An Introduction to Coding Theory
Professor Adrish Banerji
Department of Electrical Engineering
Indian Institute of Technology, Kanpur
Module 03
Lecture Number 12
Some Simple Linear Block Codes-I1: Reed Muller Codes
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So we will continue our discussions on some simple linear
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Lecture #6B: Some simple linear block codes -1I: Reed Muller
Codes

block codes. This time we are going to discuss about Reed-Muller codes.
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@ Reed-Muller code

We will talk about their construction. We will give an example.
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We will prove some properties of Reed-Muller code and then we will talk about decoding
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Qutline of the lecture

@ Reed-Muller code
@ Decoding of Reed Muller code

of Reed-Muller code. So for
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Reed-Muller code

@ For any integers m and r with 0 < r < m, there exists a binary
rt_order Reed Muller (RM) code, denoted by RM(r.m), with the
following parameters

Code length : n = 2™
Dimension : k(r.m) = 1 +4 ( T ) . (

Minimum distance : dy;, = 2™ '

S|

m
where ( z ) is the binomial coefficient
I

any integer m and r such that r lies between, r is greater than zero and less than equal to m,
there exists a binary rth order Reed-Muller code which we denote by this parameter R and m.
Reed-Muller code has following code properties. So the length of the code is 2 raised to
power m and this dimension k is given by 1 plus m choose 1 plus m choose 2 up to m choose

r and the minimum distance of the code is given by 2 raised to power m minus r.

So let us take an example.
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Reed-Muller code

@ For any integers m and r with 0 < r < m, there exists a binary
rt_order Reed Muller (RM) code, denoted by RM(r.m), with the
following parameters

Code length : n = 2™
. . m m m
Dimension : k(r,m) = 1 + ( 1 ) ¥ ( B ) oo oo ( , )

Minimum distance : dy, = 2™ '

m ;
where ( g ) is the binomial coefficient
I

eletm=4 andr=2 thenn=16 k=11, and d,, = 4

Let us take m to be 4 and r to be 2. So in this case, the length of the codeword would be 2
raised to power 4 which is 16 and since the order of this Reed-Muller code is 2, so this k will
be 1 plus 4 C 1 plus 4 C 2. So this will be 1 plus 4 plus 4 times 3 by 2. So this will be equal to
11, 1 plus 4 plus
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Reed-Muller code

@ For any integers m and r with 0 < r < m, there exists a binary
rt_order Reed Muller (RM) code, denoted by RM(r.m), with the
following parameters

Code length : n = 2™

Dimension : k(r. m) l(T)(r;) (T)

Minimum distance : dy, = 2™

] + 4C| +q(}_

where ( e ) is the binomial coefficient = |+ 4 3 4%3
i L ey
eletm=4 andr=2thenn=16. k=11 and duin =4 = ||

6. So k is this thing. And minimum distance is 2 raised to power 4 minus 2 which is
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Reed-Muller code

@ For any integers m and r with 0 < r < m, there exists a binary
rt_order Reed Muller (RM) code, denoted by RM(r.m), with the
following parameters

Code length : n = 2™

Dimension : k(r. m) l(T)(r;) (T)

Minimum distance : dy, = 2™

4-1
m Z Ko o
where ( ; ) is the binomial coefficient = N+ A 3 43

eletm=4 andr=2 thenn=16 k=11, and dy, = 4 :HL

- — - —_—

4. Now how
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Reed-Muller code

@ For 1 < i < m, let v; be a binary 2™-tuple of the following form

(0...0 Jeus]l Qs 1..1)
v —_—— e e e
’ 2i-1 2i=1 2i=1 2i-1

which consists of 2™ "*! alternating all-zero and all-one 2'~ '-tuples

do we construct
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a Reed-Muller code? So to do that, let's define, so we are
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@ For 1 </ < m, let v; be a binary 2™-tuple of the following form:

(a---a 1:-:1 0-:-0 1---1)
v = "'-.v-" \q.,-'_\-,,-".,”.‘l-.v-'
' ol o are

which consists of 2™ %! alternating all-zero and all-one 2°~!-tuples.

defining a binary m-tuple. Let's call it v i. So for i going from 1 to m we define a binary m-

tuple in this particular fashion. So there is alternating runs of
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@ For 1 <i < m, let v; be a binary 2™-tuple of the following form:

(u---o 1-:::1 0---0 1---1)
v = ‘l-...,.-" \q.,—".\-,,-'_,”.‘l-_v-'
' =NV gt T e -

which consists of 2™ %! alternating all-zero and all-one 2~ !-tuples.

is run of 0's for
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2 i minus 1 times then run of 1's for 2 i's minus 1, like that.
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@ For 1 < < m. let v; be a binary 2™-tuple of the following form:

(u---o 1:-:1 0-:-0 1---1)
v = "--...,.-'l \q.,-i‘\-,,—f_'”.\-v-'
b gi=l b Wt iy 23

which consists of 2™ *! alternating all-zero and all-one 2~ !-tuples.

So this v i consists of 2 m minus i plus 1 alternating 0's and 1's and where each of these runs

of 0's and 1's are for
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2 i minus 1.

Let's take an example.
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@ For 1 <i < m, let v; be a binary 2"-tuple of the following form:

(0---0 Yook 050 1---1)
v = —— | e e L S
il zu—l 2-—] 2.!—! 21—1

which consists of 2™ '*! alternating all-zero and all-one 2~ !-tuples.
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@ For 1 < i < m, let v; be a binary 2™-tuple of the following form:

(u---o 1--:1 0:---0 1---1)
v = \-v.-' . \q,-" . \-v.-‘ < ‘l-v-'
' o a3
which consists of 2™ *! alternating all-zero and all-one 2~ !-tuples.
@ For m = 4, we have the following four 16-tuples.

