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So in this lecture we will try to solve some problems
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related to convolutional code in general.
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Fundamental limit

@ Problem # 1: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise E;/Np required?

So the first question that we will try to answer is, if you want to do reliable communication in

presence of additive white Gaussian noise channel and of course we have infinite bandwidth

what is the minimum signal to noise ratio
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required?
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@ Problem # 1: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise Ep/ Ny required?

@ Solution: Capacity of Gaussian memoryless channel with two-sided
noise power spectral density Np/2 and without bandwidth limitation
is given by

= . = S
(- = UJI'T\\WIGE(]i NDW)

S i
—— t:
T e

where W denotes the bandwidth and S is the signaling power.

So for that we first need the expression for capacity of additive white Gaussian noise channel

and the capacity of additive white Gaussian noise channel is given by this expression
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@ Problem # 1: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise E;/Np required?

@ Solution: Capacity of Gaussian memoryless channel with two-sided
noise power spectral density Np/2 and without bandwidth limitation
is given by

£ = wl'"T'\ log (] + NQS_W)
5 :

m blts/s
where W denotes the bandwidth and S is the signaling power.

where w is the bandwidth, s is my signaling power, n naught by 2 is two si(ied power spectral
density. Now, so we are considering when bandwidth is infinite. So this can be written, so this
will be log 1 plus when w is infinite this will go to zero so log of 1 will be zero and 1 by w
will also go to zero so zero by zero form. So we will differentiate and we can find out that the

capacity when bandwidth is infinite is given by this expression,
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@ Problem # 1: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise Ep/ Ny required?

@ Solution: Capacity of Gaussian memoryless channel with two-sided
noise power spectral density Np/2 and without bandwidth limitation

is given by

where W denotes the bandwidth and S is the signaling power.

s by n naught, natural log of 2 bits per second. So we are interested
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@ Problem # 1: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise E,/ Ny required?

@ Solution: Capacity of Gaussian memoryless channel with two-sided
noise power spectral density Np/2 and without bandwidth limitation
is given by

o _ - 5
C - l"“Ianr':'l“‘w"l.r’ln::g(l + N{,W)

5 -
m blts/s
where W denotes the bandwidth and S is the signaling power.

@ |f we transmit K information bits over 7 seconds, where 7 is a
multiple of T, we have

St

E.‘)_?

in transmitting k bits over tau seconds. So if we do that, where tau is the multiple of time
period, so if we do that, our energy per bit is given by s tau by k. This s was my signaling
power we are sending over time t, tau and total number of information bits was k. Energy per

bit is s tau divided by k.
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@ Since the data transmission rate R, = K /7 bits/s, energy per bit

can be written as

S

E, = —
b R:

Now our transmission because you are transmitting k bits over time tau, so our transmission

rate is k by tau bits per second. And our energy per bit that we wrote here
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@ Problem # 1: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise Ep/ Ny required?

o Solution: Capacity of Gaussian memoryless channel with two-sided
noise power spectral density Np/2 and without bandwidth limitation
is given by

; 5
c* = lim WI 1+ —
e ( ' an)
S :
W bds/s
where W denotes the bandwidth and S is the signaling power.
@ If we transmit K information bits over 7 seconds, where 7 is a
multiple of T, we have

B=7

is basically s tau by k. And
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@ Since the data transmission rate R, = K /7 bits/s, energy per bit

can be written as

S

Ey, = —
. ] R:

k by tau is R t. So we can write energy per bit in terms of signaling power
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@ Since the data transmission rate R, = K/t bits/s, energy per bit
can be written as 5

B s
b R

and transmission rate R of t. So
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@ Since the data transmission rate R, = K /7 bits/s, energy per bit
can be written as

L=
E, = —
"R
@ Thus we have
£ Ep
R.  MNyin2

if we divide our
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@ Since the data transmission rate R, = K /7 bits/s, energy per bit

can be written as

5

B
b R

expression
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@ Problem # 1: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise Ep/ Ny required?

@ Solution: Capacity of Gaussian memoryless channel with two-sided
noise power spectral density Np/2 and without bandwidth limitation
is given by

S
Cc* = lim WI 1+—
Whe 08 ( * NDW)
= oy
m blls;s
where W denotes the bandwidth and S is the signaling power.
@ |f we transmit K information bits over T seconds, where 7 is a
multiple of T, we have
St
oy

for channel capacity by R t what we
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@ Since the data transmission rate R, = K /7 bits/s, energy per bit

can be written as

5

E, = —
b R;

get is this
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Fundamental limit

@ Since the data transmission rate R, = K /7 bits/s, energy per bit
can be written as

S
I
b R;
@ Thus we have
& Ep
R, Npln2

expression.
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Fundamental limit

@ Since the data transmission rate R, = K /7 bits/s, energy per bit
can be written as

@ Thus we have

Now we know from Shannon Noisy channel coding theorem that as long as transmission rate
is less than channel capacity we can reliably communicate over the communication channel.

