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We will continue our discussion on decoding of
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Lecture #14B: Decoding of low density parity check codes-Il;
Belief Propagation Algorithm

L D P C codes. Today we are going to talk about
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probabilistic decoding algorithm. So
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Qutline of the talk

@ Message passing algorithm

we are going to talk about belief propagation algorithm. So before we do that,
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@ Message passing algorithm
@ decoding in probability domain.

we are going to prove some results and use these results for decoding of L D P C codes.
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Probabilistic decoding

Theorem:

@ Consider a sequence of m independent random variables
A=[AA,.... Am], where P(A, = 1) = pi. Then

m

P(A has even parity) = % . % H(l 2pk)
k=1

and

1 1 m
P(A has odd parity) = 5= 3 H(l — 2px).
k=1

So we are going to use this Lemma Theorem to prove the decoding algorithm results. So

what is this result which says that if you have a sequence of m independent random variables

which you denote by A, so A 1, A 2, A 3, A m are m independent random variable and

probability of A A k being 1 is given p, Then probability that A has even parity is given by

this expression
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Theorem:

@ Consider a sequence of m independent random variables
f\___ [Ar, A, ..., Am|, where P(A, = 1) = pi. Then

i}’iﬂ has even parity) = % = % (1 - 2p) ||
k=1

1 17
P(A has odd parity) = 375 H(l — 2px).
k=1

and

and probability that A has odd parity is given by this expression.
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Theorem:

@ Consider a sequence of m independent random variables
A=[A,A,..., Am|, where P(A, = 1) = pi. Then

i}"‘iﬂ has even parity) = % - % (1-2p) ||
k=1

and

m

1 1
P(A has odd parity) = - H(l — 2px)-

k=1

Now we will use, we will derive our expression for decoding algorithm based on these

results. So let us first try to prove this result.
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Probabilistic decoding

@ Consider the function [[[" (1 — P; + Pjt)

@ The coefficient of t' is the probability of t i's.

@ The function [];,(1 — P, — Pit) is identical except for the fact that
all odd powers of t are negative.

@ Adding these two functions, all even powers of t double up and odd
powers cancel each other.

@ Letting t = 1, and dividing by 2 we get the probability of getting
even ones,

P{A has even |:nri|l\'] = ; + % H(I Zpk)
k=1

@ Similarly we can prove

m

P(A has odd parity) = % - % l_[(]. — 2px).
k=1

So let us consider the function of the form this, 1 minus p 1 plus p 1 t. So if we look at the
coefficient of t here this will give us the probability of t is. Now we can similarly consider

this function where this is, this plus has been replaced by minus
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Probabilistic decoding

@ Consider the function [[",(1 — P/ Pit)

@ The coefficient of t' is the probability of t i's.

@ The function []}",(1 — P; — Pjt) is identical except for the fact that
all odd powers of t are negative.

@ Adding these two functions, all even powers of t double up and odd
powers cancel each other.

@ Letting t = 1, and dividing by 2 we get the probability of getting
even ones.

P(A has even parity) = ; + % H(l 2pk)
k=1

@ Similarly we can prove

L
P(A has odd parity) = % i l_[(l — 2px).

k=1

here. So this function is identical to this except that the odd powers of t will be, have minus in

expansion. So if we expand this and we expand this, if we add
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Probabilistic decoding

@ Consider the function [[”,(1 - P@P1t) —P

@ The coefficient of t' is the probability of t i's.

@ The function [];",(1 — P = Pit) is identical except for the fact that
all odd powers of t are negative.

@ Adding these two functions, all even powers of t double up and odd
powers cancel each other.

@ Letting t = 1, and dividing by 2 we get the probability of getting
even ones,

11
P(A has even parity) = 5+ Eﬁl_ll(l — 2px)
@ Similarly we can prove

m
P(A has odd parity) = % - % H(l — 2px).
k=1

both of them together what we will get is all the odd powers of t will go away. Ok so what we
will be left will be even powers of t which are doubled up and odd powers have canceled out.
If we put t equal to 1 and divide by 2, we will get essentially probability that a has even parity

because we are left with only powers of t which is
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even. And similarly we can also prove
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Probabilistic decoding

@ Consider the function [[”,(1 - P@P1t) —P

@ The coefficient of t' is the probability of t i's.

@ The function [[;,(1 — P = Pit) is identical except for the fact that
all odd powers of t are negative.

@ Adding these two functions, all even powers of t double up and odd
powers cancel each other. —

@ Letting t = 1, and dividing by 2 we get the probability of getting
even ones,

P(A has even parity) = ; t ; H“. 2px)
k=1

@ Similarly we can prove

m

P(A has odd parity) = % - % H(l — 2px).
k=1

probability that a has odd parity. Now in this case, this will have all terms positive, odd
powers also positive, this will have odd powers negative so if we subtract this from this we
will get basically the probability of odd parity and that is basically given by this. Now the

same result can also be proved
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Probabilistic decoding

Theorem:

@ Consider a sequence of m independent random variables
A=[AA,..., Am|, where P(A, = 1) = pi. Then

i}’iﬂ has even parity) = % - % H(l 2px) |i
k=1

1 1y
P(A has odd parity) = 375 (1—2px).

k=1

and

using mathematical induction. So if you want to prove it using mathematical induction, let's

just say we take m equal to 1. If we take
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Theorem:

@ Consider a sequence of m independent random variables
_A__ = [A1, A,..., Am|, where P(A, = 1) = pi. Then

i}’iﬂ has even parity) = % = % ]___[(1 2pk) ||
k=1

m

L
P(A has odd parity) = g H(l — 2px)-

k=1

and

m equal to 1, what do we get here? For m equal to 1, we get basically half plus half one

minus 2 p 1.
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Theorem:

@ Consider a sequence of m independent random variables
ﬂ = [Ay, 4, ..., Am), where P(A, = 1) = pi. Then

Eﬂ has even parity) = % = %H“ 2px) ﬂ
k=]

1 17
P(A has odd parity) = 55 ]:[(1 — 2py).
k=1

and

So this is nothing but 1 minus p 1.
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Theorem: -y

@ Consider a sequence of m independent random variables
_A__ = [A1, A, ..., Am|, where P(A, = 1) = pi. Then

i}’iﬂ has even parity) = % t % ]___[(1 2px) |i
k=1

m

R
P(A has odd parity) = 573 H[l — 2px)-

and

k=l

And what is p 1? p 1 is the probability, it is 1. So what is the probability it is even parity? It is
1 minus p 1, so this relation holds for m equal to 1. Now let us see it holds for also some m.

Then we have to show that it also holds for m plus 1. Now if it holds for
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Probabilistic decoding

Theorem: = 1=h
@ Consider a sequence of m independent random variables mrn-n
ﬂ_ [Ar, As, ..., Apm), where P(A, = 1) = pi. Then —
P(A | ity) 1+1f[(1 2p) [
1as even parity) = = -
O ok VR

and
1
P(A has odd parity) = 3

m, to show that it holds for m plus 1, we have to find what's the probability that sequence of
m plus 1, independent random variables have even parity. Now when they, m plus 1,

independent random
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Theorem: = 1=h
o Consider a sequence of m independent random variables ™ o
A=[A,A,..., Am|, where P(A, = 1) = pi. Then —

and

1 1
P(A has odd parity) = 375 H(l — 2px).

o=l

variables have even parity? They will have even parity when m of them have even parity and

mth bit that we get, mth bit is zero or sum of m independent variables, they give odd parity
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Probabilistic decoding

ol =i

a )
m tvan MH=0 Bl 1Y i o
Theorem:

@ Consider a sequence of m independent random variables
ﬂ = [Ay, As, ..., Am), where P(A, = 1) = pi. Then ==

i:oiﬂ has even |1.<|ri|.l\'] - % - % H{I 2{)*) E{’
k=1

and
: 1 17
P(A has odd parity) = i 2,.]'_'[1(1 — 2py).

the mth bit that we receive is actually 1. So then
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Probabilistic decoding

el ms=4

[+ 1 = ..- . C L .—?..h)
I Lvan, o add el 3. i
Theorem: L
@ Consider a sequence of m independent random variables m_m“

_A__ = [A1, A, ..., Am|, where P(A, = 1) = pi. Then ——

i}’iﬂ has even parity) = % + %H(l 2p) [
k=1

and

m

¥
P(A has odd parity) = 375 H(l — 2px)-

k=1

we will get m plus 1 as even parity.
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Probabilistic decoding

revkl —3  EVin JJAS' w4
w __\—D—-\‘_' L ~ Lo ".i:-c 1-2p)
WM evan = medd ™= ' g
Theorem: \
@ Consider a sequence of m independent random variables s i

A=[AA,..., Am|, where P(A; = 1) = pi. Then —

i}"‘iﬂ has even parity) = = + % H(l 2p) [
k=]

B =

and

m

1 1
P(A has odd parity) = 375 H(l — 2p4).

k=1

Is it clear? So there are 2 cases, two ways in which we can get even peirity when we are
considering m plus 1 independent random variables. Either m of them had even parity and m
plus 1 is actually zero or m of them add up to odd parity and m plus 1 is also odd parity, Ok.
So what is this probability of m being even? That's given by this. What's the
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Probabilistic decoding

Tl 2 evin pPadl me4 )
- Le1=2R
I L0
Theorem: AL
@ Consider a sequence of m independent random variables mrn-H
A=[A,A,..., Am|, where P(A, = 1) = pi. Then E—
P(A has even parity)(= - . : ﬁ(l 2p) [
. I YN=35T3 H P
and

m

Lo
P(A has odd parity) = 375 H(l — 2px).

k=1

probability that m plus 1 is zero? That is given by 1 minus p m plus 1. What is the probability
that m of them is odd? That's given by this probability.
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Probabilistic decoding

Ml —— EVen J?Ar'v s 4 J
— L{1-2h
M evan MH =0 el i1 _"::._.-*ECI
Theorem: = by
@ Consider a sequence of m independent random variables mrn-n
_A_' = [A1.A2 ..... A",], where P(Ak — ].’ = Pk. Then —

——————

Eﬂ has even |1.<|ri|.l\']€% = % H{I Z{JEW
k=1 1 _‘F\mﬂ

and

P(A has odd parity)

And what's the probability that m plus 1 random variable is 1? That probability is given by p

times m plus 1. So the overall probability
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Probabilistic decoding

il
m van, MHe0 e ) e s
f___-—;—_..il' Pn'“" - 1-—?.

