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Lecture — 58
Hebbian based Maximum Eigen Filter -2

In this module, we will explore the Asymptotic Stability Theorem, which is essential for
analyzing non-linear stochastic difference equations. While normalization has proven
effective in practice, ensuring stability and boundedness, the real challenge lies in
analyzing this stability rigorously. For linear systems, stability analysis is relatively
straightforward. You simply examine the governing differential or difference equations,
compute the eigenvalues, and check if they are less than 1 to determine stability. However,
non-linear differential equations introduce complexity that requires a more nuanced

approach.
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To address this, we need to delve into the Asymptotic Stability Theorem. This theorem
provides the conditions necessary for assessing stability in such systems. Let’s start by
considering a general stochastic approximation algorithm, which can be represented by the

update rule:
Whi1 = Wy + 1y - R(Wp, xy)

Here, Wh is the weight vector at time step n, nn is the learning rate that may vary with n,
and h(Wh, xn) is a function that depends on the weight and input at time n. The index n
ranges from 0, 1, and so forth, until convergence is achieved. In this context, nn is a
sequence of positive scalars (learning rates), and h is a deterministic function with certain

regularity conditions.

(Refer Slide Time: 03:42)

Now, let’s outline the conditions required for the Asymptotic Stability Theorem:

1. Decreasing Learning Rates: The sequence nn must be a decreasing sequence of positive

real numbers, converging to 0 as n approaches infinity. Additionally, the sum of nn° (where



p is a power greater than 1) should be finite. This sum must be less than infinity. The power

p essentially controls the convergence rate of the algorithm, which is crucial for stability.
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2. Bounded Parameter Sequence: The sequence of parameter vectors Wn must be bounded
with probability 1. Since we are normalizing the weight vector at every time step, this

condition ensures that the sequence remains bounded.

3. Continuous Differentiability: The update function h, which depends on both the weight
W and the input x, must be continuously differentiable with respect to both W and x.
Moreover, the derivatives of this function should be bounded over time. This regularity

condition is important for ensuring the smoothness and predictability of the update process.

4. Existence of the Limit: The limit of h(W), denoted as A(W), which is the expectation of
the function h as n approaches infinity, must exist for all weight vectors W. The expectation

is taken with respect to the probability density function of the random vector x.
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By satisfying these conditions, we can rigorously analyze the stability of the system under
the Asymptotic Stability Theorem, and we will see how these conditions apply to Oya's
update rule.

In neural networks, we are given data vectors X, and when we compute statistics, we are
essentially dealing with the statistics of these input data vectors. This means that we need
to understand the concept of local asymptotic stability in the Lyapunov sense for the
solution to the ordinary differential equation described by equation A. The derivative of
W(t) approaches E(W(t)) in the limit, indicating that there is a locally asymptotically

stable solution to this differential equation.

If condition ¢ is satisfied, it forms one of the requirements for the asymptotic stability
theorem. Let Q be the solution to equation A with a corresponding basin of attraction B.
To explain the concept of a basin of attraction, consider a non-linear dynamical system that

has multiple attractors and repellers.
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Imagine a river with several whirlpools. As you approach a whirlpool, you are drawn into
it. If there are multiple whirlpools in the river, your trajectory depends on your initial
conditions. You might end up being caught by one of the whirlpools, and the area around
each whirlpool where this happens is known as the basin of attraction. The whirlpool itself

acts as an attractor.

This concept is illustrated in a diagram where the attractors are marked as blue dots, with
distinct regions around them representing their basins of attraction. The parameter vector
W(n) will enter a compact subset defined by A (the basin of attraction) infinitely often
with probability 1. This implies that, despite various random realizations, the trajectory

will almost certainly land in the basin of attraction, approaching the attractor.

In contrast to linear dynamical systems, where stability can be assessed by eigenvalues
(with values less than 1 indicating stability and greater than 1 indicating instability), non-
linear dynamical systems require more nuanced analysis. For linear systems, eigenvalues

provide straightforward insights into stability, oscillatory behavior, or unbounded growth.
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The asymptotic stability theorem states that as n approaches infinity, the weight vector
W(n) converges to a vector g1 with probability 1. However, this theorem does not specify
the exact number of iterations required to achieve this convergence. While it guarantees
that W(n) will asymptotically approach g1, the finite number of iterations, denoted as N,

needed to ensure this convergence is not directly addressed by the theorem.

So, with this understanding, we are now ready to dive into the stability analysis of the
maximum eigen filter. We have approached this in three distinct parts. First, we formulated
a non-linear stochastic difference equation based on the normalization applied to the
Hebbian update. Second, we examined the conditions required for the asymptotic stability
theorem, focusing on the behavior of the weight vector in the limit. Now, given our update
equation derived from Oya's rule, we need to analyze its stability with respect to these

conditions.

