
Adaptive Sliding Mode Control 

 

 Welcome back. In the previous class, I was talking about higher sliding mode control and 

what our motivation was for higher sliding mode over classical sliding mode because we 

have observed that due to the discontinuous control during physical implementation, a 

chattering kind of phenomenon comes into the picture and what our observation was that. 

There are two reasons for the chattering. One is discontinuous control, and another is the 

magnitude of the discontinuous control. So, in previous lectures, we have seen how to make 

control continuous based on higher-order sliding mode control. In this lecture, I am going to 

tell you how to minimize the gains of classical sliding mode control or how to optimize the 

gains of classical sliding mode control. 

 

That will give you the new idea that is somehow the combination of two existing ideas 

called adaptive control and sliding mode control, and for that reason, I am going to deal with 

adaptive sliding mode control. So, for the purpose of discussion, we have already seen that 

conventional sliding mode control, and obviously, during the conventional sliding mode 

control, we have talked about several limitations of the conventional sliding mode control. 

And after that, obviously, one of the main restrictions is that in order to mitigate the 

uncertainty, it means that you can suppose a first-order system 

𝑠̇(𝑡) = −𝑘 sgn⁡(𝑠) + 𝑑(𝑡). 

 

 

⁡So, now in order to maintain 𝑠(𝑡) = 0in some finite time 𝑡 ≥ 𝑇, I have to make sure that 

𝑘 > sup⁡
𝑡

∣ 𝑑(𝑡) ∣. 

For all 𝑡, we have to maintain this, and for that reason, in order to implement this kind of 

robust control, we are assuming that prior knowledge of the uncertainty bound is required. 

Now, suppose that if uncertainty fluctuates initially, whenever we start a system, then 

uncertainty is very, very high. After some time, uncertainty is going to become minimal or 

less. So, if I somehow adapt this gain 𝑘(𝑡), then it is possible to show that initially this gain is 

high if uncertainty is high, but once the uncertainty bound is lower, then this gain will 

change to a lower value. 

And obviously, during chattering analysis, we have found that the value of the chattering 

magnitude is directly proportional to this gain. So, in this way, we can basically minimize 

the chattering as well as the control effort, and we can also minimize it because k is directly 

proportional to the control effort. So, how are we basically able to solve about two 

problems? So, for that, we are going to talk about the fusion between two different non-

linear control techniques. One is adaptive control, and the adaptive control literature is 

already well developed; after that, we are going to add the idea of sliding mode control. So, 

in order to address the problem of classical sliding mode control, we are going to discuss 

mainly two approaches. 

 



 So, one approach is to gain increasing adaptation. So, for this particular approach, there is 

no need for the bound of the knowledge. Another one is the gain optimization, and basically, 

here we are going to deploy some kind of equivalent control. It is possible to show that in 

this particular approach, an upper bound of gain is again required. After that, what are we 

going to do? We are going to fuse these two methods, and after that, we are going to 

propose a new method. 

 

Apart from that, we are also going to talk about the real sliding so that I can avoid the above 

three methods. So, let us start with the non-linear uncertain system, and basically, this is a 

non-linear uncertain system because 𝑓is also uncertain and 𝑔is also uncertain. And what is 

our assumption? We are assuming that we have just a single-input single-output system. It 

means that 𝑦 = ℎ(𝑥); I have, or you can also assume that 𝑦is nothing but some kind of 

sliding variable 𝑠(𝑡, 𝑥), and 𝑥may also be time dependent; that does not matter. After that, 

what is our aim now? Suppose that if the relative degree of this system is 1, what is the 

meaning of relative degree? If I differentiate 𝑦, then control will explicitly appear, just like 

this. 

And since 𝛾(𝑡, 𝑥)or 𝛾(𝑥, 𝑡)is nothing but these two terms, and obviously, here 𝑓(𝑥)is 

uncertain, due to that reason this whole term is uncertain, and a similar kind of thing 

happens with 𝜂because here I am assuming that 𝑔is also uncertain. Now, these are the 

assumptions. We are assuming that whatever this term is, it is bounded, and after that, this 

term is also bounded, and I have already given you the physical interpretation of this bound. 