So we want R t to be less than this channel capacity.
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Fundamental limit

@ Since the data transmission rate R, = K /7 bits/s, energy per bit
can be written as

L=
= — E
@ Thus we have
£59 Ep
R, Nyln2
@ For reliable communication, we must have R, < C™. Thus we have
i—; > 1n2 = 0.69 = ~16dB

So if we want this to hold then we get a condition on signal to noise ratio. So we get this

following condition on
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Fundamental limit

@ Since the data transmission rate R, = K /7 bits/s, energy per bit
can be written as

S
== R
@ Thus we have
(25 Ep
R: NpIn2
@ For reliable communication, we must have R, < C™. Thus we have
% > In2 = 0.69 = ~1.6 dB
_._._________---‘

energy per bit. So s n R per information bit, we get this condition that s n R per information

bit should be greater than 1, minus 1 point 6 D B. This is for the case when we have infinite
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bandwidth and our code rate
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Fundamental limit

@ Since the data transmission rate R, = K /7 bits/s, energy per bit

can be written as s
== =
b R
@ Thus we have
cE _' Ep
Re  MNgln2
@ For reliable communication, we must have R, < C™. Thus we have

% >1n2 =069 = ~1.6 4B

can actually go to zero. So
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Fundamental limit

@ Since the data transmission rate R, = K /7 bits/s, energy per bit
can be written as

5
@ Thus we have
&0 Ep
R, Nyln2
@ For reliable communication, we must have R, < C™. Thus we have

% >In2=069=-1.6dB

@ Thus signal to noise ratio E/Ng cannot be less than Shannon limit
-1.6 dB for reliable communications.

signal to noise ratio then cannot be less than this limit which is minus 1 point 6 D B.

OK let's look at next problem. So

(Refer Slide Time 04:34)
E o o by | & B @ @ ‘l_—
ParToomua ol

@ Problem # 2: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise E;/Np required if we are
using a rate R=K /N code?

we are interested in reliable communication over additive white Gaussian noise channel and

we are transmitting using a rate k by n code. So what is the affect of the
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@ Problem # 2: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise Ep/Np required if we are
using a rate R=K /N code?

@ Solutions: Capacity of bandlimited Gaussian channel is given by

L
wo_ .
(= Wlog (1 + No ) bits/s

where W denotes the bandwidth and S is the signaling power.

bandwidth w? Now we know for a band limited channel, the capacity is given by this

expression.
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@ Problem # 2: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise E;/Np required if we are
using a rate R=K /N code?

@ Solutions: Capacity of bandlimited Gaussian channel is given by

where W denotes the bandwidth and S is the signaling power.

So
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@ Problem # 2: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise E;/ N required if we are
using a rate R=K /N code?

@ Solutions: Capacity of bandlimited Gaussian channel is given by

L
wo_ E .
& Wlog (1 + NuW) bits/s

where W denotes the bandwidth and S is the signaling power.

@ Assuming we are transmitting at a rate of 2W samples per second
and using a rate R=K/N block code. If we transmit K information
bits during 7 seconds, we have

N = 2Wr samples per codeword

let's say we are transmitting at Nyquist rate. So we are transmitting at 2 w samples per
second. And we are using a rate k by n code. So if we transmit k information bits during time

tau then number of samples per codeword we are sending is 2 w tau.
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@ Problem # 2: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise Ey/Np required if we are
using a rate R=K /N code?

@ Solutions: Capacity of bandlimited Gaussian channel is given by

w i) i
C —Wlog(ll-NnW bits /s

where W denotes the bandwidth and S is the signaling power.

@ Assuming we are transmitting at a rate of 2W samples per second
and using a rate R=K/N block code. If we transmit K information
bits during T seconds, we have

N = 2Wr samples per codeword

@ Hence

Ry =K/7=2WK/N = 2WR bits/s

Now our transmission rates is k information bits over tau time. So our transmission rate is k
by tau and this we can write in terms of these samples per codeword n which is given by this
expression and k by n is nothing but our code rate. So this transmission rate is given by 2 w R

where R is my code rate. So this many bits per second is my transmission rate. Now
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@ Since, E, = 5/R;, we have
S
Wi,

= 2REp/ Ng

we know that energy per bit is given by signaling power by transmission rate, this we have

done in the last example.
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Fundamental limit

@ Since the data transmission rate R, = K /7 bits/s, energy per bit
can be written as

- %
@ Thus we have
(B Ep
R; Ngin2
@ For reliable communication, we must have R; < C™. Thus we have
% >In2 =069 =-1.6dB

@ Thus signal to noise ratio E,/Np cannot be less than Shannon limit
-1.6 dB for reliable communications.
—

We had this, right
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@ Since the data transmission rate R, = K /7 bits/s, energy per bit
can be written as

feS
@ Thus we have
(53 Ex
R, Noln2
@ For reliable communication, we must have R, < C™. Thus we have
% > In2 = 0.69 1.6 dB

@ Thus signal to noise ratio E,/Ng cannot be less than Shannon limit
-1.6 dB for reliable communications.

————
—

so using this, then
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@ Since, E;, = 5/R;, we have
5
Wi,

@ For reliable communications, we must have R, < CY, thus

= 2REp/ No

R: =2WR < Wlog(l ; 2R—E")
No

so we do that we can write s by w n naught in terms of
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@ Since, Ey = 5/R,, we have

5
Wite 2REp/ No
@ For reliable communications, we must have R, < €%, thus
R =2WR < Wlog(l i 2RE")
No

E b by N naught, this is equal to 2 times code rate by, into s n R per information bit. So in this

expression of
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@ Problem # 2: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise E,/Np required if we are
using a rate R=K /N code?

@ Solutions: Capacity of bandlimited Gaussian channel is given by

o s _
C —Wlog(l-l-%—w bits /s

where W denotes the bandwidth and S is the signaling power.

