under consideration.
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If I plot this power spectral density at £ =0, it is —
1
Sxx(0) = pr]

This is the power spectral density Sxx(f) of the wireless signal under consideration which means
if you look at the frequency band, the power spectral density is nonzero over the entire frequency
band.



Basically it decays towards f = 0. At f =eeand f = -e<, it becomes 0 but it is otherwise basically
present over the entire frequency band which means if | have to transmit all the power in this
signal, | have to utilise the entire frequency band which is not possible because the bandwidth of
frequency transmission in a communication system or a wireless communication system is
limited. Right? So we cannot have an infinite frequency bandwidth, a frequency band of infinite

bandwidth available for transmission of this signal.

Therefore this leads to the next question that is, we would like to find out the bandwidth that is
required for transmission of 90% of the signal energy. So the next question is very interesting.
(Refer Slide Time: 15:06)
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What is the bandwidth? So let us say | consider a bandwidth [-W, W]. So what is the band [-W,
W] that consider that contains so what is the band or bandwidth that contains 90% of that

contains 90% of the signal energy and that is very simple.



(Refer Slide Time: 15:53)

[Hz2-9v-5 4 LLL LAl ) ) simEEEnw

We said the energy of this signal in this band that is —

Energy of X(t) in [-W, W] = f_”;v Syx (H)df
This energy is basically the integral of the power spectral density that is the area under power
spectral density in [-W, W].
And this has to be 90% of the total energy. Remember, we found earlier that the total energy is
1/2A. Therefore this energy in the band [-W, W] has to be 90% of 1/2A.
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So this energy has to be equal to 90% or 90 over 100 times one over 2A and therefore that gives
me basically that —
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Therefore the required bandwidth which contains 90% signal power banewidth—regtired
bandwidth-which-contains-90%-of the-sighal-pewer is [-W, W] that is [-1.005a, 1.005a ].
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So required bandwidth which contains 90% so now what have we done? We have evaluated the
power over this bandwidth, [-W, W] and we said, it has to contain 90% of the signal power and
from that equation, we have derived that this-eapttal W = 1.005a.



Therefore the required bandwidth for transmission, fertransmissten of this wireless signal which
contains 90%-efthepewer; 90% of the signal power is =1.005a that is -W to +1.005a that is +W.
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And 1.005 ~ 1. So this I can say this —
[-1.005a, 1.0052] = [-a, a]
=[-5 kHz, 5 kHz]
So one can say the total bandwidth i.e. the pass band signal bandwidth after modulation by the

carrier the-passbane-bandwidth-reguired is 2a which is 10 kilohertz.

And this is a very interesting problem. What we are seeing is basically although the power
spectral density is spread over there infinite frequency band that is from [-es,ee], it has an infinite
spread or infinite support. However most of the signal energy is contained in a bandwidth from
[-5 kHz, 5 kHz]. How much is the band? How much is the signal energy that is 90% of that
signal energy? That is the dominant fraction is contained in this band that is from [-a, a] which is
[-5 kHz, 5 kHz].

Therefore, the spectral bandwidth, the band that is required to transmit a majority or this 90% of
this signal energy is basically as we have seen here, this is 10 kilohertz.
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Altheugh-this—eentatns; So this basically contains 90% efthis—bastcatly—eontaths90% of the

signal energy which is a very interesting result because now we have derived what is the
bandwidth required for the transmission of a wireless signal such that even though H-—+reguires
ideally it requires an infinite bandwidth, practically for 90% of the signal energy Beeatse it only
requires a bandwidth of about 10 kilohertz, a pass band bandwidth of 10 kilohertz.

So this is an interesting example of a power spectral density application of power spectral
density in the context of communication and wireless communication systems. That is given the

autocorrelation function, we have derived what is the power of the message signal. the-average

. . . . 1 :
poweryes? And we have derived what is the power spectral density. That is a2 ranis? which

is the Fourier transform of the autocorrelation function.

Also interestingly, we have derived the band that is required for transmission of 90% of the
signal energy which we have said is basically a pass band bandwidth of 10 kilohertz. So this
example illustrates application of this, important quantity, very important quantity of power
spectral density in the context of wide sense stationary signals which arise very frequently in the
analysis of communication systems and specially wireless communication systems. So we will

stop this module here. Thank you very much.