Theorem:

@ Consider a sequence of m independent random variables
A=[A,A,..., Am|, where P(A, = 1) = pi. Then ———

i 1149
P(A has even parity <§ = | I 2p:)
= I_‘Frn-'l

and

P(A has odd parity)

will be this multiplied by this plus this multiplied by p m plus 1. And if you simplify this
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Probabilistic decoding

Ml 2  EVein Padb ms4d
" et UG-
W evan MHe0 o add = L : —p .
Theorem: _ L = \= D
@ Consider a sequence of m independent random variables m_m“

_A_ = [A1, A, ..., Am|, where P(A, = 1) = pi. Then E——

1147
P(A has even parity =+ = H 2pk)
L <2 2 k=1 (I Frn-'l)

and

P(A has odd parity)

Peri

we can show that this plus this will come out to be 1 plus 1 k equal to 1 m plus 1 1 minus 2 p

k. So details of the calculation I am just leaving it



(Refer Slide Time 06:51)
a ” D v i | J‘I\’\Ihlk II.'\ \I:J
o ToomMMA o[- co MEENEEENEC 0 W swmom

Probabilistic decoding

ML o2 EVen Pad s i )
- Li1=2R
w evan M =D reoedd iz ’ ".i,," &
Theorem: = s = \=h

@ Consider a sequence of m independent random variables Lt

ﬁ = [A1, A, ..., Am|, where P(A, = 1) = pi. Then e

P(A has even parity)(= ]___[(1 2pk)
L (l ma.)

P(A has odd parity)

and

rmw

but this is how, using mathematical induction we are going to prove that tﬁis also holds true
for m plus 1 and hence proof. Similarly we can prove that probability that a has odd parity is
given by this expression. We will first show that for m equal to 1, this is nothing but p 1, so
that it holds true for m equal to 1. Assume it holds for m, then we have to show it also holds

for m plus 1. Now for m plus 1 to have odd parity, two ways,
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Probabilistic decoding

Ml =2  Evin Pasd me 4
il " L(l -2n)
m evan MH =0 B iz L e
Theorem: — feees o
@ Consider a sequence of m independent random variables mm“
ﬁ = [A1, Az, ., Am|. where P(A, = 1) = pi. Then —
mn—> odd f""‘*& P(A has even parity)(= = + = H(l 2pk)
| —F'-n.n)
and
P(A has odd parity) s

m has odd parity and the m plus 1 bit that we get is even parity is zero basically, is zero. Or m

has even parity and m plus 1 bit that we get is actually 1.
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Probabilistic decoding

el —3  Evin ]-'Mf" wms i

o1 L i(1-2m)
M evan MH =D e mri= L ".i,,*' (
Theorem: e feer % =T
@ Consider a sequence of m independent random variables m_m“
f\_ =1[Ay, A s Am|, where P(A, = 1) = pi. Then ——

mn—s odd f""‘*& P(A has even |1n|'il.lv]<1 - % H(l 2p:) [
k=]

2
Mo odd pes | =Pt
mrs €8 50d
of >
- P(A has odd parity) - e
wris L

So similar to this case we can also find out these probability and we add them up we can
show that this will be equal to half minus half product from k equal to 1 to m plus 1 of this.
So we can say that probability that a has even parity is given by this and probability that a
has, so sum of these m random variables have odd parity is given by this. So these are the

crucial expressions that we would be using in our decoding algorithm.
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Probabilistic decoding

@ Consider the function [[",(1 - PA@P1t) —P

@ The coefficient of ¢/ is the probability of t i's.

@ The function [];,(1 — P = Pit) is identical except for the fact that
all odd powers of t are negative.

@ Adding these two functions, all even powers of t double up and odd
powers cancel each other.

@ Letting t = 1, and dividing by 2 we get the probability of getting
even ones,

m

P(A has even |1.<|ri|.l\'] = ; = ; H{l Zpg)
k=1

@ Similarly we can prove

m

H(l ~ 2py).

k=1

P(A has odd parity) =

ha| =
hal =
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o Consider the code with parity check matrix, H:

H-—

(= -

0 0
1 0
1 1
0 0

-0 oo

0
1
0
0

-0 O -
== I e T e
—-o -

So let us consider an example. So this is our parity check matrix. We will first
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@ Consider the code with parity check matrix, H:

11100000
H 00011100
100100010
01001001

-t |q,_c1. G l] is the codeword under consideration.

describe the notations that we are going to use. And then we will state the decoding algorithm

and their corresponding equations and then we will illustrate using one
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example. So we are
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@ Consider the code with parity check matrix, H:
11100000
H- 00011100
SfNa oL 0alao
01001001
e c= [co.€1.. ... ¢cn 1] is the codeword under consideration.

using c to denote our codeword. So this is an n bit codeword, c 0, ¢ 1, ¢ 2, ¢ n. That's our

codeword.
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@ Consider the code with parity check matrix, H:

11100000
H 00011100
— 1T & 0 @ BT O
01001001
@ c=|c.C1,....Co1] is the codeword under consideration.

@ X; = (—1)° € {+1, -1}, the BPSK-modulated version of ¢;.

Now this codeword is modulated using b p s k modulations so we are mapping O to 1, we are

mapping to minus 1. So that's your b p s k modulated version of the code bits denoted by x of

L.
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@ Consider the code with parity check matrix, H:

11100000
H_ 00011100
1 0010010
01001001
e c=[a.q,..., cn—1] is the codeword under consideration.

@ X; =(-1)° € {+1, —1}, the BPSK-modulated version of ¢;.
@ Y; = X; + n;, where n; is zero-mean Gaussian with variance o2,

y of i is your received modulated codeword. So this is, we are considering an additive white

gaussian noise channel with
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@ Consider the code with parity check matrix, H:
11100000
H= 00011100
10010010
01001001
e c=[a.q,.... Cn—1] is the codeword under consideration.

@ X; =(=1)° € {+1, =1}, the BPSK-modulated version of ¢;.
@ Y; = X; + n;, where n; is zero-mean Gaussian with variance o°. AWeN
bl 5 1

—

noise variance given by n square and this is zero mean gaussian noise.

(Refer Slide Time 09:46)

ﬂ " o i » G ] & a \.ITJ
o ’ToOmmMMa cf AT EEL ISl e

@ Consider the code with parity check matrix, H:

11100000
H= 00011100
1 0010010
01001001
e c=[am.q,.... Cn—1] is the codeword under consideration.

@ X; =(=1)° € {+1, -1}, the BPSK-modulated version of ¢;.
@ Y; = X; + n;, where n; is zero-mean Gaussian with variance o2,

@ R;={i: hj; =1} = location of 1's in row j of H = the indices of
the bits checked by the j* parity check.

We use this notation R j
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@ Consider the code with parity check matrix, H:

11100000
H- 00011100
~ |1 0010010
01001001
e c=[aq,e,---, Cn1] is the codeword under consideration.

@ X; =(-1)° € {+1, —1}, the BPSK-modulated version of ¢;.
® Y; = X; + n;, where n; is zero-mean Gaussian with variance o2

o[Ri}= {i: b; = 1} = location of 1's in row j of H = the indices of
e bits checked by the j* parity check.

to denote the location of 1s in row j. Now what location of 1s in the parity check

(Refer Slide Time 10:05)

matrix denote? It denotes the bits that are participating in the parity check equation. So let's
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@ Consider the code with parity check matrix, H:

11100000
H_|00O01 1100
1 0010010
01 001001
e c=[m,qa,-.., Cn1] is the codeword under consideration.

@ X; =(=1)° € {+1, =1}, the BPSK-modulated version of ¢;.
@ Y; = X; + n;, where p; is zero-mean Gaussian with variance o2,

e = {i : h;; = 1} = location of 1's in row j of H = the indices of
e bits checked by the j* parity check.

take this example. What is R 0? The R 0, so the R 0

(Refer Slide Time 10:21)
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X

@ Consider the code with parity check matrix, H:

11100000
H= 00011100
1 0010010
01 001001
e c=[a.q,.... Cn—1] is the codeword under consideration.

@ X; =(=1)° € {+1, -1}, the BPSK-modulated version of ¢;.
@ Y; = X; + n;, where n; is zero-mean Gaussian with variance 2.

e _ {i: hj; =1} = location of 1's in row j of H = the indices of
e bits checked by the j* parity check.

corresponds to the Oth row
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@ Consider the code with parity check matrix, H:
11100000
H= 00011100
10010010
01001001
e c= [@,a;---, Cn1] is the codeword under consideration.

@ X; =(=1)° € {+1, =1}, the BPSK-modulated version of ¢;.
@ Y; = X; + n;, where n; is zero-mean Gaussian with variance o°.

e {i: hj; =1} = location of 1's in row j of H = the indices of
e bits checked by the j* parity check.

which is this row. Now look at the bits that are 1 here, 1, 2, 3 these are the bits which are 1.
So R 0 corresponds to, let's just label them 0, 1, 2, 3, 4, 5, 6. So R 0 corresponds to
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@ Consider the code with parity check matrix, H:
gl ESY AL F
11100000
H_ 00011100
100100010
01001001
wc= [a,q,---, cp-1] is the codeword under consideration.

@ X; =(-1)% € {+1, -1}, the BPSK-modulated version of ;.

@ Y, = X; + n;, where n; is zero-mean Gaussian with variance o2,

I. {i: hji =1} = location of 1's in row j of H = the indices of
e bits checked by the j* parity check.

to 0, 1 and 2.
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Ro = EG, 1,2
@ Consider the code with parity check matrix, H:
U I A B
11100000
H= 00011100
10010010
01001001
e c=[am.q,.... Cn1] is the codeword under consideration.

@ X; =(=1)° € {+1, =1}, the BPSK-modulated version of ¢;.
@ Y; = X; + n;, where n; is zero-mean Gaussian with variance o°.

e _ {i: hj; =1} = location of 1's in row j of H = the indices of
e bits checked by the j* parity check.

And what does it mean? It means for the first parity check equation, the bit number 0, 1 and 2

are participating. Similarly R 1 will be this, this, this. R 1 will be 3,4 and 5.

(Refer Slide Time 11:07)
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Fo = - A
o Consider the code with parity check matrix, H: Ry = %31 4, 5%
PRI, B N p
11100000
w_|000L1LL1L100
1 0 010010
01001001
se=a,q,- .-, cn-1] is the codeword under consideration.