@ Assuming we are transmitting at a rate of 2W samples per second
and using a rate R=K/N block code. If we transmit K information
bits during T seconds, we have

N = 2Wr samples per codeword
@ Hence

R, = K/t =2WK/N = 2WR bits/s

——

capacity of band limited channel, we can replace this
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@ Problem # 2: For reliable communication in presence of Gaussian
noise, what is the minimum signal-to-noise Ej/ Ny required if we are
using a rate R=K /N code?

@ Solutions: Capacity of bandlimited Gaussian channel is given by

( 5 D
w O
C" =Wlog (1 + NoW bits/s

where W denotes the bandwidth and S is the signaling power.

@ Assuming we are transmitting at a rate of 2W samples per second
and using a rate R=K/N block code. If we transmit K information
bits during T seconds, we have

N = 2Wrt samples per codeword
@ Hence

R = K/7 = 2WK/N = 2WR bits/s

= —
_— ———

expression by
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@ Since, E, = 5/R;, we have

S
Wie = 2RE,/ Ny

this, fine? Now
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@ Since, E, = 5/R;, we have

@ For reliable communications, we must have R, < C%, thus
2RE,_,)

R, =2WR < Wlog(l }
No

for reliable communication we know our transmission rate should be less than channel
capacity. And what's channel capacity? That's for the band limited channel; it is w log of 1
plus s by 2 N naught which is basically given by this expression. So transmission rate which

is 2 times w R should be less than w log of 1 plus 2 R E b by N naught.
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@ Since, E, = 5/R;, we have

S
—— = 2RE;/N
Wi s/ No
@ For reliable communications, we must have R, < C%, thus

R
R, =2WR < w1og(1 L E”)
No

@ We can write equivalently

2R _

Eo/No > —5=—

So from here then we can write down the expression for minimum s n R information bit,
energy per information bit by noise power density so s n R per information bit we can write it
as, this should be greater than equal to 2 raised to power 2 R minus 1 divided by 2 R. Now

this right hand side term is an increasing function of R.
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@ Since, E, = 5/R;, we have

L
—— =2RE;/N
Wi b/ No
@ For reliable communications, we must have R, < C%W, thus

R
R, = 2WR < Wlog(l Tz E*’)
Ny

@ We can write equivalently
2R _ 1
2R

E[-,/ND =

of R. So
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@ Since, E, = 5/R;, we have

S
—— =2RE,/N
Wi b/ No
@ For reliable communications, we must have R, < C%, thus

R
R, = 2WR < Wlog(l = E*’)
No

@ We can write equivalently
2R _1
2R

@ Since RHS is an increasing function of R, in order to communicate
close to Shannon limit, we have to use both an information rate R,
and code rate R close to zero.

Ep/No >

So if you want to communicate close to the channel limit then your information rate R as well

as code rate R should be close to zero. In fact if you
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@ Since, E, = 5/R;, we have

S
—— =2RE,/N
Wi s/ No
@ For reliable communications, we must have R, < €%, thus

R
R, = 2WR < Wlog(l 5 2NE*')

@ We can write equivalently
2R _

2R

@ Since RHS is an increasing function of R, in order to communicate
close to Shannon limit, we have to use both an information rate R,
and code rate R close to zero.

@ If welet R —+ 0, we get Ep/Np > In2.

Ep/Np >

if you let R go to zero, what you will see is you will get the limit that we had just talked about
in the previous problem which was minus 1 point 6 d B and let's plug in some practical

values of R. Let's say R is half,
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@ Since, Ep = S/R;, we have

s !
W_NQ = ZREb; Nn

@ For reliable communications, we must have R, < €%, thus
2RE

Re=2WR < Wlog(l T )

@ We can write equivalently
2R _ 1l

2R
@ Since RHS is an increasing function of R, in order to communicate
close to Shannon limit, we have to use both an information rate R,
and code rate R close to zero.
@ If welet R — 0, we get E5/Np = In2.
@ |fwelet R=1/2, weget E;/Ng > 1=0dB.

we put value of R to be half then e b by n naught should be more than 0 d B. So you can see

Ep/Ng =

for any rate which is away from zero then this minimum s n R required for transmission is

also more, Ok.
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Convolutional codes

@ Problem # 3: Prove that every convolutional code C has a
generator matrix that is delayfree.

Now the next question that we
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will solve is to prove that
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@ Problem # 3: Prove that every convolutional code C has a
generator matrix that is delayfree,

for every convolutional code has a generator matrix which is delay free. Now delay free
meaning basically we, if we have a generator matrix let's say of the form D i and then
something like 1 plus D and some D j, 1 plus D plus D square or something like that, we can

always write
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@ Problem # 3: Prove that every convolutional code C has a | -
generator matrix that is delayfree. Gl ~ ED' ) b“(:fbﬂ

equivalent generator matrix which will be free of these, like delay terms. I will talk about

that.
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@ Problem # 3: Prove that every convolutional code C has a
generator matrix that is delayfree,

@ Solution: Let G(D) be any generator matrix for C. The nonzero
entries of G(D) can be written as

gi(D) = D¥f;(D)/q;(D)

where s; is an integer such that
f(0)=g0)=1,1<i<k1<j<n

So let's say we have a generator matrix G of D, Ok. And its non zero entries can be written in
this particular form. So there is some delay term, we are calling it D s t raised to power s i j.
And then we have this rational function. We have this rational function which is fij D by q i
jD.AndfijDand qij D is of the form 1 plus some f naught D plus dah dah dah and this is

one plus q naught D plus something something,
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@ Problem # 3: Prove that every convolutional code C has a
generator matrix that is delayfree,
@ Solution: Let G(D) be any generator matrix for C. The nonzero
entries of G(D) can be written as £, ©) ¥ L0+
'J =