(0101010101010101)
(0011001100110011)
(0000111100001111)
(0000000011111111)

vz
vy

Wy

Let's consider m to be 4,
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m to be 4. Then this m-tuples are
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Reed-Muller code

@ For 1 < < m, let v, be a binary 2™-tuple of the following form
0:::0 1:::1 0-:-0 1:::1
v —_— = == .. ==
' 2] 243 21 2

1

which consists of 2! alternating all-zero and all-one 2'~ -tuples

@ For m = 4, we have the following four 16-tuples

v (0101010101010101)
v (0011001100110011)
vi (0000111100001111)
va (0000000011111111)

2 raised to power 4 that is 16, Ok. So what is v 1? Now v 1 should have runs of 0's and 1's

where this run is 2 i minus 1. So when i is 1, this is 1.
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@ For 1 < i< m, let v; be a binary 2™-tuple of the following form
g---¢ 1---1 0---0 1---1
v St et et e
’ 2i=1 2i=1 2i=1 2i-1

which consists of 2™ '*! alternating all-zero and all-one 2~ !-tuples

@ For m = 4, we have the following four 16-tuples 2"’ y= 1
vy (0101010101010101)
v, (0011001100110011)
Vi (00O00111100001111)
Vi (ooo0000011111111)

So that means we should have v 1 is zero, because that's a run of 1 then followed by run of 1
one time then followed by O one time then 1 one time, so like that it will continue for this

block of 16. Now what is
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@ For 1 <1 < m, let v; be a binary 2™-tuple of the following form

(0---0 1:-:1 0-::0 1---1)
' 2-1 7 -1 7 ginl 2i-1

which consists of 2" "1 alternating all-zero and all-one 2'~ -tuples
1=l

@ For m = 4, we have the following four 16-tuples 2 15 1
(oiQlor - - -- ),
vy (0101010101010101)
vz (0011001100110011)
vy (0001111000011 11)
Vi (o000000011111111)

v2?Forv?2,iis?2. So
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Reed-Muller code

@ For 1 < < m, let v; be a binary 2™-tuple of the following form

(0---0 1:::1 0--:0 1---1)
' 2-1 7 -1 7 ginl 2i-1

! alternating all-zero and all-one 2~ -tuples

1=l

which consists of 2™

@ For m = 4, we have the following four 16-tuples 2 151
(foiQltor - - -- ) v S
vy (0101010101010101) =
vz (0011001100110011)
vy (0000111100001 111)
Vi (0000000011111111)

2 i minus 1 would be, in this case 2. So we should have
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@ For 1 < i < m, let v; be a binary 2™-tuple of the following form

(0---0 1:::1 0:-:0 1---1)
' 2-1 7 -1 7 -l 2i-1

which consists of 2™ *! alternating all-zero and all-one 2°~ '-tuples

@ For m = 4, we have the following four 16-tuples 21" 15 1
(foiQltor - - -- ) v -
vy (0101010101010101) L;'_\
vz (0011001100110011) 2 =2z
vy (0000111100001 111)
Vi (o000000011111111)

two runs of 0 followed by run of 1 which is repeated twice, run of 0 repeated twice, 1 0 1 this

you continue up to block size of 16. What about
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Reed-Muller code

@ For 1 < i< m, let v; be a binary 2™-tuple of the following form

(0---0 1---1 0---0 1---1)
’ 2i=1 2i=1 2i=1 2i-1

which consists of 2™+ alternating all-zero and all-one 2~ !-tuples

@ For m = 4, we have the following four 16-tuples. 2]" y= )
(o110 = = - = ) = S
vy (0101010101010101) 1;'_\
v = (0011001100110011) 2 =2
V3 (0000111100001111)
Vi (ooo0O000011111111)

37? In this case i is 3. So what



Reed-Muller code

@ For 1 < i < m, let v; be a binary 2™-tuple of the following form

(0---0 1:::1 0:--:0 1---1)
' 2-1 7 -1 7 -l 2i-1

which consists of 2™ *! alternating all-zero and all-one 2°~ !-tuples.
1=l

@ For m = 4, we have the following four 16-tuples 2 15 1
(o110l - = T ) o el
vy (0101010101010101) "';,_\
v. = (0011001100110011) 2 =2
V3 (0000111100001111) V3 i=3
Vi (0000000011111111)

will be 2 i minus 1? 2 i minus 1 would be 4. So you have
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Reed-Muller cod

@ For 1 < i < m, let v; be a binary 2™-tuple of the following form

(0---0 1:::1 0-::0 1---1)
' 2-1 7 -1 7 -l 2i-1

which consists of 2™ *! alternating all-zero and all-one 2~ '-tuples
1=

@ For m = 4, we have the following four 16-tuples 2 15 1
foi1Ql101 - = S= e ) v -
vy (0101010101010101) 1';,_\
v. = (0011001100110011) 2 =2
V3 (0o00111100001111) Va IJ“.’S
Vi (o000000011111111) 2'_\:,:1

runs of 0 for 4 times followed by runs of 1 four times then again runs of 0



@ For 1 < < m, let v; be a binary 2™-tuple of the following form

(0---0 1:::1 0--:0 1---1)
v _—— e e L S
' 2-1 7 2i-1 7 -l 2i-1

which consists of 2™ *! alternating all-zero and all-one 2°~ '-tuples
1=l

@ For m = 4, we have the following four 16-tuples. 2 15 1
(o110 - = - = = ) oy 2
vy (0101010101010101) 1'-.,_\
v. = (0011001100110011) 2 =2
V3 (0000111100001111) V3 IJ“.’S
Vi (o000000011111111) 2'_\:4

and run of 1. What about v 4? Here i is 4. So 2 i minus 1 will be 8. So we have

Reed-Muller code

@ For 1 <1 < m, let v; be a binary 2™-tuple of the following form

(0---0 1:--:1 0-:-0 1---1)
' gy T T T F) 2i-1

which consists of 2™+ alternating all-zero and all-one 2°~ !-tuples.
1=l

@ For m = 4, we have the following four 16-tuples. 2 151
{(foi1Qlo1 . = e ) N : =
vy (0101010101010101) "'-.,_\
v. = (0011001100110011) 2 =2
V3 (0000111100001111) Va If:'S
Vi (o000000011111111) 2'_\:,:1
Vq--'-q-z\—\:g

runs of 0's for eight times followed by runs of 1
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Reed-Muller
@ For 1 < < m, let v, be a binary 2™-tuple of the following form
(0...0 Yeizl Ol 1..1)
- 2 1 94 1 24 1 2 1

! alternating all-zero and all-one 2°~ -tuples

1=l

which consists of 2™ '*

@ For m = 4, we have the following four 16-tuples 2 151
{foi1Ql101 - = L= ) v -]
vy (0101010101010101) 'L-l'_\
v: = (0011001100110011) 2
vy (0000111100001111) V3 =3
Vi (0000000011111111) 2'_\:4
Vq-f—.q-z\-\gg

eight times. So that is how we define this binary m-tuple for each of this i going from 1 to m.
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Reed-Muller code

@ Let x = (g, X1, 22, . Xp—1) and ¥ = (0. 51, ¥2." -~ . ¥n—1) be two
binary n-tuples, we define Boolean product of x and y as follows

x-¥= (00,00, X—1"Yo-1):

where " denotes the Boolean product of x and y:

Next we define a Boolean product. How do we define a Boolean product? Let's say we have
2 m-tuples, x and y. So I am denoting x by x 0, x 1, x 2, x 3, x n minus 1; similarly denoting y
by y 0,y 1,y 2, ynminus 1. Now we define these Boolean products as, so this is bitwise And
x0doty0O,x1doty1,x2doty2uptoxnminus 1dotyn minus 1. So this x 0 dot y 0 will
be 1 only if both x 0 and y 0 are 1.
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Otherwise it will be 0 and same with others. So
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@ Let x = (3.0.09. - .Xp_1) 3nd ¥ = (Yo. 1. y2." - - . ¥a_1) be two

binary n-tuples, we define Boolean product of x and y as follows:

x-y= (- y,% -0, X1 Y1)

where “." denotes the Boolean product of x and y:

x i doty i will be
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®letx=(x.6.0. X 1) andy=(0.51.52. -~ .¥n1) be two
binary n-tuples, we define Boolean uct of x and y as :
X-¥= (20 Y0,% 0. Xa=1"* Y1)

where “." denotes the Boolean product of x and y:

both of them are 1. So that's how
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@ Let x = (g, x1,%, -, %o—1) and ¥ = (Y0, 51, 2.~ . ¥n1) be two
binary n-tuples, we define Boolean product of x and y as follows

x-¥= 00y -1, X—1"Yn-1)
where ”.” denotes the Boolean product of x and y:
@ For example, if

v;=(0101010101010101)

and
vw=(0011001100110011)

then,
vi-v>2=(0001000100010001)

we are defining this Boolean product operation.

So let's take an example. This is our v 1, you recall

(Refer Slide Time 06:50)
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Reed-Muller code

@ For 1 <i < m, let v; be a binary 2™-tuple of the following form
g---¢ 1---1 0---0 1.--1
¢ 2i=1 2i=1 2i=1 2i-1

which consists of 2™ '+1 alternating all-zero and all-one 2 L tuples.
1=l

@ For m = 4, we have the following four 16-tuples. 2 y= 1
(fo10l01 - - e ) =
vy (0101010101010101) L;'_\
v = (0011001100110011) 2 =
Vi (0000111100001111) V3 =3
Vi (0000000011111111) 2'_":4
Va i= 4 2\4:2

this was our v 1. And this is our v 2. If we define
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@ Let x = (xp. %) x5,  Xp—1) and y (y‘gy';;;s . .yndl]betwo

binary n-tuples, we define Boolean product of x and y as follows

x-y {10'm--\'u1.---.1., 1° ¥n—1)s

—_—

where ”.” denotes the Boolean product of x and y:

Boolean product between v 1 and v 2,
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Reed-Muller code

® Let x = (2, x, %, - ., Xa—1) and y = (yg.¥1.¥2." - . ¥n—1) be two
binary n-tuples, we define Boolean product of x and y as follows

x-¥y= (0 -y, -1, X1 Y1)
where " denotes the Boolean product of x and y:
@ For example, if

vy=(0101010101010101)

and
v2w=(0011001100110011)

then,
vi-v>2=(0001000100010001)

we write it as vitas v 1 dot v 2. And v 1 dot v 2 will be 1 only where v 1 and v 2 both are 1;
so which is like this location, number fourth bit, this location then this location and then this

location. So you can see it's only one at this fourth, eighth, twelfth and sixteenth location. All

other time it’s zero. This is zero for all other times
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Reed-Muller code

® Let x = (3, x, %, . Xa—1) and y = (yg. 1. ¥2." - . ¥n—1) be two
binary n-tuples, we define Boolean product of x and y as follows

x-¥= (0 -y, -0, X—1"Yo-1):

where " denotes the Boolean product of x and y:

@ For example, if

vv=(0101010101010101)

- 1 1 1

v»=(0011001100110011)

then,

vi-v»=(0001000100010001)

ok; so this is how we define the Boolean product.
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Reed-Muller code

@ Let vg denote all one 2™-tuple, vo = (1.1,--- ,1). For
1< <« < i) = m, the product vector
VW

is said to have degree /

an all 1 tuple, so this v naught is basically all 1s of length 2 raised to power n. Now fori 1, i
2,13, il which lies between 1 and m we can define this product vector vil,vi2,vi3,vil,
where this is basically Boolean product between these v i's and we say this has degree 1 if

there are 1 v i's which are participating in this product. And weight of this
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@ Let vg denote all one 2™-tuple, vg = (1.1,--- ,1). For
I1<ih<i;- < iy = m, the product vector
LA T

is said to have degree /
@ The weight of the product

is equal to 2™ .

product is given by two raised to power m minus I.
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g
Fo rtesas  cif==aRNSSREEE0 B ==

@ The r*M_order RM code . RM(r,m), of length 2 is generated by
following set of independent vectors:

Grum(r. m) {vo. w1 . V2, N, VIV VIV, o Wy (W, t e

up to products of degree r}.

So now that we have
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defined these tuples v i's and the Boolean product between them we are ready to define the

generator matrix for Reed-Muller code. So an rth order Reed-Muller
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@ The ﬁ*‘—otder RM code . RM(r.m). of length 2™ is generated by
following set of independent vectors:

Grul(r.m) = {wo,vi,v2, "« Vm VIV2,VIVE, - V¥, -

up to products of degree r}.

code which is of length 2 raised to power m can be generated by the set of independent

vectors where these vectors are v 0, v 1, v 2 then Boolean product of
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@ The rtP-order RM code , RM(r,m). of length 2™ is generated by

following set of independent vectors:

Gru(r.m) = {\l'_n.\ﬂ.v_?.---.v,.,.vlvz.\rwg.---.Im_lv,,..---

up to products of degree r}.

second order which is v 1 v 2, v 1 v 3 these are all second order products then we will have

third order products, fourth order products depending
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@ The rtP-order RM code . RM(r,m). of length 2 is generated by

following set of independent vectors:

Gam(r.m) = {Vo.v1,¥2," "  Vm VIV VIVS. o Vi (W,
up to products of degree r}.

on what the r is. So we generate Reed-Muller code

(Refer Slide Time 09:29)

using these
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@ The r'"_order RM code . RM(r,m). of length 2 is generated by
following set of independent vectors:

Gam(r.m) = {'_0.'!»'3-"'~'m.'_112|'1_'_3\"'~'m—1'm""
up to products of degree r}.

2-m tuples basically these v 0, v 1, v 2 and their Boolean product. And as

(Refer Slide Time 09:39)

you can see that v 0
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@ The rth-ofder RM code ., RM(r.m). of length 2™ is generated by
following set of independent vectors:

Grul(r.m) = {wp,v1.v2,  * Nm VIV2, VIVY, - V(¥ -

up to products of degree r}.