@ X; =(-1)% € {+1, -1}, the BPSK-modulated version of ;.
@ Y; = X; + n;, where n; is zero-mean Gaussian with variance o2,

a = {i: hj; = 1} = location of 1's in row j of H = the indices of
e bits checked by the j* parity check.

R 2 will be 0, 3 and 6.And
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Ro = EO, 1,2
@ Consider the code with parity check matrix, H: Ry= i?n_, 4, 5%
C e B ot R:.=i°.3i"?
11100000 1
H_|00O0L1L 1100 '
1 0010010
01 001001
e c=[q,qa,---, Cn—1] is the codeword under consideration.

@ X; =(-1)° € {+1, —1}, the BPSK-modulated version of ¢;.
@ Y, = X; + n;, where n; is zero-mean Gaussian with variance a°.

e {i: hj; =1} = location of 1's in row j of H = the indices of
e bits checked by the j* parity check.

R 3willbe 1, 4, and 7
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Ro = EG, 1,2
@ Consider the code with parity check matrix, H: Rg - i?n_, 4, 5%
I e = ey C 2043}5?
I 1 I &d & & 0
r L2 =504, T
H— 00011100 % % oM ‘?
I &4y oo lao
01 001001
e c=[m,qa,..., Cn1] is the codeword under consideration.

@ X; =(=1)° € {+1, -1}, the BPSK-modulated version of ¢;.
@ Y; = X; + n;, where n; is zero-mean Gaussian with variance o°.

e _ {i: hj; =1} = location of 1's in row j of H = the indices of
e bits checked by the j* parity check.

So that's your R j.
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@ Consider the code with parity check matrix, H:

11100000
H_|00oo1 1100
"1 0010010

01001001

sc=[a,e,---, Cn—1] is the codeword under consideration.

@ X; =(—1)® € {+1, -1}, the BPSK-modulated version of c;.

@ Y; = X; + n;, where n; is zero-mean Gaussian with variance o2

@ R;={i: hj; =1} = location of 1's in row j of H = the indices of
the bits checked by the j* parity check.

@ G = {j: hj; =1} = location of 1's in column i of H = the parity
checks involving the it" codebit.

Now we use the notation c i to denote the locations of 1s in column i. Now what does

location in column i denotes? It denotes that ith bit, that participating in how many

(Refer Slide Time 11:56)

parity check equations, which parity check equation. So let us
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@ Consider the code with parity check matrix, H:
11100000
H= 00011100
1S S (8 R (R R
01001001
e=[m.e,- -, Cn—1] is the codeword under consideration.

X; = (—1)° € {+1,~1}, the BPSK-modulated version of ¢;.
Y; = X; + n;, where n; is zero-mean Gaussian with variance o2,

¢ & ¢ ©

R; = {i: hj; = 1} = location of 1's in row j of H = the indices of
the bits checked by the j* parity check.

@ G = {j: h;; =1} = location of 1's in column i of H = the parity
cﬁacks involving the i*" codebit.

look at c 0.So this was again 0, 1, 2, 3,4, 5,6,7.Soc0
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@ Consider the code with parity check matrix, H:

01 2 3 # 5§ &
11100000
H= 00011100
1 0010010
01 001001
e= e, -, Cn—1] is the codeword under consideration.

X; =(=1)° € {+1, =1}, the BPSK-modulated version of ¢;.
Y; = X; + n;, where n; is zero-mean Gaussian with variance o°.

e & © ©

R; = {i: hj; = 1} = location of 1's in row j of H = the indices of
the bits checked by the j* parity check.

@ G = {j: hj; = 1} = location of 1's in column j of H = the parity
cfecks involving the i codebit. S

is what? c 0 is, again this is, let's call it 0,1,2, and 3. So this is Oth parity check equation,
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Gj 2
@ Consider the code with parity check matrix, H:
Ol 2 % & ¢ T
1 110086 00]=—2
H= 00011100 —%
1 0010010|=—2%
(150 | TG T [ B T
c= [m; &, -- -, Cn1] is the codeword under consideration.

X; =(=1)° € {+1, -1}, the BPSK-modulated version of ¢;.
Y; = X; + n;, where n; is zero-mean Gaussian with variance o°.

¢ & ¢ ©

R; = {i: hj; = 1} = location of 1's in row j of H = the indices of
the bits checked by the j* parity check.

C.= {j : hj; = 1} = location of 1's in column i of H = the parity
cfecks involving the i*" codebit. e

1,2 and 3. So bit number, so if we look at column 0, so you can see this bit is participating in

Oth parity check equation and second parity check equation. ¢ 0 will be 0 and 2.
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G- En,?_j
@ Consider the code with parity check matrix, H
R MALsC T
o TR SN (L I | . O
H_ 00l Y 1o g|]=—=f
L0 0100102
01001001]|=3
® c= [ay, 55, - -, cp—1] is the codeword under consideration.

@ X; =(-1)% € {+1, -1}, the BPSK-modulated version of ;.

@ ¥, = X; + n;, where n; is zero-mean Gaussian with variance o2,

@ R; = {i: hj; =1} = location of 1's in row j of H = the indices of
the bits checked by the j* parity check.

e G = {j: hy; =1} = location of 1's in column i of H = the parity
cfecks involving the i codebit.

Similarly c 1 is going to be 0, because it is participating in Oth parity check equation and 3,

Ok. You can
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G= $o,28
@ Consider the code with parity check matrix, H: G = EG,SE

S RNE S C

3o L 0 as o o asg

H= 00011001

Leazraaoairof=—=

01001001 |=23

a= a6, Cn—1] is the codeword under consideration.

X; =(-1)° € {+1, =1}, the BPSK-modulated version of ¢;.
Y; = X; + n;, where n; is zero-mean Gaussian with variance o°.

© & © ©

R; = {i: hj; = 1} = location of 1's in row j of H = the indices of
the bits checked by the j* parity check.

G = {j: hji = 1} = location of 1's in column i of H = the parity
cfecks involving the i*" codebit.

take any, let's say c 4. What is c 4? Fourth bit is participating in parity check equation and

participating in parity check equation 3. So
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G- Eu,z}
@ Consider the code with parity check matrix, H: G= Eo,:ﬁ
L A Cys 51,33
n Lo L R
_ e ok L1 0a —r
H Lo 01 ol —
0100 1’ 001 |=3X
@ c=[a.q...., Cn—1] is the codeword under consideration.

@ X; =(-1)% € {+1, -1}, the BPSK-modulated version of ¢;.

@ Y; = X; + n;, where n; is zero-mean Gaussian with variance o2,

@ R; = {i: hj; =1} = location of 1's in row j of H = the indices of
the bits checked by the j* parity check.

@ G = {j: hj; = 1} = location of 1's in column i of H = the parity
Eﬁecks involving the i codebit. i

like that you can find out what is c i, fine. Now
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@ Rpi = R\{i}

we define the set R j minus a particular element i. So let's go
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@ Consider the code with parity check matrix, H: G = 'iﬂ,3'§
O 2 3 4& ¢ 7 o REAENE
L 10800 o =8
0 [FERE ISR T a O
- L0010010|f—2
0100 1‘ I I g (L=
e =i, €5 Cn1| is the codeword under consideration.

X; =(-1)° € {+1, =1}, the BPSK-modulated version of ¢;.

Y; = X; + n;, where n; is zero-mean Gaussian with variance 2.
R; = {i: hj; = 1} = location of 1's in row j of H = the indices of
the bits checked by the j* parity check.

¢ & ¢ ©

w

G = {j: hj; = 1} = location of 1's in column i of H = the parity
Eﬁecks involving the i codebit.

back. So what was our R, let's say R 0. What is R 0? R 0 was location of 1s in Oth row. So

that location was 0,1 and 2
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@ Consider the code with parity check matrix, H: G = E0,3'§
a2 3485 ¢ G5t 3%
e IS I O O O O S
B | AL A S Gt . B 2
H=1L001001 0|—2 g-§2123
0100 1‘ 001 |=23
e c=|[a.q,..., Cn1] is the codeword under consideration.
@ X; =(—=1)° € {+1, -1}, the BPSK-modulated version of ¢;.
@ Y; = X; + n;, where n; is zero-mean Gaussian with variance o°.
@ R;={i:hj; =1} = location of 1's in row j of H = the indices of
the bits checked by the j* parity check.
@ G = {j: hj; = 1} = location of 1's in column i of H = the parity
ﬁecks involving the i codebit.

right? So if I define

(Refer Slide Time 13:47)
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e Ry = R\{i}

R 0 slash 0, that would be then because R 0 R 0 is what, R0is 0,1,2. SoR 0
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Ro- 2011-25 R_,;n: ?

e Ry = R\{i}

minus 0 will have 1 and 2.
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Roo o023 Rep= Tr2d

e Ry = R\{i}

Similarly R 0 minus 1, this will be set containing 0 and 2.
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Ro> %0023 Rep= Fr2d
Kn[l = iﬂtzi
@ Ry = Rj\{i}

And this will be set containing 0 and 1.
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L funal Rip= T2 Ry fail
Rn[l = iolzi

e Ry = R\{i}

Similarly we define this set, c i minus this element j, so for example,
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G= $0,21
@ Consider the code with parity check matrix, H: G = io,:ﬂ
01l 2 34 5 & 7 C+,E1.33
L1100000]==
|00 01 L1100k
H=1L001001 0|—2 g-§512}
0 }__ 0 0 1aﬂl 001 -:—é:
ec=[q,q,..., Cn1] is the codeword under consideration.

@ X; =(=1)° € {+1, =1}, the BPSK-modulated version of ¢;.

® Y, = X; + n;, where n; is zero-mean Gaussian with variance 2.

@ R; = {i:hj; =1} = location of 1's in row j of H = the indices of
the bits checked by the j* parity check.

o G={i:h;= 1} = location of 1's in column i of H = the parity
checks involving the i codebit.

in this case let’s say ¢ 1is 0 3, so
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Re Gunal Rip= T2 Ryue fail
P\n[l = C{O,ZS

@ Ry = Rj\{i}

¢ 1 has elements 0 and 3. If we define
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B funal Rip= T2 Ry fail
Rn[l = %:O;Zi
o Ry = R\{i) 6 =303

this, this notation is like this, this zero, this will be 3 or c 1 0, Ok.
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Roe Gu023 Ryp= T2 Ryu- fori
P\nl = iﬂ;zi
e Ry = R\{i} G = 2o 33
Ciho » 'i}}

Ci\z - iD%
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e Ry = R\{i}
° Cf\J = CE\-\{J.I'
e
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e Rpi = Rj\{i}
° Gy = G\{j}

@ ¢ (i) = k™ bit in the j* parity check involving the code bit ;. (So
jE€ G and k € R;.)