C s@=2fiore®) TG e
3

where s;; is an integer such that
O =qy(0)=1,1<i<k 1< <n

Ok. So that's what I meant f 0 and q y j zero is 1.So any entry in the generator matrix can be

written in this form,
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(Refer Slide Time 10:58)
aliBiediekcsRaaacaang
Fa ’7TeoowuEa ch- +o MEENEEDNE DD M swiom 2

wolutional co

@ Problem # 3: Prove that every convolutional code C has a
generator matrix that is delayfree.
@ Solution: Let G(D) be any generator matrix for C. The nonzero
entries of G(D) can be written as .. (i) 1y P -

- (D) —g'iﬂj(ﬂ)/qi (D ﬁ [’ |4+ GuDF -
3

where s;; is an integer such that
GO =qu0)=1,1<i<k1l<j<n
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Convolutional codes

@ Problem # 3: Prove that every convolutional code C has a
generator matrix that is delayfree.

@ Solution: Let G(D) be any generator matrix for C. The nonzero
entries of G(D) can be written as

&i(P) = D¥f;(D)/q;(D)
where sj is an integer such that
(0 =gi{0)=1,1<i<k 1< <n
@ The number s;; is the delay of the sequence

8(D) = D£;(D)/qy(D) = D + g, 11 D1 4 ..

what is this term s i j? Essentially it’s a delay term. So if we have some term like s i j so what

you will get is terms of this particular form. Now
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@ Problem # 3: Prove that every convolutional code C has a
generator matrix that is delayfree.

@ Solution: Let G(D) be any generator matrix for C. The nonzero
entries of G(D) can be written as

&;(D) = D¥f;(D)/q;(D)

where s; is an integer such that

fi0)=gi(0)=1L1<i<kl<j<n.
@ The number s;; is the delay of the sequence

gi(D) = D%fj(D)/qy(D) = D% + gs,s D* 4 -
@ Let s = min; ;{s;}, then
G'(D) =D *G(D)
is both delayfree and realizable and both G(D) and G'(D) generate
lutional -
if we consider s which is the minimum s i j over all i and j, then we can find an equivalent

generator matrix which would be G dash of D which we can write as G minus s G D and this
G i D will be delay free and it is of course realizable and it also generates the same set of
codewords. So whenever we have a generator matrix which has a delay term we can always

find an equivalent generator matrix which is delay free.
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Convolutional codes

@ Problem # 4: Prove that every convolutional code C has a
polynomial delayfree generator matrix.

Next question, prove that every convolutional code has a polynomial delay free generator

matrix. So for any convolutional code,

(Refer Slide Time 12:09)

we have an equivalent polynomial delay free generator matrix.
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@ Problem # 4: Prove that every convolutional code C has a
polynoemial delayfree generator matrix.

@ Solutions: Let G(D) be any realizable and delayfree generator for C
and let q(D) be the least common multiple of all the denominators
of the nonzero entries of G(D).

So let us say we have a generator matrix which is given by G D and this be any realizable and
delay free generator for this convolutional code c and let q be the least common multiple of
all the denominators of the non zero entries of G D. So G D basically has rational form and q

D is the I ¢ m of the denominator terms of the non zero entries of G D. Now if we have such
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@ Problem # 4: Prove that every convelutional code C has a
polynomial delayfree generator matrix.

@ Solutions: Let G(D) be any realizable and delayfree generator for C
and let q(D) be the least common multiple of all the denominators
of the nonzero entries of G(D).

@ Since q(D) is a delayfree polynomial, we have
G'(D) = q(D)G(D)

is a polynomial delayfree generator matrix for C.

an, and we will have a ¢ D which is basically delay free. So if we multiply our original

generator matrix by this g D we will end up with a new generator matrix G dash of D which

will be polynomial and delay free.
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@ Problem # 5: The dual code C*+ to a convolutional code C is the
set of all n-tuples of sequences v* such that the inner product

(v.v") _w(u')’

is zero.

Ok, so let's first define a dual of a convolutional code. So we define a dual of a convolutional,
convolutional code c as a set of all end tuples of sequence v dual such that the inner product

between these which is defined by v and v dual transpose, this is essentially zero. So
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@ Problem # 5: The dual code C* to a convolutional code C is the
set of all n-tuples of sequences v such that the inner product
e e

(v.v') =v(v*) =0

is zero.

if you have a dual to the original convolutional code then if you take set of code n tuple

sequence from the original code and the dual code their inner product will be zero.
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Convolutional cc

@ Problem # 5: The dual code C' to a convolutional code C is the
set of all n-tuples of sequences vt such that the inner product

(v.vt) = H(UJ')T

is zero.

@ Let rate k/n convolutional code be generated by the semi-infinite
generator matrix G and the rate R = (n — k)/n dual code C+ be
generated by the semi-infinite generator matrix G-, where

G- G - Gk
G - G G - Gh
Then
G(GY)=0

So let us define a rate k by n convolutional code which is generated by a generator matrix G

and you know that we can write a generator

(Refer Slide Time 14:26)

matrix of convolutional code in a semi infinite fashion. And let's say
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Convolutional codes

@ Problem # 5: The dual code C to a convolutional code C is the
set of all n-tuples of sequences v' such that the inner product

(v.vl) = w(v!)

F

is zero.