@ There are

kem=1+(T)+(5)++(7)-

vectors in Geu(r, m)

is all 1 sequence, so there is one such possible ways we can get this; v 1, this m C 1 of
choosing v 1; m C 2 ways of, so v 1, v 2, v 3, v m this is basically m choose 1, then Boolean

product of degree 2 can be chosen m choose 2 way
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and similarly
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Reed-Muller code

@ The r*M_order RM code . RM(r,m). of length 2 is generated by
following set of independent vectors:

Gru(r. m) {vo. w1, w2, - N MV VY, Wy (W,
up to products of degree r}.
@ There are

et P L

vectors in Gau(r, m)

i‘roﬂ

Boolean product up to order r can be chosen m choose r ways. So that's basically the
dimension of the code.
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Reed-Muller code

@ The rtP_order RM code . RM(r,m), of length 2™ is generated by
following set of independent vectors:

Gam(r.m) {vo. vy, w2, um, V2, vV, -

. Vi Vgt
up to products of degree r}.
@ There are

e (7)+

vectors in Geu(r, m)

3
_

@ If the vectors in Grum(r. m) are arranged as rows of a matrix, then
the matrix is a generator matrix of the RM(r, m) code

Now if we arrange these vectors v 0, v 1, v 2 and their Boolean product up to order r
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as rows of a matrix, that will be our generator matrix for Reed-Muller code and each of v 0, v

1 and their

@ The rtP_order RM code . RM(r.m). of length 2™ is generated by
following set of independent vectors:

Grui(r.m) = {wo,wi, w2, M VIVZ VIV, Vi (V-
up to products of degree r}.

@ There are

worers(7)+(3)+(7)

vectors in Geu(r. m)

@ If the vectors in Gau(r. m) are arranged as rows of a matrix, then
the matrix is a generator matrix of the RM(r, m) code.

Boolean product they are basically linearly independent, so we can generate our

(Refer Slide Time 10:48)



Reed-Muller code using these
(Refer Slide Time 10:52)
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@ The rtM_order RM code . RM(r.m), of length 2™ is generated by
following set of independent vectors:

Gru(r.m) = {wvo.vi,v2, . Vm VIV2.¥IV3, - V|V,
up to products of degree r}.

@ There are

k(r.m)~.1+(T)+(';)+“'+(T)'

vectors in Geu(r, m)

@ If the vectors in Gam(r, m) are arranged as rows of a matrix, then
the matrix is a generator matrix of the RM(r, m) code.

v 0, v i and their Boolean product as rows of a generator matrix.
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So let us
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@ Let m = 4, and r = 2, the second-order RM code of length n = 16 is
generated by the following 11 vectors:
v 1111111111111111
vy 0101010101010101
vz 0011001100110011
vy 0000111100001111
ve 0000000011111111
wiv; 0001000100010001
vivy 0000010100000101
vivy 0000000001010101
vavy 0000001100000011
wyvy; 0000000000110011
wvivy 0000000000001111

illustrate this with an example.
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We take a case where m is 4.
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@ Let m = 4, and r = 2, the second-order RM code of length n = 16 is
generated by the following 11 vectors:
wg 1111111111111111
vi 0101010101010101
vz 0011001100110011
vy 0000111100001111
v¢ 0000000011111111
wwv:; 0001000100010001
wivy 0000010100000101
vwivy¢, 0000000001010101
wvy 0000001100000011
wwv, 0000000000110011
wvivgy 0000000000001111

So m is 4 meaning our codeword length would be 2 raised to power m which is 16. So we are

dealing with Reed-Muller code of length 16.
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Let us consider second order

(Refer Slide Time 11:19)
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@ Let m = 4, and r = 2, the second-order RM code of length n = 16 is
generated by the following 11 vectors:

vo 1111111111111111
vy 0101010101010101
vz 0011001100110011
vi 0000111100001111
ve 0000000011111111
vivz 0001000100010001
wivy 0000010100000101
wvs, 0000000001010101
wvy; 0000001100000011
wwvy; 0000000000110011
vivqy 0000000000001111

Reed-Muller code. So we will have to, now recall what is a degree. If you go back, this

product vector is said to have degree 1 if there are 1 such v i's which are participating
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in this Boolean product. So we have to
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@ The rth_order RM code . RM(r.m). of length 2™ is generated by
following set of independent vectors:

Gru(r.m) = {wg, vy, v2,  * Vm VIV2, VIVY, Vi (¥, e -

up to products of degree r}.

@ There are

soern( 7} (3 )+

vectors in Geu(r, m)

)

| Rt

write all these as rows of generator matrix up to product of degree r.
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@ Let m = 4, and r = 2, the second-order RM code of length n = 16 is

generated by the following 11 vectors:
wp 1111111111111111
vi 0101010101010101
v 0011001100110011
v; 0000111100001111
ve 0000000011111111
vww; 0001000100010001
vwivsy 0000010100000101
vivy 0000000001010101
wav3 0000001100000011
vawy 0000000000110011
vivqy 0000000000001111

So this is your v 0 vector, these are all your v 1, v 2, v 3, v 4. This is degree 1. And then these

are all possible degree 2

(Refer Slide Time 12:07)
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Reed-Muller cod

@ Let m =4, and r = 2, the second-order RM code of length n = 16 is
generated by the following 11 vectors: o

% 1111111111111111
vi 0101010101010101
vz 0011001100110011
v; 0000111100001111
vs 0000000011111111
vwivz 0001000100010001
vivi 0000010100000101
wv, 0000000001010101
vovy 0000001100000011
ww, 0000000000110011
vivy 0000000000001111

Boolean product vectors. Because m is 4, so we will have v 1, v 2, v 3, v4 andr is 2, so we

have to consider all
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@ Let m = 4, and r = 2, the second-order RM code of length n = 16 is

generated by the following 11 vectors:

—aV 1111111111111111
vi 0101010101010101 “’,"_
v: 0011001100110011 —
v; 0000111100001111
ve 0000000011111111

vwiwv; 0001000100010001

wwwy; 0000010100000101

vivs 0000000001010101

vovy 0000001100000011

ww; 0000000000110011

vavy 0000000000001111

possible Boolean products of degree 2, so that wouldbev1v2,viv3,viv4,v2v3v2

v 4, v 3 v 4 and that's what we have listed here.
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@ Let m =4, and r = 2, the second-order RM code of length n = 16 is

generated by the following 11 vectors:
sV 1111111111111111 ;
vi 0101010101010101 Va

v» 0011001100110011 :‘
vs 0000111100001111

ViV
ve 0000000011111111 .~

vivz 0001000100010001  V,vs

vivs 0000010100000101 Y2
LV

vivye 0000000001010101 Va Vg

vavs 0000001100000011

vave 0000000000110011

vivy 0000000000001111

And of course you have your
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@ Let m = 4, and r = 2, the second-order RM code of length n = 16 is

generated by the following 11 vectors:

—=¥ 1111111111111111 ‘:"
v 0101010101010101 v,
v; 0011001100110011 {3
v; 0000111100001111
ve 0000000011111111 >

wiv; 0001000100010001 v, Vs

wiv; 0000010100000101 7%

vive 0000000001010101 w3

vav; 0000001100000011

vave 0000000000110011

vivg 0000000000001111

all 1 pattern. And these, so what you are going to do is, you are going to arrange these as

rows of your generator matrix. So this is your 11 cross 16 generator matrix.
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@ Let m = 4, and r = 2, the second-order RM code of length n = 16 is

generated by the following 11 vectors:

—= Vo
Vi
vz
v
Vs

viva
V) vy
Vv
v
VoV,
Vv

1111111111111111
0101010101010101
0011001100110011
goo00111100001111
ooo0o00O0O011111111
0001000100010001
0000010100000101
0000000001010101

0000001100000011
0000000000110011

0000000000001111 J

e
Vi
Vi

Ok and we will use this

(Refer Slide Time 13:02)

to generate our set of codewords.
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@ Let m = 4, and r = 2, the second-order RM code of length n = 16 is

generated by the following 11 vectors:

—= Vo
Vi
v2
V3
Vg

viva
vivy
vV,
v,
VoV,
ViV

11111131211111111
0101010101010101
0011001100110011
0000111100001111
00000OOO1I1I111111
0001000100010001
0000010100000101
0000000001010101
0000001100000011
0000000000110011

0000000000C0O01111 J

e
i
Vi

Now this another
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alternative construction of Reed-Muller code, so if you are given
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@ For 1 < r < m, we define

R(r.m) = {(wu+v)|lue R(r,m—1),ve R(r —1.m— 1)}

Reed-Muller code of length 2 raised to power m minus 1, then you can use two of them to

(Refer Slide Time 13:26)

construct a Reed-Muller code of
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Reed-Muller code

@ For 1 < r < m, we define

R(r.m) = {(vu+v)|jue Rirm—-1),ve R(r—1.m~- 1)}

length 2 raised to power m. So how do you do that? So this is done in this particular fashion.
So if you have two Reed-Muller code, so one Reed-Muller code of order r and length 2 raised

to power m minus 1, and you have another

(Refer Slide Time 13:50)
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Reed-Muller code

@ For 1 < r < m, we define i

2
R(ir.m)={(v.u+v)|jue Rir.m—1),ve R(r — 1.m~- 1)}

Reed-Muller code of order r minus 1, and length 2 minus 1, then these two can be used to

construct a Reed-Muller code of order r and length 2 raised to power m,
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Reed-Muller code

@ For 1 < ;»- m, we define 1""1 _)_”"‘
R(r.m) = {(v.u+v)jue R[rm—-1).ve R(r - 1.m- 1)}

and in this particular way. So first, so you can, so if this is, this is one code of length 2 m

minus 1 and some another code of length 2 m minus 1, this is

(Refer Slide Time 14:17)
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Reed-Muller code

e . L -t
@ For ] - ?r_h m, we define 9 ~
R(ir.m) = {(v.u+v)|jue Rlr.m—-1),ve R(r—1,m- 1)}
]

your code u which is order r and this is u plus v where u is
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Reed-Muller code

@ For 1 < r < m, we define L =
- ] -
R(r.m) = {(v.u+v)jue R[rrm—-1).ve R(r —1.m- 1)}
= e =
[- o U
ll'h-‘ ?rﬂ-\

given by this and v is

(Refer Slide Time 14:30)
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Reed-Muller code

@ Forl < _;_»- m, we define 1"" ' ?_'“{
R(r.m) = {(v.u+v)|pe R(r.m 1E_u- R(r —1.m- 1)}

o o [-R‘u L U i

}-Ih-‘ ?-r"!‘\

given by this. So in other words, you can construct Reed-Muller code recursively from

smaller order and smaller length code. The same thing
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Reed-Muller code

@ For 1 < r < m, we define
R(r.m) = {(uu+v)|jue Rirm—1).ve R(r—1.m- 1)}
@ The generator matrix can be written as

G(r, m-1) G(r, m-1)

S 0 G(r-1, m1) |

I can, I am writing in terms of generator matrix. So as I said, this is a Reed-Muller code of

length 2 m minus 1,
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Reed-Muller code

@ For 1 < r < m, we define
R(ir.m) = {(v.u+v)|jue Rir.m—-1),ve R(r - 1.m- 1)}
@ The generator matrix can be written as

G(r, m-1) ‘ G(r, m-1)

s 0 G(r1,m1) |
- - o

this is another Reed-Muller code of length 2 m minus 1, first is just u which is this, this code,

Reed-Muller code
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Reed-Muller code

@ For 1 < r < m, we define
R(r.m) |{:l_|..u-v)u— R{rrm—-1).ve R(r—-1.m- 1)}

@ The generator matrix cam_be wrjtten as
[

; G(r, m-1) | G(r. m-1)

gy ) [ 0 (G(r-1. m1)

:J-,,..-n l,..: I

order r length 2 raised to power m minus 1. And the second one is this, so this is your u which

is this and the next one, this is your v which is this. So I can write down,

(Refer Slide Time 15:24)
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Reed-Muller code

@ For 1 < r < m, we define

R(r.m) ”;I..IJPU wue R(rrm-1)ve R(r-1.m-1)}
—
@ The generator math\bm.ﬁ
“T-—._
- G(r, m-1 G(r, m-1
G(T m] [ 0 \\'Tnf-l. m-l) ‘

2 ol

so in other words I can construct Reed-Muller code recursively from smaller length Reed-
Muller code. This is another way of generating the generator matrix for the Reed-Muller

code.
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@ Minimum distance of RM(r,m) is 2™ "

So let us prove some of the properties of Reed-Muller code.

(Refer Slide Time 15:44)

The first property that we are going to
(Refer Slide Time 15:46)
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@ Minimum distance of RM(r,m) is 2™

prove is that minimum distance of Reed-Muller code is 2 raised to power

(Refer Slide Time 15:52)

m minus r. We are going to prove this result
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Reed-Muller code

@ Minimum distance of RM(r,m) is 2™"
@ Proof: We will prove the result by mathematical induction

using mathematical induction. So how does this work?

(Refer Slide Time 16:02)
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@ Minimum distance of RM(r,m) is 2™ "

@ Proof: We will prove the result by mathematical induction.

@ Let m=1, then RM(0,1) is a length two repetition code. In this case
the minimum distance is 2

So first we assume m to be 1. And let's check whether this minimum distance holds correct
for m equal to 1. So for m equal to 1, let us consider 2 scenarios; one where r is zero and in

second case ris 1. So when m is one, what is the length of Reed-Muller code?