Here, you can see that 𝛾(𝑥, 𝑡)contains any value between −𝛾𝑚and +𝛾𝑚, but here I do not 

want our control to change the sign, and for that reason, we are assuming that the minimum 

bound of the matrix through which control is going to enter is also bounded. It is better to 

keep this sign here, then that is physically more relevant; or if this is a vector, then the 

absolute value can be put here, but since we are assuming that the relative degree is 1, due 

to that reason, it simply means the norm is replaced by the absolute value. 

 

 And we are assuming that this unknown will exist even if it is not known, but some 

unknown bond does exist. Why is this kind of restriction required? Because, finally, I want 

to design the discontinuous control in the Filippov sense. And whenever we are going to 

talk about the Filippov solution, the right-hand side of the differential inclusion should also 

be bounded. So, in order to maintain existence and uniqueness, these kind of  this kind of 

restriction is required. And obviously, our control objective is to design sliding mode 

control based on global stability without the knowledge of the uncertainty. 

 

 So, here in this process, we are going to utilize the concept of adaptive sliding mode control. 

So, let us first see some definitions. So, suppose I have a nonlinear uncertainty system and I 

have to maintain some sliding variable whose relative degree equal to 1 equal to 0 in finite 

time. So, at that time, we are assuming that whatever set comes into the picture is a locally 

integrable set in the Filippov  sense. What is the physical interpretation of this? Because you 

can see that whenever we are calculating the derivative and the right-hand side, I somehow 

have a differential inclusion. 



 

So, how do you track 𝜎? Because somehow by controlling 𝜎̇, you can control 𝜎. So, a solution 

should exist, and for that, this condition is enough to guarantee that we have a unique 

solution, even if we do the Filippov regularization in case of the discontinuity. And 

obviously, ideal sliding mode cannot be achieved in real applications because we have 

several imperfections during the modeling as well as the implementation. And due to that 

reason, most of the time we are happy with the real sliding mode control. So, how is the real 

sliding mode different from the ideal sliding mode control? So, by designing discontinuous 

control for ideal sliding mode control, we want to maintain 𝜎 = 0. 

 

 This is not feasible, and for that reason, we will move to the real sliding, which basically 

allows some kind of tolerance bound. So, basically, the behavior of the system on this 

particular set, which is defined as 𝑥 ∈ 𝒳, and here, basically, in this particular system, I am 

assuming that since this is a nonlinear system, the state space is limited. And due to that 

reason, we have this kind of assumption that whatever state is going to belong to some set 

𝒳. So, based on that, we have constructed this 

𝒮𝛿 = {𝑥 ∈ 𝒳: ∣ 𝜎(𝑥) ∣≤ 𝛿}. 

 

And now, we are saying that here the real sliding mode comes into the picture. 

It means that in this particular set, we are going to define integrability in the sense of 

Filippov. And obviously, real sliding mode accounts for the practical imperfection and 

ensures that the system remains close to the sliding surface. And most of the practical 

application is enough. So, this definition is basically given by or separated from ideal sliding 

mode by the professor Levant. Now, in this lecture, I am going to talk about the dynamic 

gain adaptation. 

 

 So, for that, we are going to talk about two approaches. So, one approach is given by Huang, 

and what is the beauty of this approach? This does not require knowledge of the uncertainty 

bound. And obviously, we are slowly increasing the control until the sliding mode is 

established. And the second approach is basically based on the knowledge of the 

uncertainty bound, and here we are going to utilize the concept of equivalent control to 

minimize the control gain. So, what is the meaning of equivalent control? We have already 

seen that whenever we have first-order sliding mode control, 𝜎 = 0, but 𝜎̇ ≠ 0, and the 

average value of 𝜎is equal to 0. 

 So, by taking the average of this, it is possible to show that the discontinuous term, 

whatever comes into the picture, is exactly equal to the value of the disturbance. So, in this 

way, basically, we are designing the equivalent control, or in another way, 𝜎̇ = 0, and 

whatever control that comes into the picture, we are interpreting that that much control 

needs to actually establish the sliding mode. So, both approaches are basically responsible 

for adapting the gain dynamically, and after that we can be able to see that the closed-loop 

system is also globally stable. So, what is the first approach I am going to take? I am going to 



start with exactly the same system. So, let us come back to the system. 