@ Let rate k/n convolutional code be generated by the semi-infinite
generator matrix G and the rate R = (n — k)/n dual code C+ be
generated by the semi-infinite generator matrix G-, where

G G - Gy
Gl = G- G - G
Then
G(G*)=10

the dual code is this which has rate n minus k by n and it is generated by this semi infinite
generator matrix then show that G G transpose basically will be zero where as G is the

generator matrix of the original code and this is the generator matrix of the dual code.
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@ Let v=uG and v* = u*G*, where v and v are orthogonal. Then
we have

v(ivH)T =uGu*GH)T =uG(GH)T(u")T =0

So how does this follows? So since v v transpose is 0, so what is v? v is u times j. And v, and
v dual is u dual G dual. Now we know that they will be dual of each other if v v dual
basically is orthogonal. So if this inner product is 0, now if inner product is zero, so then u G
and this transpose should be zero. So this we can write as u G G transpose. Now this term

will be zero only if this term is zero
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@ Let v =uG and v = u"G*, where v and v are orthogonal. Then
we have T
& 1
v(v )T = uG(u'GH)T =uG(GH) ()T =0

e
p——

for all u, Ok and hence
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Convolutional codes

@ Let v=uG and v* = u"G*, where v and v* are orthogonal. Then
we have

v(vt)T =uG(utGH)T = uG(GH) ()" =0

@ Thus we have
G(G")=0

we get this condition that this should be zero, Ok.
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@ Let v=uG and v* = u'G*, where v and v* are orthogonal. Then
we have

v(v')T = uG(u*GH)T = uG(GH) (u*)T =0

@ Thus we have
G(G')=0
@ The convolutional dual code C* to a convolutional code C which is
encoded by the rate R = k/n generator matrix G(D) is the set of all
codewords encoded by any rate R = (n — k)/n generator matrix

G (D) such that
G(D)GI(D) =0

So a convolutional dual to a convolutional code ¢ which is encoded by a rat-e k by n generator
matrix G D is set of all codewords encoded by rate n minus k with generator matrix this such
that G D and the generator matrix of the dual should be 0. So the dual of the code is defined
by this.
Next,
(Refer Slide Time 16:47)
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@ Problem # 6: The convolutional dual to the code encoded by the
generator matrix G(D) is the reversal of the convolutional code dual

to the code encoded by G(D).

so here we will show that the convolutional dual to the code encoded by the generator matrix

G D is nothing but reversal of the convolutional code dual to the code generated by G of D.

So
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Convolutional codes

@ Problem # 6: The convolutional dual to the code encoded by the
generator matrix G(D) is the reversal of the convolutional code dual

to the code encoded by G(D).

@ Let us consider a rate R = k/n convolutional code encoded by the
polynomial generator matrix

G(D)=G+GD+-+GuD"™

let us consider a rate k by n convolutional code which is encoded by a polynomial generator.
We have already shown that we can find an equivalent polynomial delay free representation

of any convolutional code, right. So let's see this is our

(Refer Slide Time 17:35)

G D for original
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@ Problem # 6: The convolutional dual to the code encoded by the
generator matrix G(D) is the reversal of the conveolutional code dual
to the code encoded by G(D).

@ Let us consider a rate R = k/n convolutional code encoded by the
polynemial generator matrix

G(D) - Go+ G D+ + G,D™
P—— S i

code c.
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@ Problem # 6: The convolutional dual to the code encoded by the
generator matrix G(D) is the reversal of the convolutional code dual
to the code encoded by G(D).

@ Let us consider a rate R = k/n convolutional code encoded by the
polynomial generator matrix

G(D) =& + GO+ -+ GpD"

@ Let G*(D) denote the rate R=(n — k)/n polynomial generator
matrix : :
GH(D)=Gt +Gp_1D+---+ GD™

which is the reciprocal of the generator matrix
GLH(D) =G +GD+ -+ G
for the dual code C* il

Now we define this as the reciprocal of the generator matrix. Now how do we come up with a

reciprocal? So we do G D minus 1 and we multiply by the maximum degree which is, in this

case, m. This is how we get the reciprocal. This is how we get the reciprocal, Ok. Now
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Convolutional codes

@ Problem # 6: The convolutional dual to the code encoded by the
generator matrix G(D) is the reversal of the convolutional code dual
to the code encoded by G(D).

@ Let us consider a rate R = k/n convolutional code encoded by the
polynomial generator matrix -(_:er- D\“G(D_..)

G(D) =G+ GD+--+GuD"

@ Let G*(D) denote the rate R=(n — k)/n polynomial generator
ma'cr?'('=J _ .
GH(D) =Gt + G 1D+ -+ GD™

which is the reciprocal of the generator matrix
G (D) =G + G D+ + G
for the dual code C+. i

what I have shown you here is the reciprocal of
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@ Problem # 6: The convolutional dual to the code encoded by the
generator matrix G(D) is the reversal of the convolutional code dual
to the code encoded by G(D).

@ Let us consider a rate R = k/n convolutional code encoded by the

: : - plct :
polynomial generator matrix GlW- D a5

G(D) =G+ GO+ -+ GnD"

@ Let G-(D) denote the rate R=(n — k)/n polynomial generator

matrix " -
| GL(D) = G +Gpr_yD +- -+ + GD™

which is the reciprocal of the generator matrix

GH(D) =G + GED + -+ G

for the dual code C+. i

the generator matrix for the dual.
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@ Problem # 6: The convolutional dual to the code encoded by the
generator matrix G(D) is the reversal of the convolutional code dual
to the code encoded by G(D).