(Refer Slide Time 16:29)



It is 2 raised to power m. So that's length is 2,
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@ Minimum distance of RM(r,m) is 2™~".
@ Proof: We will prove the result by mathematical induction.

@ Let m=1, then RM(0,1) is a length two repetition code. In this case
the minimum distance is 2.

Ok and when order is zero

(Refer Slide Time 16:36)



so g will consist of only
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@ Minimum distance of RM(r,m) is 2™~
@ Proof: We will prove the result by mathematical induction.

@ Let m=1, then RM(0,1) is a length two repetition code. In this case
the minimum distance is 2. .

only v 0 whichis 1 1. So
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@ Minimum distance of RM(r,m) is 2™ "
@ Proof: We will prove the result by mathematical induction.

@ Let m=1, then RM(0,1) is a length two repetition code. In this case
the minimum distance is 2. G [' 1]

Reed-Muller code of

(Refer Slide Time 16:47)

order 0 and m 1
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@ Minimum distance of RM(r,m) is 2™ "
@ Proof: We will prove the result by mathematical induction.

@ Let m=1, then RM(0.,1) is a length two repetition code. In this case
the minimum distance is 2. G D 1]

is essentially a length 2 repetition code and what is the minimum distance of this code?
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It's 2. So let's plug that in here and



(Refer Slide Time 17:01)

LT LT A (T T T T i )

Vs

@ Minimum distance of RM(r,m) s 2™

@ Proof: We will prove the result by mathematical induction

@ Let m=1, then RM(0.1) is a length two repetition code. In this case
the minimum distance is 2 G L' 1]

see if it's correct. m in our case is 1, and r is zero. So this gives us minimum distance of 2.

And that's precisely what we are getting.
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Reed-Muller

medl,v=0

@ Minimum distance of RM(r,m) is 2™ ". — 2
@ Proof: We will prove the result by mathematical induction.

@ Let m=1, then RM(0.1) is a length two repetition code. In this case
the minimum distance is 2 F— £| 1_5

So this holds true for
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m equal to 1 and r equal to 0. Now let's see if it holds true also

@ Minimum distance of RM(r,m) is 2™ "

@ Proof: We will prove the result by mathematical induction.
@ Let m=1, then RM(0,1) is a length two repetition code. In this case
the minimum distance is 2.

@ RM(1.1) has four codewords {00,01,11, 10} of length 2. Minimum
distance in this case is 2.

for m equal to 1 and r equal to 1. Now m equal to 1 and r equal to 1, so then length of the

codeword is again 2. So g will consist of v0 and v 1,
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@ Minimum distance of RM(r,m) is 2™ "

@ Proof: We will prove the result by mathematical induction.

@ Let m=1, then RM(0.1) is a length two repetition code. In this case
the minimum distance is 2. G:=[ ]

@ RM(1,1) has four codewords {00.01.11, 10} of length 2. Minimum
distance in this case is 2.

Ok

(Refer Slide Time 17:40)

and what ismy v 0 and v 1?
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Reed-Muller code

@ Minimum distance of RM(r,m) is 2™
@ Proof: We will prove the result by mathematical induction

@ Let m=1, then RM(0,1) is a length two repetition code. In this case
the minimum distance is 2 G=['¢]

@ RMLI_.E} has four codewords {00,01,11, 10} of length 2. Minimum
distance in this case is 2.

v1is

(Refer Slide Time 17:44)
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Reed-Muller code

@ For 1 < < m, let v; be a binary 2™-tuple of the following form

(0---0 1:::1 0:::0 1---1)
' ¥ ¥ giElnt gl 2i-1

which consists of 2" "1 alternating all-zero and all-one 2° -tuples
1=l

@ For m = 4, we have the following four 16-tuples. 2 15 1
for1Qlol - = =i - ) f Y
vy (0101010101010101) l-.,_\
vz (0011001100110011) 2 =2
v; (0000111100001111) Va .""3
Vi (0000000011111111) 2'_\:,:1
Vq--'-q-z\-l:g

010 1andvO0is 1, so this is length 2. So what I will get is
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@ Minimum distance of RM(r,m) is 2™

@ Proof: We will prove the result by mathematical induction

@ Let m=1, then RM(0,1) is a length two repetition code. In this case
the minimum distance is 2 L%

@ RM(1,1) has four codewords {00,01,11, 10} of length 2. Minimum
distance in this case is 2

gis 11 and thisis 0 1.
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Reed-Muller code

@ Minimum distance of RM(r,m) is 2™
@ Proof: We will prove the result by mathematical induction.

@ Let m=1, then RM(0,1) is a length two repetition code. In this case

the minimum distance is 2 G:=[%]
@ RM(1,1) has four codewords {00,01,11, 10} of length 2. Minimum
distance in this case is 2 G~ [‘E ‘i]

So this will be my generator matrix. Now this will generate these following codewords of
length 2 and what is the minimum distance between these codes? That's 1, we can say

minimum weight codeword is minimum weight of non zero codeword is 1;
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Reed-Muller code

@ Minimum distance of RM(r,m) is 2™
@ Proof: We will prove the result by mathematical induction.

@ Let m=1, then RM(0.1) is a length two repetition code. In this case

the minimum distance is 2 L%
@ RM(1,1) has four codewords {00, C@ 11,10} of length 2. Minimum
distance in this case is 2 - [‘:} ‘i]

so minimum distance in this case is 1,
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@ Minimum distance of RM(r,m) is 2™
@ Proof: We will prove the result by mathematical induction

@ Let m=1, then RM(0,1) is a length two repetition code. In this case

the minimum distance is 2 G:[%]
@ RM(1,1) has four codewords {00, C@ 11,10} of length 2. Minimum
distance in this case is b1 - L!] 'I]

Ok and let's check. So in this case mis 1 and r is 1. So 2 raised to power 1 minus 1,
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Reed-Muller code

@ Minimum distance of RM(r_rn] s 25" msl,vel

@ Proof: We will prove the result by mathematical induction

@ Let m=1, then RM(0,1) is a length two repetition code. In this case

the minimum distance is 2 G- [%]
@ RM(1,1) has four codewords {00, C@ 11,10} of length 2. Minimum
distance in this case is b1 = [‘i:: 'i]

2 raised to power O that's 1. And that's what we are getting, fine? So then this is true for m

equal to 1. Now let's

© Lr'.:.: T
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Reed-Muller code

=i

@ Minimum distance of RM(r,m) is 2" e’ L

@ Proof: We will prove the result by mathematical induction

@ Let m=1, then RM(0.1) is a length two repetition code. In this case

the minimum distance is 2 G:[%]
@ RM(1,1) has four codewords {00, C@ 11,10} of length 2. Minimum
- - e —— I
distance in this case is B.1 G [.:3 \]

assume it's true for any m equal to m and then we will try to prove that it is also
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true for m equal to m plus 1. So let's assume that it is true for up to m
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@ Minimum distance of RM(r,m) is 2™ "

@ Proof: We will prove the result by mathematical induction.