Now we define by c k j the kth bit in the jth parity check equation involving codebit c i. That
is denoted by ci. ckji.
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@ Ry = R\{i}

® Gy = G\{j}

® ¢ j(i) = k* bit in the j* parity check involving the code bit ¢;. (So
jeCandke€R,.)

@ Yi (i) = (=1)*4) 4 ny ;(i), received signal corresponding to cx j(i).

So the received sequence corresponding to this transmitted sequence would be then, this is

the modulated version and this is the noise added. So this is the received signal corresponding

to this code bit.
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@ Ry = Ri\{i}
° Gy = G\{j}
@ ¢ j(i) = k™ bit in the j™ parity check involving the code bit ¢;. (So
jeEGandk €R;)
@ Yi (i) = (—1)®) + n j(i), received signal corresponding to cx (i).
L P(Ca =1|¥; = _Vr) = P(Xl = 'llyi = yi} =
/(1 + exp(2yi/a?)).

Now for an a w g n channel we can compute this probability that ci b is 1 given a y i, this can

be given by this expression.
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@ Ry, = Ri\{i}

@ Gy = G\U}

@ ¢ j(i) = k™ bit in the j* parity check involving the code bit ¢;. (So
jE C,: and k € RI)

@ Yi (i) = (=1)*4) & ny ;(i), received signal corresponding to cx ;(i).

e pi=Plg=1lYi=y)=P(Xi=-1|Yi=y) =

/(1 + exp(2y;/07)].

(Refer Slide Time 15:49)
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® Ry = R\{i)

® Gy = G\{j}
@ ¢ j(i) = k™ bit in the j™ parity check involving the code bit ¢;. (So
J'-E C,' and .‘( [S RI)
e Yi (i) = (—1)®) + n j(i), received signal corresponding to cx (i).
- = P(Ca =1|Y; = yr) =P{Xi==-1Yi=y) =
1/(1 + exp(2yi/a?)).
@ (i) = Plewj(i) = Lyx(i)).

And we denote by p k j the probability that c k j is one given a received sequence y k j.
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@ The a posteriori probability (APP) ratio for ¢; given the received
word ¥y = [yo. 41, .. ., ¥n—1] and given the event §; = { the bits in ¢
satisfy the parity check constraints involving ¢;}, is given by

P(c; = 0|y, 5)) . (1-p) ll, G (l 1 [la R, _“ "2F'f‘1tﬂ']))

Pla=1y.5) P Tl (1~ e, (@ - 200(i0))

So then we can write down the expression for a posteriori probability for our code bit c i
given our received sequence is y and given that the parity check constraints containing c i has
been satisfied. So what's the probability of c i being 0 given a received sequence y and given
that the parity check constraint containing, involving c i has been satisfied. This is given by,
divided by probability of c i being 1,given y and s i , this expression is given by this

expression.
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@ The a posteriori probability (APP) ratio for ¢; given the received

word y = [yo. 41, .. a—1] and given theevent 5; = { the bitsinc_

satisfy the parity check constraints involving ¢;}, is given by

Pla =0y.5) _ (1-p) ee (1+ Tren, (1 ~2p1i0)

Pla=1y.5) A [l (1-Tren, 2 - 200i(1)))

And we are going to use the theorem that we had proved in the beginning of the lecture to

derive this expression, namely
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if you have m independent random variables what is the probability that some of them has
even parity and some of them, some of them have odd parity. We are going to make use of

that result to derive
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@ The a posteriori probability (APP) ratio for ¢ given the received

word ¥ = [y0,¥1,. ... ¥a-1] and given the event 5; = { the bitsin¢

satisfy the parity check constraints involving ¢; }, is given by

P(Cj = Oly. S,] - (1 - p‘) njEC. (1 - I-li"cR_l\.(l s 29!'“1'{:'}))
Pla =1y, 5) P liec (1 ~[licr, (@ -2Pr";'(")})

this expression. So let's see.
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@ From Bayes' rule:

1-p,

A_h.—s
Ple =0ly,5) _ Pla =0ly:) P(Sile = 0.y)
Plci=1ly.5) Pla =1ly)P(Silc =1.y)
et el

pi

So from Bayes' rule we can write this probability as probability of c i Being 0 given y i
multiplied by probability that the parity check constraints are satisfied given c i is zero and
the received sequence is y. And similarly we can write that's probability of c i being 1 given
received sequence y and multiplied by the probability that parity check constraints are

involving c i is satisfied when c i is 1. So this, this probability is nothing but our p i.
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@ From Bayes' rule:

1-p;
P(ci=0ly.5) _Plci=0ly)P(Sile =0.y)
Plci=1ly.5) [Pla=1ly)P(Silc =1.y)

I S
pi

If you go back
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@ The a posteriori probability (APP) ratio for ¢; given the received

word ¥ = [yo. ¥1... ., ¥n-1] and given the em;_{__the_git_s_in_c__

satisfy the parity check constraints involving ¢;}, is given by

Plc =0y, 5)  (1-pi) Iiee (1 +TTiery (1 2p1i»))

Pla=1y.5) " P [lec (1-Ticr, @ - 20()
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@ Rpi = Ri\{i}

e Gy = G\{j}

@ ¢ j(i) = k™ bit in the j™ parity check involving the code bit ¢;. (So
jeECand k€ R;)

@ Yi (i) = (—1)®) + ny j(i), received signal corresponding to ¢ ;{i).

L - P(Ca =1|¥; = yr) =P(Xi==-1Yi=p) =
1/(1 + exp(2y;/?)).

@ prjli) = P((i) = Lywi(i).

—

what was p i? p i is probability of c i given v i.
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@ Rp; = Ri\{i}

@ Gy = G\{j}

@ ¢ j(i) = k™ bit in the j* parity check involving the code bit ¢;. (So
j€GandkeR;)

& Yii(i)=( 1)l 4 (1), received signal corresponding to ¢ ;(i).

o pi=Plci=1lYi=y)=P(Xi=-1|Yi=y) =
1/(1 + exp(2yi/o7)).

@ pejli) = Pler(i) = Lyei(i).

—

So that's p i.
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@ From Bayes' rule:

1-p;
4—"""”—;
Plci =0ly.5) _ Plc =0lyi) P(Silci=0.¥)

P(c = 1ly.5) E(C =1 y,%{P(SJc, ~1ly)
— pi

So then this, upper term would be 1 minus p i, Ok.
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@ From Bayes' rule:

—Tﬁ
Plei = 0ly:)|P(Silei =0.¥)

(c=1ly)P(Silc = Ly)

P(c; = 0ly. 5)
P(c = 1|y, S)

IR

Now let's pay close attention to these terms then.
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@ From Bayes' rule:

1=p;

A_A'.—s
Ple =0ly,5) _ Pl =0ly:) P(Sile = 0.y)
Plei=1ly.5) Pla =1ly) P(Silc =1.y)
S— —

pi

@ Let's consider the term P(S;|c; = 0,y). Given ¢; = 0, 5; holds if
each of w. parity checks involving ¢; has the property that the
w, — 1 bits in the check other than ¢; have even parity.

So what is this? Given that my codebit c i is 0, when will parity check constraint involving c i

will be satisfied? It is when sum of other parity bits
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involved in the parity check constraints, they add up to have even parity, right? So
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@ From Bayes' rule:

1-p;

— e,
P(ci =0ly.S) _ P(ci =0ly:) P(Silei = 0-!)_
Ple =1y, %) Pl =1|y)P(Sic=1.y)
—

pi

@ Let's consider the term P(S;lc; = 0.y). Given ¢, =0, 5; holds if
each of w. parity checks involving ¢; has the property that the
w, — 1 bits in the check other than ¢; have even parity.

will be satisfied if each of these parity check equations where c i is involved other than this c

i bit, if all other bits involved in the parity check equation in case of a regular L D P C code

that number is w 1 minus 1. If those, all those bits have even parity because c i has, c i is 0, so

the other bits should have even parity. Then only the parity check equation involving c i will

be satisfied. So we need to find the condition that sum of other parity check bits involved in

the parity check equations where c i is participating, they should have even parity.
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@ From Bayes' rule:

1—p;
a—"P—-.
P(c; = Oly. Si) _ P(c = 0|y) P(Silc; = 0,y)
Plci=1ly.5) Plci=1ly)P(Silci=1.y)
—

P

@ Let's consider the term P(S;|c; = 0.y). Given ¢; = 0, §; holds if
each of w, parity checks involving ¢; has the property that the
w, — 1 bits in the check other than ¢; have even parity.

@ For parity check j € G, the probability that the w, — 1 bits other
than ¢; have even parity is given by the lemma to be:

3+3 IT (4 =2m0).

o)
i"ERp;

Now from the theorem that we have proved, we know what is that probability. Probability
that other than c i, w or minus bits, they have even parity, that probability is given by this

expression.
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@ From Bayes' rule:

1 g
a—"P—\
P(c; = Oly, 51) 5 P(ci =0ly:) P(Silci =0.y)
Pla=1y.5) Pla=1n)FSla=1Ly)
S, e’

P

@ Let's consider the term P(S;|¢; = 0.y). Given ¢; = 0, 5; holds if
each of w, parity checks involving ¢; has the property that the
w, — 1 bits in the check other than ¢; have even parity.

@ For parity check j € G, the probability that the w, — 1 bits other
than ¢; have even parity is given by the lemma to be:

ey
"ERp;

If you go back probability
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Probabilistic decoding

@ Consider the function [[”,(1 - P@P1t) —P

@ The coefficient of ¢t/ is the probability of t i's.

@ The function [ ,(1 — P = Pit) is identical except for the fact that
all odd powers of t are negative.

@ Adding these two functions, all even powers of t double up and odd
powers cancel each other. —

@ Letting t = 1, and dividing by 2 we get the probability of getting
even ones,

P(A has even |1.<|ri|._\'] :. ;— + ; H(l zpk)
k=1

@ Similarly we can prove

m

[1a-2p0).

k=1

P(A has odd parity) =

ha| =
hal =

that they have, probability

(Refer Slide Time 20:21)
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Probabilistic decoding

@ Consider the function [[",(1 - PA@P1t) —P

@ The coefficient of t' is the probability of t i's.

@ The function [];,(1 — P = Pit) is identical except for the fact that
all odd powers of t are negative.