@ Let us consider a rate R = k/n convolutional code encoded by the
polynomial generator matrix a‘w__ DH‘G(D_..)

CD) =G+ GO+ Col™
9 Let (?__‘_(___Q] denote the rate R=(n — k)/n polynomial generator

matrix -
| G+(D) = 6}

which is the reciprocal of the generator matrix

E(D):Gﬂ‘- FGED -k GL

for the dual code C*

This is the generator matrix of the dual code. And this is the reciprocal of the generator

b Gty D o G D™

matrix of the dual code. Now note we have to show that the convolutional dual to the code
encoded by G D is nothing but the reversal of the convolutional dual coded by G D. So if
that's the case then G D, dot product of G D with this should be zero. So
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@ Then we have

GD)G(D)" = Go(Gops)" + GolGppi y)" + G1(Gp )D

m mt

g e GH(GUL)I'Dmun'

j==m \i=0

let's try to find G D and transpose of the reversal of the
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@ Problem # 6: The convolutional dual to the code encoded by the
generator matrix G(D) is the reversal of the convolutional code dual

to the code encoded by G(D).

@ Let us consider a rate R = k/n convolutional code encoded by the
polynomial generator matrix a“q)__ DF\G(D_..)

GD)=G+GD+ - +GnD"
9 Let (;___(___Q) denote the rate R=(n — k)/n polynomial generator

matrix - g
| GL(D) = GA +Gpu_yD +---+ GD™

which is the reciprocal of the generator matrix

E(D) = G- + Gi*D *_m

for the dual code C-

dual matrix. See; again pay attention to the question. Basically what we are saying is the dual

of the code encoded by the generator matrix is given by the reversal of the convolutional code
dual. So reversal of the convolutional code dual is this, right. So if the dual of the
convolutional code is given by reversal of the convolutional code, then what is the property,
the, this generator matrix should satisfy? This and this transpose should be zero. So we have

to show that G D and this generator matrix transpose is zero.
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@ Then we have

G(D)(G(D)" = Go(Gpi) + Go(Gpi )" + Gi(Gu)D

—_— i
SRS GM(GOL)I'DHMJH

— (mz (i Gr(G;J._, T)) D"IJJ. o
j=—m \i=0

So we do this. So this can be written as this term, Ok?
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@ Then we have

GD)G(D)" = Go(Gpps)" + GolGppi 1) " + G1(Gp )D

m

(e GH(GOL)I'DHHM'

mz (i G,(G‘JI';)T)) Dm-)‘ =0
m \i=0

Further we can write this as double summation
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Convolutional codes

@ Then we have

G(D)(G(D)" =[ Go(G,y:
—_— TLRLE {-G,H(GﬁL)I-Dm”nI

ml m \
={| X ( G,-(G‘.J;;.)T) ot e
j=—=m \i=0

)"+ Go(G

mt=1

)" + Gi(GL)D

m

and what is this? This is the dual of, generator matrix is dual of this, so this, this G D G
transpose should be zero, right? So this whole summation would be also zero. So what we

have shown is then the dual of the, dual of this code
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@ Then we have

GIOYE(D))'] =[ Go(Gps) + Go(Gpri_y)" + Gi(Gpi)D
T TE oo Gm(GnJ_).f'Drer'

m* m i
— ( Z (z G,(GJJ";)T)) Dm-).
j=—m \i=0 #

which has generator matrix G
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Convolutional codes

@ Problem # 6: The convolutional dual to the code encoded by the
generator matrix G(D) is the reversal of the convolutional code dual
to the code encoded by G(D).

@ Let us consider a rate R = k/n convolutional code encoded by the
polynomial generator matrix a‘w__ D""‘G(D_.

G(D) =G+ GO+ -+ GpD"

@ Let G*(D) denote the rate R=(n — k)/n polynomial generator

matrix = :
| GL(D) = GL + Gpu 1D +-+-+ GD™

which is the reciprocal of the generator matrix

lE(D) = G+ + GLD *_m

for the dual code C*

is nothing but the reversal of convolutional code dual because this generator matrix is nothing

but it is the reversal of the generator matrix of the dual code of c, Ok.
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@ Problem # 7: Show that the free distance for any binary rate
R = k/n convolutional code encoded by a minimal encoding matrix
of memory m and overall constraint length 1 satisfies

i }

(m+i)n

frea = MiN 2(1 — 2v-Hm+1)

Next we are going to show a bound on free distance of convolutional code. So show that if
you have a rate k by n convolutional code whose encoding matrix is memory n and overall

constraint length mu then free distance is upper bounded by this.
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@ Problem # 7: Show that the free distance for any binary rate
R = k/n convolutional code encoded by a minimal encoding matrix
of memory m and overall constraint length 1- satisfies

@ Arate R = k/n convolutional code can be encoded by a minimal
encoding matrix whose realization in controller canonical form has
2" encoder states.

So if you have a rate k by n code, we can realize it using controller canonical form using 2

mu encoder state because overall constraint length is 2.
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@ Problem # 7: Show that the free distance for any binary rate
R = k/n convelutional code encoded by a minimal encoding matrix
of memory m and overall constraint length 1- satisfies

dfree = MiN { {%J }

@ A rate R = k/n convolutional code can be encoded by a minimal
encoding matrix whose realization in controller canonical form has
2" encoder states.

@ Consider 2™/ j = 1.2, ... information sequences.