@ Let m=1, then RM(0.1) is a length two repetition code. In this case
the minimum distance is 2.

@ RM(1,1) has four codewords {00,01, 11, 10} of length 2. Minimum
distance in this case is 2.

@ Let us assume for upto m and for 0 < r < m, the minimum distance
is 27 7. We will show that ds for RM(r.m+1) is 2™ 'L

and for any order where order can be from zero to m, let's assume that this is true. So
minimum distance is given by 2 raised to power m minus r. Now what we are going to show

is this is also true for m plus 1. And what should be the minimum distance for
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m plus 1? It should be 2 raised to power
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@ Minimum distance of RM(r,m) is 2™ ",

@ Proof: We will prove the result by mathematical induction.

@ Let m=1, then RM(0,1) is a length two repetition code. In this case
the minimum distance is 2.

@ RM(1,1) has four codewords {00,01, 11, 10} of length 2. Minimum
distance in this case is 2.

@ Let us assume for upto m and for 0 < r < m, the minimum distance
is 2. We will show that dis for RM(r.m+1) is 2™ 1.

m plus 1 minus r, that's this. So next what we are going to show you is that minimum distance

of m rth order
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Reed-Muller code r m plus 1 Reed-Muller
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@ Minimum distance of RM(r,m) is 2™ "

@ Proof: We will prove the result by mathematical induction.

@ Let m=1, then RM(0.1) is a length two repetition code. In this case
the minimum distance is 2.

@ RM(1,1) has four codewords {00,01.11, 10} of length 2. Minimum
distance in this case is 2.

@ Let us assume for upto m and for 0 < r < m. the minimum distance
is 2’ We will show that dmi for RM(r.m+1) is 2™ "'!

code is basically given by this. Now to prove this, we are going to make use of this

construction of Reed-Muller code; that
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Reed-Muller code

@ For 1 < r < m, we define

Reed-Muller code of order r and m can be constructed recursively using this. We are going

(Refer Slide Time 20:06)
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Reed-Muller code

@ For 1 < r < m, we define

W[gu—\f}\u; R(;.m\{; R(r —1.m- 1)}

T

to make use of this construction to prove our result. So let's see
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@ Minimum distance of RM(r,m) is 2™ "

how we proceed.

So let's consider

(Refer Slide Time 20:16)

2 codewords
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Reed-Muller code

@ Let f.f € RM(r, m) and let g.g' € RM(r-1,m). Then vectors
cy = (F.f +g) and 2 = (F.F + g') must be in RM(r, m+1)

f, f dash which belongs to Reed-Muller code of order r and length 2 raised to power m. And

let g g dash belongs to Reed-Muller code of order r minus 1 and length 2 m. Then we

defining two codewords, then Reed-Muller code of order r and length 2 raised to power m

plus 1 is of the form, we just said u and u plus 1. So these codeword c 1 and c 2 which is of

the form f and f plus g f dash and f dash plus g, they must be codeword belonging to Reed-

Muller code. And this follows from our recursive construction of Reed-Muller code which we

just mentioned. So c 1 and c 2 must be codewords for this Reed-Muller code.

(Refer Slide Time 21:20)
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Reed-Muller code

@ Let f.f" € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
c1=(F.f+g)and cz = (F.F + g') must be in RM(r, m+1)
elfg=g. then d(c1,c2) = 2d(F.F) =2-2™""

Now let us try to compute the minimum distance
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between these codes c 1 and ¢ 2 which are codewords

(Refer Slide Time 21:29)

@ Let f.f € RM(r, m) and let g. g’ € RM(r-1,m). Then vectors
cy = (F.f+g)and c3 = (F.F + g) must be in RM(r, m+1).
e Ifg=g. then d(c1.c2) = 2d(f.F) = 2-2™ "

Reed-Muller code of order r and length 2 raised to power m plus 1. So first case that we will
consider is when g is same as g dash and second case that we will consider is when g is not
same as g dash. So when g is same as g dash what is the minimum distance between c 1 and ¢
2? Now if g and g dash are same then basically your code c 1 is nothing but it is f here of

length 2 m and there is another codeword f of
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Reed-Muller code

@ Let f.f € RM(r, m) and let g.g' € RM(r-1,m). Then vectors
c; = (f.f+g)and c3 = (F.F + g') must be in RM(r, m+1)
o If g =g then d(cy.c2) = 2d(f.F) >2.2™ _
: pE Ge[§ 6]

-

i

length 2 m and c 2 is f dash of length 2 m and then you have f dash of length 2 m. So what is

the minimum distance

(Refer Slide Time 22:18)
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Reed-Muller code

@ Let f.f" € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
c (F.f+g)and ez = (F.F + g') must be in m[r m+1)

@ IfI_ g", then d_(q.i;.] 2d(f.F)=>2-2"" C e J: ; 4._—-]
r A A

€. [ £ 2 f} 2

[ L]

between this code? It is, minimum distance between f and f dash plus minimum distance
between f and f dash. So that's what we are writing here. So if g is equal to g dash, the
minimum distance between c 1 and c 2 is 2 times the minimum distance between f and f dash.

And what is the minimum distance between f and f dash?



(Refer Slide Time 22:42)

- [»] i AL
LY A0 (TITTTT e

B

Reed-Muller code

@ Let f.f € RM(r, m) and let g.g' € RM(r-1,m). Then vectors
1= (F.f+g)and c3 = (F.f + g') must be in RM(r, m+1)

@ If g =g then d(c;.¢3) %('.f’g > 3. D1 c [-F . f‘J

o[£ 14
z= 2""!

f and f dash belongs to Reed-Muller code

(Refer Slide Time 22:46)
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Reed-Muller code

@ Let/f. F € RM(r, m_);':md let g.g" € RM(r-1,m). Then vectors

c1 = (F,F+g) and c2 = (F,f + g') must be in RM(r, m+1)
o If g =g then d(er,2) = (F.F)>2.2" "

g= e Ge [ : 5]
2= 7

-SE R g

i__:.‘“ 2"'”

of order r and length 2 raised to power m. So their minimum distance should be 2 raised to
power m minus r. So then from this we get that minimum distance between c 1 and c 2 which

are 2 codewords
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Reed-Muller code

@ Let|f. " € RM(r, m};'.md let g.g" € RM(r-1,m). Then vectors

€1 =(F,F+g) and c2 = (F,F + g') must be in RM(r, m+1)

e Ifg =g then d(c;.c2) EE([[@{ . 9.pmr . 3 - ;‘J
- o 40c. <O . [—.Q =
A
(:_ _-r.‘ . r/.
L z™ 2“"!

belonging to Reed-Muller code order r and length 2 raised to power m plus 1, this should be

greater than or equal to 2 raised to power m plus 1 minus r.