@ Adding these two functions, all even powers of t double up and odd
powers cancel each other.

@ Letting t = 1, and dividing by 2 we get the probability of getting
even ones,

P(A has even |1.<|ri|._\'] ;— + % H(I Zp;t)
k=1

@ Similarly we can prove

m
P(A has odd parity) = = % H(l — 2py).
k=1

n

that m random variables have even parity is half plus half product of 1 minus 2 p k. So

probability that w r minus 1, so half
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@ From Bayes' rule:
1-p
G
P(c; = Oy, Si) . P(c = 0|y) P(Si|lc = 0,y)
Plg=1v,5) Pls =1lw)FP({S5ilg=13)
—

i

@ Let's consider the term P(S;|c; = 0.y). Given ¢; = 0, 5; holds if
each of w, parity checks involving ¢; has the property that the
w; — 1 bits in the check other than ¢; have even parity.

@ For parity check j € C;, the probability that the w, we — 1 bits other
than ¢; have even parity is given by the lemma to be:

[ 2P111])|-|
HR.

plus half, now pay close attention to this.
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@ From Bayes' rule:

1—p;
.-—"p—-.
P(c; = Oly. Si) _ P(g =0ly) P(Silg = 0,¥)
Plg=1v,5) Plg=1w)P(5lq=1,3)
et

i

@ Let's consider the term P(S;|c; = 0.y). Given ¢; = 0, §; holds if
each of w, parity checks involving ¢; has the property that the
— 1 bits in the check other than ¢; have even parity.
@ For parity check j € G, the probability that the w, — 1 bits other
than ¢; have even parity is given by the lemma to be

i )

This is 1 minus 2 p k. Now what are the bits that we are considering. Now what will R j tell

us? R j



(Refer Slide Time 20:51)
dheiegs eeessiaaaasyE

Fa Teoomea gl oo RERERNENONEDC W swmwms 2

@ From Bayes' rule:
1-p;
f et ———.,
P(ci = Oy, 5;) _ P(c = 0ly;) P(Si|lc = 0.y)
Plc=1ly,5) Pla=1w)P(Silc=1y)
e

i

@ Let's consider the term P(S;|c; = 0.y). Given ¢; = 0, §; holds if
each of w, parity checks involving ¢; has the property that the
w; — 1 bits in the check other than ¢; have even parity.

@ For parity check j € G, the probability that the w, — 1 bits other
than ¢; have even parity is given by the lemma to be:

3.3 o R
3 5’% = 2pir j(i))-

will tell us

(Refer Slide Time 20:53)

jth parity check equation. And
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@ From Bayes' rule:

l—p;
a—"p—-.
P(ci =0|y.S) P(c =0|y)P(Si|lci=0.y)
Plci=1ly.5) Plc =1ly) P(Si|lci=1.y)
‘q’_’

(]

@ Let's consider the term P(S;|c; = 0.y). Given ¢; = 0, §; holds if
each of w, parity checks involving ¢; has the property that the
w, — 1 bits in the check other than ¢; have even parity.

@ For parity check j € G, the probability that the we — 1 bits other
than ¢; have even parity is given by the lemma to be:

L I 2pir 13)7

R j minus i, where i is, c i bit is involved,
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SOBlxens ¢leeswHaaaan
70 ’TooMua cZs co MEREEEERNECC B swnoms | 12

@ From Bayes' rule:

1—p;
;—"P—-.
P(c; = Oy, Si) _ P(g =0ly) P(Sila = U‘y)_
Pl =1ly,5) Plg=1|n)P(5la=1y)
—

pi

@ Let's consider the term P(S;|c; = 0.y). Given ¢; = 0, §; holds if
each of w, parity checks involving ¢; has the property that the
w; — 1 bits in the check other than ¢; have even parity.

@ For parity check j € G, the probability that the w, w; — 1 bits other
than ¢; have even parity is gwen by the lemma to be:

R
L (1= 2p 4 ))7 G

and this is minus i, so the other bits, other than c i which are participating in the parity check

constraint, product of this, they should add up to have even parity. So this is a set where c i is
participating in a parity check constraint. So other than c i, other bits have even parity. That is

captured by this particular set.
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Probabilistic Decoding

@ The independence of the y;’s means that the probability that all w,
parity checks involving ¢; are satisfied (given ¢; = 0) is just

P(5ilci =0.y) = 1_[ ( - % H (1- 29;«1;(”])

jeG R

L

And this should hold for all parity check equations involving c i. So this should hold for all w
c parity check sets where this particular c i is participating. So that's why you assuming that c
i's are independent I can then write the probability of product over all such parity check

equations where this is involved. So I can write down then probability that my
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Probabilistic Decoding

@ The independence of the y;'s means that the probability that all w,
parity checks involving ¢; are satisfied (given ¢; = 0) is just

P(Sila =0,y) = H ( © % H (1- 2p,-f,-(i))) :

JjeG
—

b2 =

parity check set constraint is satisfied given c i is 0, is given by this expression. And I can
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Probabilistic Decoding

@ The independence of the y;’s means that the probability that all w,
parity checks involving ¢; are satisfied (given ¢; = 0) is just

1.1 :
P(Silci =0,y) = H (5 kg I] a- 2.0.-:,-(;)]) ;
j€C I"ERy
@ Similar analysis assuming ¢; = 1 yields

P(Sila=1y)=[] ( : % H (- QPF';'(")]) :

¥ile] "ERy;

bl =

follow the same logic to find out the probability when c i is 1. When c i is 1, what you want,

the other bits should add up to have

(Refer Slide Time 22:30)

an odd parity. And that is
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Probabilistic Decoding

@ The independence of the y;’s means that the probability that all w,
parity checks involving ¢; are satisfied (given ¢; = 0) is just

P(Sile =0.y) = [ ( +% IT @ -29:';'("))) :

JeG =)

L

@ Similar analysis assuming ¢; = 1 yields

P(Sile = 1.y) = [ (; s I a z,,,.,.(,-);)_
=

jec

i
]

given by this expression and this should hold for all parity check, w c parity check equations
so this is, assuming independence, I can multiply each of these probabilities. So this is a
probability of this parity check set, I mean parity check constraint getting satisfied when c i is

1 and this is expression when c i is 0. So if plug these values

(Refer Slide Time 23:03)
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@ From Bayes’ rule

@ The independence of the y;'s means that the probability that all w,
parity checks involving ¢; are satisfied (given ¢; = 0) is just

i

P(Sile =0.y) = [[ (% v % I]a- Qp,«,(i))) :

jec €R

in my expression
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@ From Bayes' rule:
1-p
i i,
P(c; = Oly. Si) _ P(c = 0|y:) P(Silc = 0,y)
Pl =1ly,5)) Plg =1|n)P(Silc=1%)
—

[

@ Let's consider the term P(S;|c; = 0.y). Given ¢; = 0, §; holds if
each of w, parity checks involving ¢; has the property that the
w; — 1 bits in the check other than ¢; have even parity.

@ For parity check j € G, the probability that the w, — 1 bits other
than ¢; have even parity is given by the lemma to be:

2 R\
1 1 " JW
i 7 5;J.IR| ,“ 2pir (i) |'

here, this expression what I get is the
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Probabilistic Decoding

@ r;i(x) is the message passed from the j*" check node to the bit node

X =x.
rii(+1) = P(Parity check j satisfied|c; = 0, other bits
in check j have distributions given by q)
= S+ IT 1 -20(-1)
i"ERy,
and so
ri(=1) = P(Parity check j satisfied|c; = 1, other bits

in check j have distributions given by g)
= P(l-'nr'll_\' ('||l-<‘kj not .-anti.-diu”c, = (), other bits

in check j have distributions given by q)
= 1-ri{+1).

the expression for
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@ From Bayes' rule:

1—p;
| P
P(c; = Oy, 5i) ¥ P(c =0|y) P(Sila = U‘y)_
Plci=1lv,5) Plg =1w)P(S5ilq=1,x)
— e’

pi

@ Let's consider the term P(S;|c; = 0.y). Given ¢; = 0, S; holds if
each of w, parity checks involving ¢; has the property that the
w; — 1 bits in the check other than ¢; have even parity.

@ For parity check j € G, the probability that the w, we — 1 bits other
than ¢; have even parity is given by the lemma to be:

by v
L het T -

this, Ok.
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@ From Bayes' rule:

1-p;
S——
P(c = 0|y) P(Silc; = 0,y)
Plg =1lw) P(Silg = 1,¥)
| e

P(c = 0ly.5)
Plc = 1y, 5)

P

@ Let's consider the term P(S;|c; = 0.y). Given ¢; = 0, §; holds if
each of w, parity checks involving ¢; has the property that the
w; — 1 bits in the check other than ¢; have even parity.

@ For parity check j € G, the probability that the w, — 1 bits other
than ¢; have even parity is given by the lemma to be:

_ o
2o [ O
ERn;

So
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Probabilistic Decoding

@ r;i(x) is the message passed from the j*" check node to the bit node

X =x
rii(+1) = P(Parity check j satisfied|c; = 0, other bits
in check j have distributions given by gq)
= 5+3 [T a-2a-1).
HERp;
and so
ri(=1) = P(Parity check j satisfied|c; = 1, other bits

in check j have distributions given by gq)
P(Parity check j not satisfied|¢; = 0, other bits

in check j have distributions given by q)
1- fj_i(+1).

as we have said before we are writing, we are representing the L D P C code using standard
graph and there are 2 types of information which are getting propagated. One is one sort of

message is which is

(Refer Slide Time 23:29)

from the message nodes going to the variable, going to the parity check nodes. And there is

one set of message from the, parity check nodes coming back to the message nodes. So
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Probabilistic Decoding

@ r;i(x) is the message passed from the j* check node to the bit node

j =X,
rii(+1) = P(Parity check j satisfied|c; = 0, other bits
in check j have distributions given by q)
= 3+3 [T a-20-1)
i"eR;\,
and so
ri(=1) = P(Parity check j satisfied|c; = 1, other bits

in check j have distributions given by g)
= P(F;ll'il}' ('||l-(‘|-;j not HHTi.‘iﬁl‘(llCr = 0. other bits

in check j have distributions given by q)
= 1—r;i(+1)-

we are denoting by R j i, the message which is passed from jth parity check node to the ith
bit. We are denoting this by R j i.
(Refer Slide Time 23:57)
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OE— ixg is the message passed from the j*" check node to the bit node

Xi=x
rj.a’( +1) = P(Parity check j satisfied|¢; = 0, other bits
in check j have distributions given by q)
1 1
5+3 l_[ (1 —2g;;(—1)).
"ERp;
and so
r}-_;( ],) = P(l'.'lril_\' ('||l-(‘kj H}ll.ihli(-:”r_‘; = 1, other bits

in check j have distributions given by q)
= P(Parity check j not satisfied|e; = 0, other bits

in check j have distributions given by q)
= 1l=r+1).