Now if we consider 2 raised to power k into m plus i information sequences
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Convolutional codes

@ Problem # 7: Show that the free distance for any binary rate
R = k/n convolutional code encoded by a minimal encoding matrix
of memory m and overall constraint length 1- satisfies

dfree = MiN { {%J }

@ A rate R = k/n convolutional code can be encoded by a minimal
encoding matrix whose realization in controller canonical form has
2" encoder states.

@ Consider 2™/ j =1 2, ... information sequences.

@ There exist 2€(m+i) 2V information sequences starting in the zero
state leading to the zero state.

then there exist 2 k m plus i divided by 2 mu information sequence starting at zero state

leading to all zero state. So
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@ Problem # 7: Show that the free distance for any binary rate
R = k/n convolutional code encoded by a minimal encoding matrix
of memory m and overall constraint length 1 satisfies

}

(m+i)n
2(1 2w k[mw))

free < Min {

@ A rate R = k/n convolutional code can be encoded by a minimal
encoding matrix whose realization in controller canenical form has
2 encoder states.

@ Consider 24(™*7) ; = 1,2, ... information sequences.

@ There exist 2Km+1) 2V information sequences starting in the zero
state leading to the zero state.

@ Corresponding code sequences constitute a block code with
M = 2km+i)=v codewords and blocklength N = (m + i)n for
=127

if we count number of such codewords, then number of such codewords m is given by 2
raised to power k into m plus i minus mu and what is the length of this codeword? Length of
this codeword would be length plus i into n, because it is a rate k by n code, right?

Next we are going to use
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Convolutional codes

@ From Plotkin bound, we have
" NM
oo < i

Plotkin's bound. The Plotkin bound says it upper bounds the minimum distance as floor of,
this is codewords length, number of codewords, 2 into number of codewords minus 1. So in

this example what is our
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Convolutional code

@ From Plotkin bound, we have

@ Putting the value of N and M, we get the desired bound.

n? Our nis
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Convolutional code

@ Problem # 7: Show that the free distance for any binary rate
R = k/n convolutional code encoded by a minimal encoding matrix
of memory m and overall constraint length 1+ satisfies

}

@ A rate R = k/n convolutional code can be encoded by a minimal
encoding matrix whose realization in controller canenical form has
2" encoder states.

o Consider 2™+ j =1 2 ... information sequences.

(m-+i)n
2(1 2w k[mw))

ree < min {

@ There exist 2Km+1) /12v information sequences starting in the zero
state leading to the zero state

@ Corresponding code sequences constitute a block code with

M = 2km =¥ codewords and blocklength N = (m + i)n for
F=a

this, Ok?
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Convolutional codes

@ Problem # 7: Show that the free distance for any binary rate
R = k/n convolutional code encoded by a minimal encoding matrix
of memory m and overall constraint length 1 satisfies

}

@ A rate R = k/n convolutional code can be encoded by a minimal
encoding matrix whose realization in controller canonical form has
2" encoder states.

o Consider 2™+ j — 1 2 ... information sequences.

(m-i)n
2(1 2w k[mw])

free < Min {

@ There exist 2K i) /2¥ information sequences starting in the zero
state leading to the zero state.

@ Corresponding code sequences constitute a i
M = 2km =¥ codewords and blocklength (N = (m + i)nfor
A= T2

This is our n. And what is our m? Our m is this.
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Convolutional ¢

@ Problem # 7: Show that the free distance for any binary rate
R = k/n convolutional code encoded by a minimal encoding matrix
of memory m and overall constraint length - satisfies

R (m-+i)n
tvee <10 { | 1750 |}

@ A rate R = k/n convolutional code can be encoded by a minimal
encoding matrix whose realization in controller canenical form has
2" encoder states.

@ Consider 24(™+7) ; =1 2, ... information sequences.

@ There exist 2K0m+1) /12v information sequences starting in the zero
state leading to the zero state.

@ Corresponding code sequences constitute a i
M = 2kimti=v[codewords and blocklength (N = (m + i)nfor

=12

So we plug in this value of m and n in our
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@ From Plotkin bound, we have

Plotkin bounds what we will get is
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Convolutional codes

@ From Plotkin bound, we have
" NM
dmln = \‘mJ

@ Putting the value of N and M, we get the desired bound.

our desired bound which is this result
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Convolutional codes

@ Problem # 7: Show that the free distance for any binary rate
R = k/n convolutional code encoded by a minimal encoding matrix
of memory m and overall constraint length - satisfies

}

@ A rate R = k/n convolutional code can be encoded by a minimal
encoding matrix whose realization in controller canonical form has
2" encoder states.

(m+i)n

]

@ Consider 2%(™*+) j —1 2 ... information sequences.
@ There exist 2Km+1) 2V information sequences starting in the zero
state leading to the zero state

@ Corresponding code sequences constitute a i
M = 2km+0)-v[codewords and blocklength (N = (m + i)nfor

F=1,2,---

, Ok
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@ Problem #8: The free distance for any binary R = k/n
convolutional code encoded by minimal encoding matrix of memory

m satisfies

dhee < it | (72207}

So the next problem we will solve is to show that free distance of a rate k by n convolutional

code is upper bounded by this. Now this result can be obtained from



(Refer Slide Time 23:54)
ﬂ - a i T‘J |G § w® \.I-__:
o »TommMMa o co mUENBEENEC0 W sommoms 12

Convolutional codes

@ From Plotkin bound, we have
. NM
oo < i

@ Putting the value of N and M, we get the desired bound.

the bound that we had
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@ From Plotkin bound, we have

derived earlier, this bound,
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Convolutional codes

@ Problem # 7: Show that the free distance for any binary rate
R = k/n convolutional code encoded by a minimal encoding matrix
of memory m and overall constraint length 1 satisfies

(m-i)n

@ A rate R = k/n convolutional code can be encoded by a minimal
encoding matrix whose realization in controller canenical form has
2" encoder states.

o Consider 2™+ j — 1 2 ... information sequences.