 

Here, I now have a first-order system because we are talking about first-order sliding mode 

control. So, now I am going to design this gain. So, you can see here that this gain is designed 

as 𝐾(𝑡), and 𝐾(𝑡)can be treated here as an extra state. Why? Because 𝐾⁡is now time-

dependent and is also varying with respect to some differential equation. So, either you can 

put 𝑡here or not; that does not matter. 

 

 And here, 𝛼𝐾⁡is some kind of constant, and the initial condition 𝐾(0) > 0⁡is assumed. So, by 

solving this equation, you can see that the rate of change of 𝐾depends on the absolute value 

of 𝜎. So, now, if 𝜎 ≠ 0, 𝛼𝐾is always positive. So, 𝐾(𝑡)⁡is going to increase. And what is the 

result? If you apply this kind of sliding mode control, then I have to prove that there exists a 

finite time 𝑡𝐹such that 𝜎 = 0, and after that we can maintain 𝜎 = 0throughout the next time 

interval, beyond 𝑡𝐹 . 

 

So, this approach does not require any prior knowledge of the uncertainty. So, you can see 

here I am not assuming that 𝐾(𝑡)and the uncertainty are somehow related. And after that, 

one of the difficulties here is that sometimes overestimation of control comes into the 

picture, and this leads to an increase in chattering. So, what is one of our main motivations 

to decrease the control gain? Obviously, the second motivation: design some kind of sliding 

mode control where uncertainty-bound knowledge is not required. 

 

 Uncertainty is not known whenever we are considering this sliding mode control, but we 

are assuming its bond is known. So, at least we will get one advantage whenever we apply 

this approach: the first advantage is that an uncertainty bond is not required, but again 

sometimes overestimation of gain comes into the picture, and this will increase the 

chattering because chattering is directly proportional to the Gain of the sliding mode 

controller. And obviously, this is applicable only to the ideal sliding mode control. And in 

several imperfections, we have real sliding mode control. So, we are going to see that how to 

modify this such that this is also applicable for the real sliding mode control in next 

subsequent slides. 

 

So, now, what is the key point? The approach dynamically increases the control gain and 

increases the control gain, but it may overestimate and cause chattering; first, I have to 

prove this. So, this is nothing but a theorem that if I substitute this kind of control into this 

system where 𝛾is, and here I have—let us come back to see that term—here I have 𝜂and 𝑢. 

So, basically, time and the state I am going to drop here. 

 

So, 𝜂and 𝑢. So, now, I have to design 𝑢, and I am going to design it as 

𝑢 = −𝐾(𝑡) sgn⁡(𝜎). 

And I am not assuming any bounds on 𝛾and 𝜂in this particular process. So, I have to prove 

it. So, what have we seen? I have two states here: one state is 𝜎, and 𝐾̇is also involved, and 

for that reason, one additional state comes into the picture. And for that reason, the 



Lyapunov function now contains two pieces of information. One important thing here is that 

the sliding mode comes into the picture provided this gain 𝐾(𝑡)becomes sufficiently large. 

to compensate the disturbance. And due to that reason, we are assuming that at the 

equilibrium state or a steady state, this 𝐾(𝑡)should converge to some kind of 𝐾⋆. And this 

𝐾⋆is ideal for starting the sliding; that is our main intention. And due to that reason, we 

have shifted 𝐾(𝑡)by −𝐾⋆. So, now, if you see the equilibrium point, then that is 

𝜎 = 0⁡and⁡𝐾(𝑡) = 𝐾⋆. 

 

 

⁡What am I going to do? I am going to take the rate of change, and after that, I am going to 

substitute 𝐾̇. So, once you substitute 𝐾̇and the value of 𝐾̇, we know how to basically adopt. 

So, I am going to apply the adaptation law, then I will get this kind of expression. And after 

that, I am going to manipulate this expression. So, once you manipulate this expression, it is 

possible to show that since the assumption is that 𝛾(𝑥, 𝑡)is not known, we are assuming that 

some bound exists here. 

 

 Similarly, 𝜂is not known, but some bound exists here. So, during the proof, we have to show 

that we have to utilize this kind of concept to show that there exists at least some 𝐾⋆. So, 

this is just for the existence of 𝐾⋆. So, please do not be confused, because we are not utilizing 

this concept directly; we are just involving it in improving the process. 