So what is R j i? R j i is the probability that j th check node is satisfied given x is plus 1. So
this is a probability that j th check node is satisfied given c i is zero and other bits are given

by distribution, given by this q. Now what is this q distribution? We will
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Probabilistic Decoding

@ g, j(x) is the message passed from the bit node X; = x to the jt
check node.

qij(+1) = P(X; = +1|y;. information from check nodes

other than j* check node).

gi(+1) _ (1= p) e, 5i(+1)
q(-1) P l_[,"f-c”':'.i( 1)

come to, so there are 2 type of messages. As I said there is one message, so if I draw any

Tanner graph let's say let's draw any Tanner graph, let's say this some graph I am

(Refer Slide Time 24:37)
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@ g; j(x) is the message passed from the bit node X; = x to the j*
check node.

QJ‘.J( +1) = P(X; = +1| y;. information from check nodes

other than j* check node).

gj(+1) (1 -pm) njn,c, : rji(+1) 0
ai(-1) A Ipec, 5i(-1) f*bH
. ™

drawing.



(Refer Slide Time 24:38)
i ~ %0 ; jaaaaqsd
g TomMMA o[- co MENEEEENEC 0 MW s noms 12

Probabilistic Decoding

@ g, j(x) is the message passed from the bit node X; = x to the jth
check node.

qi.j(+1) = P(X; = +1|y;. information from check nodes

other than j* check node).

aij(+1) _ (1= p) [lieq, 7il+1) 3
a;(-1) A Ijec, 7i(-1) M

So there is one set of messages which is going from message to this check nodes. Ok this is

one sort of messages which are going like this. And there are another set of messages which

is coming from the check node to the message bits. So
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Probabilistic Decoding

@ g; j(x) is the message passed from the bit node X; = x to the j*

check node.

gi.j(+1) = P(X; = +1|y;. information from check nodes

other than j* check node).

ai(+1) _ (1 -p) [jec,, 7i(+1) 0
a4l T Pi l-[,".-c_,'}“i( 1) M
(2=

we are denoting by q i’s
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Probabilistic Decoding

ois the message passed from the bit node X; = x to the j
check node.

qi.j(+1) = P(X; = +1|y;. information from check nodes

other than j* check node).

g(+1) _ (1 pi) e, fif+1) C
a1 A lpec, 7A-1) M

the message which is passed from bit node to the jth check node and we are denoting

(Refer Slide Time 25:05)
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Probabilistic Decoding

e ; i_)) is the message passed from the j* check node to the bit node

X. =x,
rii(+1) = P(Parity check j satisfied|c; = 0, other bits
in check j have distributions given by q)
= 3+3 ] 0 -2a-1)
iERy,,;
and so
ri(=1) = P(Parity check j satisfied|c; = 1, other bits

in cheek j have distributions given by q)
P(]-'nril_\' ('||(-l‘kj not .‘HlTi.‘iﬁ!‘(lle = (), other bits
in check j have distributions given by q)
= 1- I'J_,'( {1).

by R j i the message which is passed from the check node to the bit node. Now probability of
this being,
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Probabilistic Decoding

? r;-_,-ixais the message passed from the j* check node to the bit node
X, =x

= P(Parity check j satisfied|¢; = 0, other bits

in check j have distributions given by gq)

T
= 3+3 I a-2a-1)
) ""1-;‘!:‘-.-
and so
ri(—=1) = P(Parity check j satisfied|c; = 1, other bits

in check j have distributions given by gq)
P(Parity check j not satisfied|c; = 0, other bits

in check j have distributions given by q)
1- fj_i(+1).

x being plus 1 which basically corresponds to c i, code bit being zero, this probability is
defined as what is the probability that jth parity check constraint is satisfied given that c i, the
ith bit is zero and other bits are given by, distribution given by q i. Now what is the
probability that jth parity check constraint will be satisfied given c i will be zero? That
probability is given by the condition that all other bits that are taking part in the parity check

constraint, they should have even parity

(Refer Slide Time 26:00)

and that
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a@] is the message passed from the j*" check node to the bit node

i X

= P(Parity check j satisfied|¢; = 0, other bits

in check j have distributions given by q)
= 5+3 I a-2a-1)
i"eRy,;
and so
ri(=1) = P(Parity check j satisfied|c; = 1, other bits
in check j have distributions given by g)
= P(T'm-ﬂ v ('||l-<‘|-:j not .-anti.-iiil‘(”c‘, = 0. other bits

in check j have distributions given by q)
= 1—ri{+1).

is given by this expression.
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o!':_ MJ is the message passed from the j* check node to the bit node

X =x.

= P(Parity check j satisfied|c; = 0, other bits
in check

| have distributions given by g)

1 |
=(5+35 Il @-2ar,(-1)),
PER;
and so
ri(—=1) = P(Parity check j satisfied|c; = 1, other bits

in check j have distributions given by g)
= P(l-'nril_\' ('||l-<‘kj not .-anti.-diz‘(”c‘,' = 0. other bits

in check j have distributions given by q)
L — ri(-+1).

Similarly we can find out what's the probability that R j i is minus 1, this is 1 minus this

probability. Now what
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Probabilistic Decoding

ois the message passed from the bit node X; = x to the j*
check node.

qij(+1) = P(X; = +1|y;, information from check nodes

other than j* check node).

gij(+1)  (1-p) ﬂj-ec,\,’}".i{ﬂ)
ai(-1) A Hj'cc_\,'f*‘i(—l). M

is this q i j? It's a message passed from the bit location i to the jth

(Refer Slide Time 26:24)

parity check node. And this is,
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Probabilistic Decoding

cis the message passed from the bit node X; = x to the j*
check node.

qi/(+1) = P(X; = +1|y;, information from check nodes

other than j* check node).

qij(+1) _ (1—P-] e Gy 7 Li(+1)
a1 A [Trec,, (1) M

so q i j being plus 1 is given by what's the probability that x i is plus 1 given received

sequence y i and information from parity check nodes other than the jth parity check node. So

what's happening is

(Refer Slide Time 26:44)

when you are decoding, because each bits are participating in multiple parity check
equations, so you are getting some independent information from other parity check nodes.

And that information you want to pass it to and spread it around in this network.
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Probabilistic Decoding

ois the message passed from the bit node X; = x to the j*
check node.

qij(+1) = P(Xi = +1|y;. information from check nodes

other than j* check node).

aj(+1) _ (1 - p) [lieg, wil+1) T
gj(-1) i Pi l—lj'.'(__frr'-"( 1)I %&Qﬂ

And this probability is given by this expression.
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Probabilistic Decoding

ois the message passed from the bit node X; = x to the j®
check node.

qi.j(+1) = P(X; = +1|y;. information from check nodes

4R

So there are 2 types of messages again, I repeat which are being propagated in this graph.

other than j* check node).

giy(+1) _ (1 - p) [liec,, 5i(+1)
qij(—1) Pi nju-c”'j*.i( 1)

One is
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l
the message from the message nodes to the check nodes and then check nodes are sending

some information saying Ok whether these parity check constraints are satisfied or not given
input bit is 1 or 0 and they are passing that information. So these information q is are passed
from message nodes to the check nodes and these messages r is are being passed from the

check nodes to the

(Refer Slide Time 27:46)
diBasgselesssiacaand
TO!T@)ENI@WL--.II.IIIIIDD.MWI!

Probabilistic Decoding

cis the message passed from the bit node X; = x to the j*
check node.

qi/(+1) = P(X; = +1|y;, information from check nodes

other than j* check node).

q(+1) (1-p) Hj-cc,‘,,’.-".i{+1)
P

message nodes.
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Probabilistic Decoding

For all i, j such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)

@ Step 0: Initialize:

So then how does this whole process go? So first step is

(Refer Slide Time 27:52)
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Probabilistic Decoding

For all i, j such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)
@ Step 0: Initialize:
@ Set p = Pl = 1|Y, = y) = 1/(1 + exp(2yi /a?)).

we initialize the probabilities that we are going to send from the message nodes to the check

node.
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Probabilistic Decoding

For all i, j such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)
@ Step 0: Initialize:
@ Set p; = P(c = 1|Y; = y) = 1/(1 + exp(2y: /a?)).
e ql-l(+l) =1-p;.

So we calculate this p i and we calculate this q is. These are messages we will send from the

bit nodes to the party check nodes,

(Refer Slide Time 28:12)
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Probabilistic Decoding

For all i.j such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)
@ Step 0: Initialize:
@ Set pi = Pla = 1Y = y) = 1/(1 + exp(2y: /0?))

s g i(+1)=1-p.
s giy(=1) = pi.

Ok. So that's the first step, initialization step that we are calculating. The initial messages that

the bit nodes will send to the
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Probabilistic Decoding

For all i, j such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)
@ Step 0: Initialize:
@ Set p = P(a = 1|Y; = y) = 1/(1 + exp(2y: /a?)).