@ There exist 2K(m+1) /12v information sequences starting in the zero
state leading to the zero state.

@ Corresponding code sequences constitute a i
M = 2km+i-v(codewords and blocklength [N = (m + i)nfor

=18 -

Ok.
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@ Problem #8: The free distance for any binary R = k/n
convolutional code encoded by minimal encoding matrix of memory

m satisfies ( )
.. m+i)n
dfree < 2l { -2 Ia)}

dfm l

<=

@ Also

lim
m—ssc mn 2

And also we will show that this relation holds. So since
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@ Problem #8: The free distance for any binary R = k/n
convolutional code encoded by minimal encoding matrix of memory

m satisfies ( )
o m+i)n
dfree < i { 21-2 :a)}

e

lim — < =
m—+oe mn 2

@ Also

@ Solutions: Since v < km, the bound follows from the result of the
last question. i

overall constraint length is less than k times m, then if you go back to this expression
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Convolutional codes

@ Problem # 7: Show that the free distance for any binary rate
R = k/n convolutional code encoded by a minimal encoding matrix
of memory m and overall constraint length - satisfies

(m+i)n }
2(1 21« k[mw))

@ A rate R = k/n convolutional code can be encoded by a minimal
encoding matrix whose realization in controller canonical form has
2" encoder states.

o Consider 2™+ j =1 2 ... information sequences.

d{fee = '}1!".1 {

@ There exist 2Km+i) /2¥ information sequences starting in the zero
state leading to the zero state.

@ Corresponding code sequences constitute a i
M = 2kmti-v(codewords and blocklength (N = (m + i)n[for

f=1,2---

v minus k m is actually less than zero so we can then upper bound this by just 2 raised to

power k i. If we do that we get this expression, Ok.



(Refer Slide Time 24:38)
o “80 resilaaaaag

o ToommmMa i «om EEOOEEO0 N s 2

@ Problem #8: The free distance for any binary R = k/n
convolutional code encoded by minimal encoding matrix of memory

m satisfies ( )
_ m-=ijn
dfree < min { A1-2-7) }

@ Also
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@ Problem #8: The free distance for any binary R = k/n
convolutional code encoded by minimal encoding matrix of memory

m satisfies ( )
S m-i)n
thee < {37707
@ Also
- dfree _ 1
m—a AN = 2

@ Solutions: Since v < km, the bound follows from the result of the
last question.

Now how do we get this expression?
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@ Problem #8: The free distance for any binary R = k/n
convolutional code encoded by minimal encoding matrix of memory

m satisfies ( )
. m+i)n
dfree < i { -2 :u)}

lim diee _ 1
im — e
m—+oe mn 2,

@ Solutions: Since v = km, the bound follows from the result of the
last question.

@ Also

So we know that this term is less than 1, and so this we can just upper bound by m plus i by n

by 2, and if I
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@ Problem #8: The free distance for any binary R = k/n
convolutional code encoded by minimal encoding matrix of memory

m satisfies ( )
. m-i)n Jhn
dfree < Min { —h} =3 s
21120 =2F) 5.
@ Also

hree _ 1

m 4

m—oc N 2

@ Solutions: Since v < km, the bound follows from the result of the
last question.

take m and n out, this will be 1 plus i times m by 2.
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@ Problem #8: The free distance for any binary R = k/n
convolutional code encoded by minimal encoding matrix of memory

m satisfies ( )
- m+i)n N
@ Also = - g ™ ( "-,:)
= o

m—+oe mn P,
@ Solutions: Since v < km, the bound follows from the result of the
last question.

So D free by m of n will then be, so if I do further, D free by m of n would be upper bounded

by 1 plus i by m by 2
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@ Problem #8: The free distance for any binary R = k/n
convolutional code encoded by minimal encoding matrix of memory

m satisfies ( )
— m-+i)n Jhn
dfree < min { —,ﬂ} s (e
izl | 2(1 = 2-K) 7 0 :
@ Also g o ¢ "-,:)
e _ 1 ==
m—oc mn T 2

@ Solutions: Since v < km, the bound follows from the result of the
last question.

d
free C‘i*
Laalil

and if we let m go to infinity this would go to zero so that would be upper bounded by half.

So that's
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@ Problem #8: The free distance for any binary R = k/n
convolutional code encoded by minimal encoding matrix of memory

m satisfies ( )
. m+i)n
dfree = A { AT—2-H) }

dpee _ 1
m=oe mn — 2

@ Also

@ Solutions: Since i < km, the bound follows from the result of the
last question.

@ Let m — o0, and noting that (1 — 27%) < 1, we get the desired
result.

the proof. So you let m go to infinity and since this is less than 1, what you will get is this,
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Convolutional codes

@ Problem #8: The free distance for any binary R = k/n
convolutional code encoded by minimal encoding matrix of memory

m satisfies ( )
. m+i)n
free = min { 21-2-9) }
@ Also
i e _ 1
mlcn\ mn 2

@ Solutions: Since ¥ < km, the bound follows from the result of the
last question.

@ Let m — oo, and noting that (1 — 27%) < 1, we get the desired
result.
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thank you