We are somehow guaranteeing that if you are going to adopt a gain like this and the control 

is this, then this Lyapunov function is always decreasing. It is possible to show here that if 

you maintain 𝐾⋆, it means that 𝐾(𝑡)is going to increase, and once it crosses some threshold 

that satisfies this equation, then obviously, 𝑉̇ ≤ 0, and Lyapunov stability comes into the 

picture. So, if 𝑉̇ < 0, then 𝜎 → 0as 𝑡 → ∞, and after that, the adaptation process will also 

occur because 𝐾(𝑡)is going to increase up to 𝐾⋆. So, using the Lyapunov process, I can be 

able to give a guarantee of the gain adaptation process. Now, this is the second approach, 

and this second approach comes from the solution that is defined in terms of Utkin’s 

regularization or Utkin’s equivalent control. 

 

 So, what is the philosophy of Utkin’s equivalent control? That once sliding is established, it 

is possible to show that the average value of 𝜎̇is equal to 0. And how do you calculate the 

average? You can pass that signal term through a low-pass filter. So, what I am going to do 

here is define 𝐾(𝑡), and obviously, 𝐾(𝑡)is again defined based on a differential equation. You 

can see here that 𝜌and 𝜌̇are coming from the low-pass filter. So, somehow dynamics is again 

involved here, but this gain 𝛽 > 0. 

 

 So, we have to select 𝛽 > 0such that I can somehow establish the sliding. And due to that 

reason, once this condition is satisfied, automatically the sliding mode comes into the 

picture. Otherwise, I cannot be able to pass this through the low-pass filter, and at that time, 

I will not be able to get the value of 𝜌. And what is the result? Again, I am going to show that 



there exists a finite time such that the sliding mode can be established. So, this requires 

knowledge of the uncertainty bound. 

 

 Obviously, this approach reduces the chattering by minimizing the control effort, but one 

extra difficulty that comes into the picture is that transient phenomena arise, because the 

tuning of the low-pass filter is challenging, as the value of 𝜏should be very, very small. So, 

due to the dynamics of the filter, some transient response comes into the picture when 

sliding is about to start. So, basically, why this control, with this kind of equivalent control, 

is responsible for the decrement of the Lyapunov function that I am going to prove. It means 

that the overall system is stable. So, again I am going to start with exactly the same 

Lyapunov function. 

 

 I am going to take the derivative of the Lyapunov function. The dynamics of the sliding 

mode, and after that 𝐾(𝑡) sgn⁡(𝜎), I am going to substitute. In the adaptation process, you 

can see here that what I am going to do, since 𝐾̇comes in and here 𝜌̇is in the filter equation, 

and due to that reason I am able to take the derivative. And 𝛽, which is constant; due to that 

reason, the derivative of 𝛽equals 0, and due to that reason, this term comes into the picture. 

But in a steady state, if you see carefully, then what happens is that the value of 𝜌is exactly 

equal to sgn⁡(𝜎). And due to that reason, we are assuming that during the sliding mode, 

when it comes into the picture, 𝜌 = sgn⁡(𝜎), and at that time, the derivative of this is equal 

to 𝜌̇ = 0. 

 

So, once sliding is established, then I have to prove that the stability of the whole system 

comes into the picture. So, it is not difficult to prove again that if I select 

𝐾⋆ >
𝛾(𝑥, 𝑡)

𝜂𝑚
, 

 

then one can show here that 𝑉̇ < 0, 

 

which will ensure stability once the sliding process starts. So, 𝑉 < 0, 𝜎 → 0, and the 

adaptation law ensures that 𝐾(𝑡)⁡adjusts and contracts the uncertainty. So, basically, using 

the Lyapunov function, I am going to ensure two things: finite-time convergence and the 

adaptation law, which we have proposed to contract the uncertainty and also maintain 

overall stability. So now, during this particular process, you can see that transient 

phenomena occur due to the interaction between the control law and the low-pass filter, 

because the control law is designed based on the low-pass filter. 

So, we have to consider filter dynamics, control gain adaptation, and system response, and 

due to that, somehow the transient is affected, and now we have to tune the filter dynamics 

in a proper way. Another difficulty with filter dynamics is that delay is also always 

associated. So, delay always causes the output to lag behind the actual switching signal, and 



the transient may not be immediately reflected in the system, which will cause either an 

increase in 𝐾(𝑡)⁡or some kind of small temporary loss of the sliding. So, 𝐾(𝑡) is basically 

depending on 𝜌, and 𝜌is not in a steady state. So, 𝐾(𝑡)⁡may be tuned properly; otherwise, 

some overestimation or underestimation of the gain basically comes into the picture, and 

somehow the oscillation phenomenon comes into the picture again. 