[w ay(+1)=1-p.
2 qn-}(_l) Pi.

check nodes and that is basically based on the channel likelihood values. It is given by this

expression.
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Probabilistic Decoding

For all i.j such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)
@ Step 0: Initialize:
eSetpm=Pla=1Y =xn)=1/(1+ exp(Qy._;'n:)).
@ gij(+1)=1-p.
@ gij(=1)=p:
@ Step 1: Pass information from check nodes to bit nodes:

Next is, once these messages are assigned to check nodes, then check nodes will do local

computation and it will
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r is back to the bit nodes.
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Probabilistic Decodin

g
S

For all i.j such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)
@ Step 0: Initialize:
@ Set pi = P(c = 1|Yi = y) = 1/(1 + exp(2y /a”)).
@ gij(+1)=1-p.
@ g(-1) = pi
@ Step 1: Pass information from check nodes to bit nades:

So passing information from check nodes to bit nodes, so check nodes
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Probabilistic Decoding

For all i, j such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)
@ Step 0: Initialize:
o Set pr = Pa = 1|Yi = y) = 1/(1 + exp(2y /2?)).
@ gij(+1)=1-p.
@ gi;j(~1)=pi
@ Step 1: Pass information from check nodes to bit nodes:
@ q_,({—l)—% i'%l_[.f. HI_(l qu'.;("l)J

are going to pass this information r is back to the bit nodes and this is given by this

expression.
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Probabilistic Decoding

For all i.j such that h;; = 1. (So i indexes the bit nodes and j indexes
the parity checks.)
@ Step 0: Initialize:
eSetp=Pla=1Y =p)=1/(1+ exp(Qy.,.’n:)).
@ q'.-__,( b ].) =1 = p;.
a gij(-=1)=p:
@ Step 1: Pass information from check nodes to bit nodes:
@ rJ-'(‘-l) = 17 + flrl-[.'. H_f(l - 2qr'-_l( 1))
[a 2= E— (et

Now
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:

once you get this updated r is

(Refer Slide Time 29:02)

from various check nodes then this q is are updated.
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes

So you are going to then
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
@ gij(+1) = Kij(1 = pi) [Tjree ,ri(+1)

send modified information, this q is to the parity check nodes and this is basically given
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
@ gij(+1) = Kij(1 — pi) II,J. € I’;'_a('f'l)
Lo ql-l(_l) Kr-xpf l—I;’- < Ifj',.(—l)

by this. You can do some normalization. These are k is are just

(Refer Slide Time 29:22)
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@ Step 2: Pass information from bit nodes to check nodes:
s qui(+1) = Ky = ) TTec,, 7ri(+1)
s ai(~1) = KiipiTTyec,, 77A~1)
@ Here, the constants K;; are chosen so as to guarantee that
qii(+1) + gij(—1) = 1.

some constant. You can do some normalization. And finally we will compute the
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@ Step 2: Pass information from bit nodes to check nodes:
o qui(+1) = Kij(1 - p) TTec,, 1 u(+1)
o 6i(~1) = Kiipi Tlec, , 7r(-1)
@ Here, the constants K;; are chosen so as to guarantee that
qii(+1) + qij(—1) = 1.
@ Step 3: Compute the APP ratios for each bit position i

a posteriori probability and that's
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
@ qij(+1) = Kij(1 = p) [Tjree, , 7ri(+1)
o 6ia(=1) = Kigpi [yec,,, A1)
@ Here, the constants K;; are chosen so as to guarantee that
qii(+1) + gij(-1) = 1.
@ Step 3: Compute the APP ratios for each bit position i
o Q(+1) = Ki(1 = pi) [Tjeq riil+1)

given by
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
@ gij(+1) = Kij(1 — pi) [I,J. € I']‘_a(“'l)
L ql-l(_l) = K'-pr n,’- G Ir.f'-'(_l)
@ Here, the constants K ; are chosen so as to guarantee that
qii(+1) + gy(=1) = 1.
@ Step 3: Compute the APP ratios for each bit position i:
s Qi(+1) = Ki(1 - pi) [1jc¢, ri.i(+1)
> Q(-1) = Kpi TTjee A1)

this expression. And this we have derived earlier
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Probabilistic Decoding

@ Step 2: Pass information from bit nodes to check nodes:
@ gij(+1) = Ki (1 - P')”,J. € I’;'.a("'l)
o i(-1) = Kup TTeq,, i 1)
@ Here, the constants K;; are chosen so as to guarantee that
ql-]( T l] T Qp.;( “ = 1.
@ Step 3: Compute the APP ratios for each bit position i:

o Q+1) = K1 = p) TT,ec, il +1)
o Q(-1) = Kipi [Tjcq, A -1)

in the lecture, OKk.
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So to repeat basically how this whole process is going, you have this received values from the
channel. Based on that you compute initial p is, and q is. Now these information are assigned
to check nodes. Now check nodes do local computation, that what's the probability that check
node will be satisfied given a particular bit c i is zero or 1. And then they pass that
information to along the edges back to the bit nodes. Now these bit nodes are getting
information from other check nodes as well because each bit node is connected to multiple
parity check equations. So it takes those input into account to update its q is. And this process

is continued in an iterative fashion until all the parity check constraints are satisfied.
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Probabilistic Decoding

@ Step 4: Compute the hard decisions and decide if it's time to stop.

. _ [ 1 ifQ(-1)=05
Y71 0 otherwise.

So finally basically once you compute the a posteriori probability then q i being minus 1 is

more than 1, you decide in favor of 1 or you decide
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in favor of 0. So
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@ Consider the code with parity check matrix, H:

00

0 0
1 0
1 1
0 0

(=T =
==
o oo«
=
[= T = ]
= o oo

let us take an example to illustrate the decoding algorithm. So we have a low density parity

check matrix given by this. We have 8 coded bits.
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@ Consider the code with parity check matrix, H:
1110000
H— 00011100
10010010
01001001
en=8 m=n—k=4, dy, =3

(Refer Slide Time 31:02)
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This is the Tanner graph corresponding to the parity check matrix. We can just quickly check
it.
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% [S S
(3 '(.4 (5
(.'6 .(.7
@ Consider the code with parity check matrix, H:

11100000

H— 00011100
10010010
01001001

en=8 m=n—k=4, dp, =3

So the first parity check equation involves these 3 bits, first 3 bits. So you can see the first

parity check equation involves this, this and this.
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@ Consider the code with parity check matrix, H:

11100000

H— 00011100
100 1.0010
01001001

en=8 m=n—k=4, dp, =3

Second parity check involves fourth, fifth and sixth bit. That’s second parity check involves

fourth, fifth and sixth bit.

(Refer Slide Time 31:32)
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This involves
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@ Consider the code with parity check matrix, H:

11100000
Ho|00o0o11 100
10010010
01001001
en=8 m=n—k=4 dn,=3
first, fourth and seventh. And that's
(Refer Slide Time 31:41)
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first, fourth and seventh
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and similarly we can verify for this also, Ok. So this is Tanner graph corresponding to the

parity check matrix that we have drawn.
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] maodulation ]
0 1 ‘ 1 o +1 1 1

transmission

5
- ={.5

+0.2 |+0.2 | -0.9

+0.6 [ +0.5 | —1.1

04|-1.2 .
So these are the bits, 8 bits which were transmitted now after modulation, because we were

mapping them as minus 1 c i
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["’ 0 transmission

2
— =0.5

+0.2 (+0.2 | -0.9

+0.6 [+0.5 | 1.1

04|-12 g
so 1 is getting mapped to minus 1 and O is getting mapped to plus 1. So these are the

modulated bits and noise variance was point 5. So what we get is these are the received

values, so these are my

(Refer Slide Time 32:25)
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maodulation

[-" 0 transmission

2
o =05

y is. Ok
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transmission

gz =0.5

v-l}.E! -0.9

+0.5|-1.1

so what is the first step? I will take

(Refer Slide Time 32:32)

these y is and I will compute my p is and q is, initial p is.
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Initialization:

@ g j(x) = 1/(1 + exp(—2xy;/a?)) for each i.j such that h;; = 1.

So I am going to first compute my initial q is and that's basically given by this expression.

(Refer Slide Time 32:44)
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Initialization:

@ g j(x) = 1/(1 + exp(—2xy;/a?)) for each i, j such that h;; = 1.
@ goo(—1) = go2(—1) = 0.310 and goo(+1) = go.2(—1) = 0.690.

So I am just stating
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Initialization:
@ qij(x) =1/(1 + exp( 2xy;/a?)) for each i.j such that fjp=1.
@ qo0(—1) = go2(—1) = 0.310 and goo(+1) = qo.2(—1) = 0.690.
e qro(—1) = q3(—1) = 0.310 and ¢y p(+1) = qu.3(+1) = 0.690
@ qo(-1) =0.973 and gz o(-+1) = 0.027.

this, so I will compute these q is. Now again, just pay little attention to what q is are. q i

(Refer Slide Time 32:59)
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Probabilistic Decoding

ois the message passed from the bit node X; = x to the j*
check node.

gij(+1) = P(X; = +1|y;. information from check nodes

other than j* check node).

gi(+1) _ (1= p) [liec, 5i(+1)
D" e, 71 M

is the message passed from ith bit to the jth parity check constraint. So if you label your

nodes from 0, 1, 2, 3, 4, similarly label parity check constraints so what you are going to

notice is, you need to compute your q is for in this example, so
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this is 0,1, 2,3, 4, 5,6, 7. Similarly it is 0, 1, 2, 3. So you will

(Refer Slide Time 33:35)
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compute q 0 0,



(Refer Slide Time 33:40)
b e o A S R \.IT.I
7 7Tomm MO ¢ Lirenr M BENEEENEC 0 W swsnmom 12

Probabilistic Decoding

ois the message passed from the bit node X; = x to the j*
check node -

qij(+1) = P(X; = +1|y;. information from check nodes

other than j* check node).

q(+1) (1 F’r)n;'-c ; rjr,i(+1)
/(-1 A lpec, #i=1)

so qij is the message passed from the ith node to the jth check node, right. So q i js you need

to compute for, in this particular example so

(Refer Slide Time 33:54)
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let's look at Oth node. So you need to compute q 0 0 because your message
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you are sending from Oth node to Oth parity check. You need to compute q 0 2, because you

are sending message from Oth bit to the second this thing.
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You need to compute this, q 1 0,
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you need to compute q 1 3,

(Refer Slide Time 34:32)
e a1 a - S & W \.|=.I
o TomMMA - co mENERDENEC0 W swmmom

right? You need to compute q 2 0.
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And how are these initially computed? These are initially computed based on what are the
received y i values that we have to see. And that is precisely what I have shown here. So I

have,
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@ qa1(—1) = gas(—1) = 0.119 and ga1(+1) = ga.3(+1) = 0.881.

you can see here, these are the computed
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@ gi1(—1) = ga.3(—1) = 0.119 and gy 1(+1) = ga.3(+1) = 0.881.
o gs.1(—1) = 0.988 and gs 1 (-+1) = 0.012.

values of q is

(Refer Slide Time 35:00)
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@ qa1(—1) = qga3(—1) =0.119 and gs1(+1) = ga,3(+1) = 0.881
@ gs.1(~1) = 0.988 and gs(+1) = 0.012.
9 gs2(—1) = 0.832 and gs2(+1) = 0.168.

and pay close attention to these indices. This denotes that ith bit is sending information to the

jth parity check constraint, Ok.
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@ Now compute rj;'s from g; ;'s:

1
2
1
2
1
2

o
= R =

ro.0(+1) (1—2qi0(-1))

o
&

+ 5(1 ~2a10(-1))(1 - 2a20(~1))