To satisfy the first condition of the stability theorem, we can choose the weights n(n) to

follow a sequence like 1/n. This choice ensures that the governing function h(w, X) is



defined as x(n) - y(n) — y2(n) - w(n). Here, y(n) is a scalar, x is a vector, and y(n) is
expressed as the inner product of x and w. Consequently, x(n) - xT(n) - w(n) becomes
our first term, while the second term, y2(n) - w(n), simplifies to the expression w” (n) -

R - w(n), where R is the correlation matrix.
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It is essential to recall that y(n) can be expressed as w” - x and also as x” - w, reflecting a
symmetry in our formulation. Let us denote this equation as B. This equation satisfies the
third condition of the stability theorem, as it is continuously differentiable with respect to

w and x, and its derivatives are bounded over time.

Next, we take the expectation of this equation with respect to the probability density
function (PDF) of x. It is crucial to note that the input is a stationary process, meaning the
PDF of the data vector x remains constant over time. This stationarity simplifies the

analysis significantly.



We can express h as the limit of the expectation of the equation involving x(n), x"(n), w(n),
and w'(n) as n approaches infinity. The expectation is taken over x, not w. This allows us

to pull w out of the expectation, resulting in:
h = lim [x(n) - x"(n) - w(n) - w () — y*(n) - w(n) - w' (n)]
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PO e [FZ-v- " ©/ AEEEEEEE EoEE %

@ chjs{hm WW 3 3{7{ Al 5}%&4‘4%
Johy 2efeater ook paf 4 X

gl (
e S ‘(‘” 695 F0)
e | G w6

7R wG) ORI
S&Cﬂ”“j’"w g

P ) 1546/304 @ & Youube 51 3F |

Given that the input is stationary, the expectation simplifies to the correlation matrix R
multiplied by w(n) evaluated at infinity:

h = w(e) - R - w(0)

This simplification is possible because the correlation matrix is constant over time. If the
input were not stationary, we would have to account for time-dependent correlation

matrices, adding complexity to the analysis.

dW(t)

Moving on, consider the differential equation —— = h(W (¢)). This differential operator

5 is a linear differential operator, assuming a sampling interval At. In the discrete case, the



difference vector A W(n) is W(n) - W(n-1). This discrete difference operation relates to the

. . - d . . . aw(t) - .
continuous derivative —» assuming the sampling interval. Hence, d—t() is proportional to A

W(n), where A W(n) represents the change in the weight vector over one time step. This

detail, while subtle, is crucial for linking discrete updates to continuous dynamics.
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Therefore, transitioning from a difference equation to a differential equation simplifies our

analysis. | can write the differential equation as %W(t) =E(W(t)). | previously

mentioned that moving from a difference equation to a differential equation, particularly
in this case involving a non-linear differential equation, is often more manageable. Non-

linear differential equations can be easier to tackle when approached from this perspective.

Now, let’s express %W(t) in terms of the correlation matrix R. Specifically, we have:

d
ZW(@®) = RW(®) ~ (W (ORW (D)W ()



To simplify this, let’s perform an eigen decomposition of the correlation matrix R. We can
expand W(t) using a complete set of orthonormal eigenvectors of R. This means expressing

W(t) in terms of its eigenvectors gk and the corresponding time-varying coefficients 0, (t).
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So, W(t) can be written as:

W) = > 0(0qs
k=1

where 0k(t) represents the time-varying projection of W(t) onto the eigenvector gk. The

eigen decomposition involves the eigenvalue equation:

Rqyx = Meqy

where gk is the eigenvector and A« is the eigenvalue. The eigenvalue Ak can be expressed

as:

Ay = quQk



Now, returning to our differential equation, since W(t) is expanded in terms of eigenvectors

gk and time-varying coefficients 0k(t), we can simplify the left side of our equation:

Cwe = Z —0()
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For the right side, h(W), we need to consider both terms:
h(W () = RW () — (WT(©ORW (D))W (t)

Substitute the eigen expansion for W(t):

W = 6,0q
=1
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Expanding h(W), we have:

m m T m m
h(W®) =R (Z 91@)%) - (Z 91@)%) R (2 ek(t)Qk) (Z ek(t)Qk)
=1 =1 k=1 k=1

Now, let’s simplify the terms. For the first term, we get:

R (Zl: Hz(t)fh) = ; 0, ()R q, = ; 6,()Nq,
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Because the eigenvectors are orthonormal, qi" gk equals 1 if | = k and 0 otherwise.

Therefore:

Z Z 60,(6)0,(DAkq] g = Z Oy (£)* A
k=1

l=1k=1
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So, the expression simplifies to:

<Z ek(t)zak> (Z ek(t)qk>
k=1 k=1

Thus, our differential equation becomes:

W = Zd—ek(t)qk



And for the function (W), we account for the contributions from the eigenvalues and

eigenvectors, allowing us to understand the dynamics of the system more clearly.