 

 So, chattering is somehow not reduced. So, the transient response of the system is 

influenced by the filter time constant. And if you are going to take 𝜏very, very small, then 

this will reduce the time delay but may cause high-frequency noise to pass through. 

Similarly, if 𝜏is slower, then what happens at that time is that the signal is smoothed, but the 

transient duration increases. So, in this way, we have to make some kind of trade-off 

between 𝜏; the selection of 𝜏is very, very important whenever we are trying to implement 

this kind of adaptive sliding mode to a practical system, and for that reason, some trade-off 

is required. So, what are the challenges of these two methods that we have discussed so far? 

So, in the first method, the overestimation of the gain comes into the picture. 

 

 In the second method, the uncertainty bound is required. And obviously, transient 

phenomena come into the picture due to the deployment of a low pass filter. So, what is our 

next objective? We are trying to solve these two problems. So, the first problem, obviously, 

is that we do not want the uncertainty bound, and I also want to avoid the overestimation of 

the control gain. We want some kind of reasonable magnitude of control so that I can also 

maintain the chattering level as low as possible. So, what are we basically going to do? We 

are going to combine the two methods mentioned above, and one approach comes into the 

picture until the sliding mode is established; once the sliding mode is established, it is then 

shifted to Utkin's approach, an equivalent control-based approach. 

 

 So, the next solution I am going to aim for is to avoid the overestimation of the gain, and 

obviously, I am going to eliminate the need for the uncertainty bound. So, the need for an 

uncertainty bound is a requirement of approach 2, and the first approach is actually 

dangerous due to overestimation of the control. For that reason, you can see that once 𝜎 ≠

0, we are going to utilize the first approach, and once 𝜎 = 0, then we shift to the low-pass-

filter-based approach proposed by Professor Utkin. And we are trying to show that if you 

design this kind of control, then I can achieve stability in finite time, and after that, I will 

continue it. So, what is the discussion? The discussion is that 𝐾(𝑡)⁡is responsible for the 

sliding. 

 

So, 𝜎 ≠ 0. So, now 𝐾(𝑡)⁡will increase, and obviously, 𝜎 = 0comes into the picture. And once 

𝜎 = 0comes into the picture, then at that time this gain becomes active. So, a similar kind of 

thing is written here. And after that, suppose in between, if sliding is destroyed, then again 

this condition comes into the picture, and again the gain is going to increase. So, in this way, 

I can optimize the gain or adapt the gain such that I can maintain the sliding. So, the first 

approach uses the concept of equivalent control, and equivalent control basically introduces 

low-pass filter dynamics. 



 

 So, here they are also going to introduce some kind of low-pass filter dynamics. So, now, 

what are we going to do? We are going to propose a different approach called the second 

approach that does not estimate the boundary of perturbation and uncertainty but 

guarantees real sliding mode control. So, several practical system just we want real sliding. 

It means that our sliding variable should remain in some kind of neighborhood. 

 

 So, suppose that this is a sliding variable. So, I just want that 𝜎is maintained near 0. So, for 

that, now you can see that here a different control is proposed. So, as 𝑘 > 𝜇, that is, the gain 

is greater than 𝜇. So, at that time, here a small parameter 𝜀⁡comes into the picture. So, at that 

time, the gain can be given like this. And once 𝐾 < 𝜇, at that time, 𝜇is shifted to some kind of 

constant gain. 

So, you can see that if 𝐾 = 𝜇, at that time I have some, and 𝜇is nothing but some kind of 

constant. So, as 𝐾 < 𝜇, at that time I have some kind of constant differential equation that 

comes into the picture, and here I have a state-dependent differential equation. So, we are 

going to show now that the actual real sliding mode comes into the picture in this particular 

process. Obviously, we do not have any ideal sliding mode control in this particular process. 

So, once sliding is established, we have this condition where the gain has actually declined 

and depends on the smallest level to ensure the accuracy of the 𝜎⁡stabilization. 