+ %(1 —2(0.31))(1 — 2(0.973))

Il

=1
)
2%
=1

So once we have computed this q i j,

(Refer Slide Time 35:21)

then the next thing we need to do is these parity check constraints are now going to check, Ok
given that the bit is zero, what is the probability that the parity check constraint is satisfied.
Given the bit is 1, what is the probability that parity check constraint is satisfied? And those

dare
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@ Now compute r;;'s from g; j's:

ro(+1) = (1—2g0(-1))

given by these R's, R ijs right. What is the probability that Oth parity Check constraint is
satisfied given the Oth bit is plus 1? Now what is that probability? That probability is given
by, so we are looking, first parity check constraint now given that first bit's c i is zero, what
we want is the other bits which are involved in the parity check constraints, they should have

even parity. So let's look at the H matrix for the first row.
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| A50 relestiaaaaqE

ga’7TooME e rgeElEDDNE 0 B swhoms 2

(3.(4 (5
(.‘6.(.7

@ Consider the code with parity check matrix, H:

==
=N -]
o oo

0 0
1 0
1 i
0 0

(=T = I
(=D ==
OO0 =O

SothisisR0.R0is 0, 1 and 2. So
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@ Consider the code with parity check matrix, H:

1110000 0] R o022l
w_|0001 1100

100100710

01001001

given that this bit is zero, what we want to find out is what is the probability that sum of these

two add up to even parity? And that's what we are doing here.
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@ Now compute r;;'s from g;;'s:

2
2

IT (1 -2g00(-1))

i'ERg\p

(1 = 2q10(=1))(1 = 2g2.6(—1))

ha| -

ﬁ)_u(+1) = +

b=

+

O pa| = h =

N %(1 ~2(031))(1 — 2(0.973))
320.

Note here, ith
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@ Now compute r;;'s from g;'s:

wiled) = ol |[ (1 - 2q55(~1))
SO i'ERgyp

|

= 3+ 3~ 2010(-1))1 - 2a20(~1))
. % . %(1 ~2(0.31))(1 — 2(0.973))
= 0.320.

belongs to R 0 minus this Oth term. So here you will have two terms, one is corresponding to

i being 1, and other i being 2. Why, because R 0 was 0,1, 2. So
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@ Now compute r;;'s from g; ;'s: i EQ 1,2i
2 B
no(+1) = e l I (1 —-2g;0(-1))
= i'ERg\p

= 5+ 5(1 - 2a0(-1)1 - 2a30(-1)
- % r %(1 —2(031))(1 — 2(0.973))
= 0.320.

R 0 minus this element 0 is nothing but 1 and 2.
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@ Now compute r;;'s from g; ;'s: Ra= Eo’ n2s
Lo = 1
no(+1) = HE [[ (1 —2qi0(-1)) Rone EI,Z.S
=
L1
= e 5(1 = 2q10(=1))(1 - 2q2,0(-1))
_ % + %(1 — 2(031))(1 - 2(0.973))
= 0.320.

So here in this product you will have 2 terms, one corresponding to q 1 0, other

corresponding to q 2 0. Because in that

(Refer Slide Time 37:29)

Oth parity check equation, other than the first bit, the bits that are participating is that, other
than the Oth bit, other
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@ Now compute r;;'s from g;'s: Ry %n n2s

\.

no(+1) = =+ : (1—2g;0(-1)) Kave = Ehl’.g
— 2]5'0(

= 3+ 31~ 2a0(-1)1 - 200(-1)
= % ' %(1 2(0.31))(1 — 2(0.973))
= 0.320.

bits which are participating is bit number 1 and bit number 2. So this is the probability that

parity check constraint is satisfied given c i is 0 and similarly we can calculate the other
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@ Now compute r;;'s from g; j's:

no(+1) =

ra =

% - %(1 —2q10(~1))(1 - 2920(~1))
% + %(1 ~ 2(031))(1 — 2(0.973))
~ 0.320.

@ In a similar way:
@ m.(+1) = 0.5 +0.5(1 — 2(0.31))(1 — 2(0.973)) = 0.32

R is. I am not going
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@ Now compute r;;'s from g; ;'s:

ro.0(+1)

I
b=
b -

—

ha

a
o
—

-
~—
—

@ In a similar way:

@ . (+1) = 0.5+ 0.5(1 — 2(0.31))(1 — 2(0.973)) = 0.32
e ma(+1) = 0.5+ 0.5(1 — 2(0.31))(1 — 2(0.31)) = 0.57

into detail of that. It’s just the same procedure repeated. So once we calculate these
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@ Now compute r;;'s from g;j's:

ha| =

o

ra| =

Fu_u(+1) =

[T (1-2qr0(-1))
i'ERy\0

—

= 3 +30 - 200(-1)( - 220(-1)

- %(1 _2(031))(1 — 2(0.973))

320.

(= e

@ In a similar way:
s ma(+1) = 0.5 +0.5(1 — 2(0.31))(1 — 2(0.973)) = 0.32
s ma(+1) = 0.5 +0.5(1 — 2(0.31))(1 — 2(0.31)) = 0.57
@ n3(+1) =0.5+0.5(1 — 2(0.119))(1 — 2(0.988)) = 0.128

q is,
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@ Now compute r;;'s from g;j's:

na(+1) = 3+ %H (1-2aro(-1)
ERno
= ; %(1-2:;.0( 1))(1 - 2q20(-1))
= % %(1-2(031))1—2(0-9?3})
= 0.320.

@ In a similar way:
e ma(+1) = 0.5 +0.5(1 — 2(0.31))(1 — 2(0.973)) = 0.32
s ma(+1) = 0.5 +0.5(1 — 2(0.31))(1 — 2(0.31)) = 0.57
@ na(+1) = 0.5 +0.5(1 — 2(0.119))(1 — 2(0.988)) = 0.128
@ mo(+1) = 0.5 +0.5(1 — 2(0.083))(1 — 2(0.832)) = 0.223.

R is and initial
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@ Now compute r;;'s from g;'s:

no(+1) = % % H 1-2gi0(-1))
Ry
1 1
= 3 t3(1=2q0(-1))(1 - 2q20(~1))
= % %(1 ~ 2(0.31))(1 — 2(0.973))
= 0.320.

@ In a similar way:

e ma(+1) = 0.5 +0.5(1 — 2(0.31))(1 — 2(0.973)) = 0.32

s na(+1) =05 +0.5(1 — 2(0.31))(1 — 2(0.31)) = 0.57

@ na(+1) =05 +0.5(1 — 2(0.119))(1 — 2(0.988)) = 0.128
@ mo(+1) = 0.5 +0.5(1 — 2(0.083))(1 — 2(0.832)) = 0.223.
(-1)=1—r,(+1).

q is, then we are going to
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Now compute g; ;'s from r; ;'s:

(1-p) [] mol+1)

N =Y
= (0.69)r20(+1)
—  (0.69)(0.223) = 0.154.

Go,o(+1)

and
do(-1) = po [] mo(-1)
i'€C
= 0.31!’2.0[ 1)
= 0.31(0.777) = 0.241.

update our q is. And again we follow, so we find the product over all those check equations
other than that particular bit and we repeat this for q i j being plus 1 and minus 1 and we can

normalize these probabilities so that they sum up to
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@ This means

0.154
d0(+1) = Gi5a02a1 ~ O3

2 0.241
%ol-1) = 5isavo2a1 ~ 0

1 so if we normalize it, these are the probabilities we are getting, right and next thing,
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@ This means

0.154

%o(+1) = Gea+ 0241 = 30
and
0.241
w1 = i5e v 020 ~ O

@ Finally, compute the APP's:

finally after we have computed one round of iteration; what is one round of iteration,

(Refer Slide Time 38:49)

you send these q is to check node then check node gives you back R is, y update your q is
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@ This means

0.154
do0(+1) = gi5a 0201 ~ 3

and 0.241
d0(-1) = 515a 10201 ~ OO

@ Finally, compute the APP's:

and once you do that,

(Refer Slide Time 39:01)
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@ This means

0.154
%0o(+1) = 5 sa+0.2a1 ~ 30
and
0.241
d0(-1) = gi5a 0241 = OO

@ Finally, compute the APP's:
@ Note: Qi(+1) = §ij(+1)- r.i(+1), which means

Qo(+1) = doo(+1) - ro(+1) = 0.154 - 0.32 = 0.0493
and

Go(—=1) = Goo(—1) - ro.0(—1) = 0.241 - 0.68 = 0.164.

you can find out the a posteriori probability which we have done here. So probability of it

being 1, probability of this being 0, and then based on, again you can normalize these
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@ This yields the APP

0.0493

00493+ 0.168 033

Qo(+1) =

= 0.164
@(-1) = 55a3 0164 ~ 07T

probabilities so that comes out to be this. Now based on whichever is more likely you decide
in favor of that. For example, in this case q being minus 1 is more likely so the bit which was

transmitted was 1, Ok.
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So to recap how this probabilistic decoding algorithm works, you have your received
sequence. You compute these probabilities q is, message bits, send it to the check bits, the
check bits then do some compute, local computation, sends the information back. Now this

process goes on and on until basically all the parity checks are
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@ This yields the APP

0.0493
@(+1) = G403 + 0168 ~ 2
and
0.164
Go(-1) =

0.0403 7 0164 07"

satisfied. Or the maximum number of iterations are
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@ This yields the APP

0.0493
Q(+1) = 55i03 10168 ~ 023
and
0.164
O (e e R

© 0.0493 + 0.164
@ The other @;'s can be computed similarly.

reached.
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@ This yields the APP

0.0493
Q(+1) = 55203 + 0168 ~ 023
and
0.164
@(-1) = 5oae3+ 0164 ~ 07

@ The other @;'s can be computed similarly.

Now this we have done for the first bit.
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You can do the same thing for other bits as well. In fact the beauty of this algorithm is that

you can do this whole operation parallely. So one of
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@ The most significant feature of this decoding scheme is that the
computation per digit per iteration is independent of block length.

the nicest features of this algorithm is computation per bit per digit is independent of clock

size. And
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Probabilistic Decoding

@ The most significant feature of this decoding scheme is that the
computation per digit per iteration is independent of block length.

@ Average number of iterations required to decode is bounded by a
quantity proportional to the log of the log of the block length.

average number of iterations required basically to decode is typically bounded by log log of
n. After that you started getting correlated information back. So with this, we will conclude

our discussion on
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probabilistic decoding of L. D P C codes, thank you.