We can simplify the expression Q7 Q, using the Kronecker delta function 4,,. This
function equals 1 when L is equal to k and equals 0 otherwise. This simplification allows
us to reduce the double summation to a single summation, as the terms where L # k

vanish. Consequently, the expression simplifies to:

m
PRAHO
L=1
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Let’s refer to this simplified expression as Equation 3. With this result and using our
expansion for W(t) in terms of the eigenbasis, we can compactly simplify the function

h(W(t)). As shown in the expression above, h(W (£)) can be written as:

m m m
Z MO qr — (Z Z 0,0,97R qx — 2 terms)
k=1

=1 k=1



Here, the first term represents W(t) and the second term corresponds to WT(t) R W(t). With
this, we define Equation 4:

d _
EW(t) =h(W({®))

where the left side of Equation 4 is what we seek, namely % W (t), and the right side is the

simplified form of R(W (t)).
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The eigenvectors gk for k =1, ..., m are orthonormal, which implies they are also linearly
independent. Hence, Equation 4 represents a linear combination of these linearly
independent vectors. This indicates that the coefficients of these eigenvectors in Equation
4 must satisfy a differential equation.

By equating the coefficients of these eigenvectors, we find that each coefficient must be

zero. Thus, the differential equation simplifies to:



d m
o 0, (t) = 2,.6,(t) — 6,(0) ; RG]

This equation holds for k =1, 2, ..., m, and 6k(t) represents the principal modes of the non-
linear dynamical system. Our goal is to solve for these principal modes. To tackle this, we

break the problem into two cases:
1.Casel:1 < k <m

2.Case2: k=1

(Refer Slide Time: 35:11)
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For Case 1, define ax(t) as:

0
a(t) = 9’;8’3




where 1 < k < m. In this case, ak(t) is a function of time and holds for all k # 1, with
0,(t) # 0 with probability 1. The weight at time step 0 is chosen randomly from a

distribution with small random values.

Now, let's examine our governing equation for ax(t). Here, ak(t) is defined as == "( ) . To find

the derivative of ak(t) with respect to time, we use the chain rule. Specifically, we need to

9"(? which can be expressed as:

differentiate

dak (t) d Hk(t)
Tdr dt(@laj>
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Applying the quotient rule, this derivative becomes:

dek(t) d@l(t)

da(t)  6:1() — 0, (1)

dt Gl(t)




Let's break this down into two terms for clarity. The first term in the numerator is

5 l(t) dec’l‘t(t) From the differential equation we previously derived, we know:
1

dB(t)
dt

m
= M B(®) — 0x(®) ) A 6F(O)
=1
Substituting this into our first term, we get:

1
G )<Ak0k<t) 0.(0) Z 167 (t))

01 (t)
67 (t)

we substitute k = 1 into our differential equation. This gives us:

d91(t)

For the second term in the numerator, we pull out and focus on ;( ) To find 22

do,(t)
dt

= 1,6,(0) = 6, Zml ®
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Putting this into the second term, we get:

A PNORIAC 2 G
02(t)
Combining these terms, we simplify the expression. The summation terms involving 6k(t)

and 01(t) cancel each other out. Therefore, the simplified expression for "t(t) is:

day(t )
dt

() (A = A1)

The interpretation of this result is as follows: We have evaluated the time derivative of the
ratio of the components 6k(t) and 61(t). This simplification helps us assess how the relative
strength of each component changes with respect to the first component. The key takeaway
here is that ak(t) evolves according to the difference in eigenvalues Ak and A1, which

provides insight into the dynamics of the system's principal modes.

This means that I am examining the function 6 as a function of time t for the first
eigencomponent, which is denoted by q:. My goal is to assess how this component scales
relative to any other component k where k # 1. Specifically, | want to determine whether
this ratio trends toward zero or remains non-zero. This is the essence of the study and the

reason behind the analysis.

Let ak be defined as Z—". We have derived that:

1

day(t)
dt

= (e = A ar(t)

Since A1 is the largest eigenvalue, and A1 > A2 > As, it is useful to express Ak - A1 as -(A1 -
Ak). This reformulation makes it clear that A1 - Ak iS a positive quantity, meaning ox(t)

evolves as:

day(t)
dt

= —(4 — A ag(t)



Given that the eigenvalues of the correlation matrix are distinct, the term A1 - Ak is positive.

This term is proportional to , meaning we can write:

time constant

day(t)
dt

= —aay(t)

where a is a positive constant equal to A1 - Ak.
This results in a simple linear differential equation with the solution:
a,(t) = a,(0)e~*

where ok(0) is the initial condition. As time t approaches infinity, ox(t) decays to zero. This
implies that for all principal modes k + 1, ox(t) will approach zero. Therefore, the only
mode that requires further investigation is the mode where k = 1.

We will pause here and continue our analysis for the case when k = 1 in the next lecture.

This case is more complex and will involve Lyapunov analysis.