 

 What is the advantage? It is possible to show that in this process, we can adjust the gain and 

actually have no need for the estimation of the bond of the uncertainty. But what is a trade-

off? Here we are just going to establish the real sliding. So, we have to prove that real sliding 

mode comes into the picture and that the epsilon parameter here is responsible for the real 

sliding, which I am going to show you mathematically. So, what is completion? In the first 

adaptive law, the usage of a low pass filter requires the tuning of tau and guarantees ideal 

sliding. What is the second adaptive law? No low-pass filter dynamics, easier to implement 

and guaranteed real sliding. 

 

So, whenever we adopt this approach, we show that this kind of thing basically comes into 

the picture. So, now again I am going to start with the same system; sliding mode is exactly 

the same. Now, we are going to design the control that we have defined by the second 

method. So, we have to prove now that the sliding variable satisfies ∣ 𝜎(𝑡) ∣≤ 𝛿 for all 𝑡 ≥ 𝑡𝐹 , 

and here 𝛿 depends on 𝜀, and this is the 𝜀. 

And obviously, these two are the parameters. So, 𝜀⁡and 𝛼𝐾⁡are nothing but the gain of the 

adaptation. So, again I am going to start with exactly the same Lyapunov function, but here 

you can see that initially I am going to use 𝛼𝐾 , and here I am going to use some kind of 𝜃; 

𝜃 > 0, I am assuming. I have calculated 𝑉̇1, and after the calculation of 𝑉̇1, I am going to keep 

this dynamics. And, once I substitute that dynamics and apply the inequality, it is possible to 

show that if I define this term 𝜁, then from here to here, I will get this kind of uncertainty or 

inequality. 

 



So, please check this with pen and paper. You can easily see this, but what is the difficulty 

here? 𝜁may be positive or negative. So, if 𝜁 < 0⁡here, then this term becomes positive, and at 

that time it is possible to show that 𝑉 ≠ 0⁡exactly. And obviously, at that time we are going 

to convert to ∣ 𝜎 ∣≤ 𝜀, and that time is given by this. So, in this finite time, we are able to 

maintain this. But once ∣ 𝜎 ∣≥ 𝜀, at that time this kind of Lyapunov function comes into the 

picture, and due to that, in infinite time we are able to achieve or converge to this particular 

bound. So, if ∣ 𝜎 ∣≤ 𝜀, 𝜁can be negative, making 𝑉sign-definite, and at that time it is possible 

to show that if ∣ 𝜎 ∣increases beyond 𝜀. So, at that time, this kind of differential equation 

comes into the picture, and obviously, this tells us that 𝑉 → 0⁡as⁡𝑡 → ∞ whenever this 

particular condition is satisfied. 

 So, finally, we will converge on this particular band. It is possible to show that you can 

calculate the size of the band; what you can do is keep the worst-case analysis. I have here a 

differential equation, so you can take the worst case of this, and after that, you can see that I 

have just a linear equation. Two linear equations I have, and if you solve these two linear 

equations, then it is possible to show that 𝜎becomes some kind of addition of cosine and 

sine terms with some amplitude, which is 𝛿. That is actually the magnitude of that, which is 

given like this. So, in this way, I can prove that⁡∣ 𝜎(𝑡) ∣≤ 𝛿. 

 

So, please check this by yourself; the solution is not so difficult. So, in this way, what 

happens is that if I adopt the gain like this, then basically real sliding mode control comes 

into the picture, and ∣ 𝜎 ∣≤ 𝛿, and that 𝛿⁡is a function of the 𝜀that comes into the picture. So, 

the conclusion is that a real sliding mode is established in finite time within the domain 

given by this 𝐾, which adapts to the uncertainty without prior knowledge of the bound, and 

the parameter 𝜀controls the accuracy of the stabilization. It means that you can tune this 

parameter to control the accuracy. It means that you can go to the very fine vicinity of the 

equilibrium point. 

Here, the equilibrium point is the sliding surface 𝜎 = 0. So, now it is time to conclude this 

lecture. So, what have we seen? So, we have seen how to fuse the adaptive control technique 

with sliding mode control, which will eliminate the need for a priori uncertainty bounds and 

also provide us with a significant reduction in control effort. Obviously, after that, we have 

combined these two methods, and we are actually achieving both kinds of sliding: real 

sliding as well as ideal sliding. So, with this remark, I am going to end this lecture. Thank 

you very much. 