(Refer Slide Time 23:18)
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Reed-Muller code

3 Let’f. ' € RM(r, r'['_n_);'and let g.g" € RM(r-1.m). Then vectors

[ '_Tr.—r-_g}_and cz=(F.F +g') must be in Fm(_r m+1)

@ Ifg =g then d(c1.c2) %(l.l’g-?_-& ¢ [-F ;—J

dlc.c. ) Z 2 —_— =
rl T
Cy __f’ - [}-
Ay

So for this particular case, we have shown that minimum distance
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Reed-Muller ¢

@ Minimum distance of RM(r,m) is 2™ "
@ Proof: We will prove the result by mathematical induction

@ Let m=1, then RM(0.1) is a length two repetition code. In this case
the minimum distance is 2

@ RM(1.1) has four codewords {00,01.11. 10} of length 2. Minimum
distance in this case is 2

@ Let us assume for upto m and for 0 < r < m, the minimum distance
is 2™ . We will show that dy,, for RM{r,m+1) is 2™ 7!

is indeed this. Now we will also have to show if g

(Refer Slide Time 23:31)

Fa rre=ma

3 Let’f. ' € RM(r, m);':md let g.g" € RM(r-1,m). Then vectors

ey =(F.T+g) and c3 = (F.F + g') must be in RM(r, m+1)

clfmthen d(e1.<a) %{l.l’j 2220 (% £

dCc.c ) Z 2 =
@ [ 1 £
i__.'." 2"]

is not same as g dash then also we have to show that minimum distance is at least this.

So next we
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Reed-Muller code

@ Let f.f € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
cy = (F.f +g) and 3 = (F.F + g') must be in RM(r, m+1)

o If g = g then d(¢1,¢2) = 2d(f.f) > 2.2™*
olfg#g. thend(er.)=w(f F)+wig g +f F)

consider the case when g is not same as g dash. Now if g is not same as g dash, then weight
minimum distance of the code we can say basically number of positions where c 1 and c 2 are
differing, this can be written as weight of f minus f dash plus weight of g minus g dash plus
weight of f minus f dash. If we are talking of binary codes this will be basically plus, you will
also find, because that's the same thing. So if you have 2 codewords, let's call it ¢ 1 which is f
here and this is f plus g and you have ¢ 2 which is f dash, f dash plus g dash, then minimum

distance between code is

(Refer Slide Time 24:32)
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Reed-Muller code

@ Let f.f" € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
[ (F.f+g) and c3 = (F.F + g') must be in RM(r, m+1)

e Ifg=g. then d(c1.c2) = 2d(f.F) = 2-2™ "
alfg#g . thend(ep.c2)=w(f - F)+wig-g +f-F)
<) :[ F ‘5= 3 ‘]
l £ 44y]

f minus, weight of f minus f dash and weight of this minus this. So that's what we are writing
here. That minimum distance between c 1 and c 2 is given by this plus this. Now we also

know that, let's say if you have 2 m-tuples, n-tuples then weight of a plus weight of b where a



and b are some n-tuples, this is basically, weight of a plus weight of b is greater than equal to

weight of a plus b, right?

(Refer Slide Time 25:13)
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Reed-Muller code

WfOJf w(b) 7 w(a+tb)

@ Let f.f" € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
1= (F.f+g) and c3 = (F.F + g') must be in RM(r, m+1)

o If g = g. then d(cy.c2) = 2d(f.F') > 2.2
elfg#g. thend(cp.q)=w(f - F)+wig-g +f-F)
<y |£ '; i L - J ‘]
CLE ‘F" F’*’JIY

Now if I consider a to be x plus y and b to be

(Refer Slide Time 25:20)
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i

l.ul(a:]-g— wfb_) 7 w(a+b)
a=x+9 b

@ Let f.f" € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
c1=(F.f+g) and c3 = (F.F + g') must be in RM(r, m+1)

o If g = g. then d(c1.c2) = 2d(f.F) >2-2"
elfg#g. thend(ep.q)=w(f - F)+wig-g +7-F)
Q[ £ 8+ ]
Cy E ‘F" j:!#—J'Y

y and let's say
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Reed-Muller code

L-JCOJf w(b) 7 w(a+k)
as X+9y E=‘a

@ Let f.f € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
¢y = (F.f +g) and 3 = (F.F + g') must be in RM(r, m+1)
o If g =g then d(c1.¢2) = 2d(f.F) >2.2™
oI g #g. then d(cr,c2) = wif — F) + wig — g + 1 F)
[ F:f+s ]
[ i E F!' ;’#-J"J?

x plus y they are all binary m-tuples we are talking about, then a plus b will be x plus y, so
that's given by x. So what we will get is weight of x plus y plus weight of y is greater than
equal to weight of x, right?

(Refer Slide Time 25:50)
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Reed-Muller code

l.-...l(c.\:]f wfb_) 7 w(a+b)
a=x+4 b= ?‘ a+h =X
w{x+a) + W('ﬂ)'; wix)
@ Let f.f' € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
1= (F.f+g)and cz = (F.F + g') must be in RM(r, m+1)
o If g = g then d(cy.c2) = 2d(f,F) > 2.2 *
elfg#g. thend(cp.q)=w(f - F)+wig-g +f-F)

S c..[-l-’:.f:,g']
CLE ‘F" ;’FJIY

Or we can write weight of x plus y is greater than equal to weight of x minus weight of y.

Next we are going to make use of this result to simplify this expression.
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w(a)s+ w(b) 7 wlatb)
a= X+9 b= a+h =X
Wx+e) + WD 2z ulx) ey 2 wid-wly
@ Let f.f € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
¢y = (F.f+g) and 3 = (F.F + g') must be in RM(r, m+1)

e If g =g then d(c1.€2) = 2d(f.F) > 2.2™ *
slfg#g. thend(ci.) =w(f - F)+wg- g +7-F)
[ F £+ }
Co E F!' F’*‘JIY

This, you can consider , this is my x and this is my y. So I can write weight of x plus y to be

greater than equal to weight of x minus weight of y. So when I do that

(Refer Slide Time 26:23)

8 aso TR -
Fo tommus-cil -enmuanssnnc

Reed-Muller code

@ Let f.f" € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
(=1 (F.f +g) and c3 = (F.F + g') must be in RM(r, m+1)

o If g =g then d(cy.c2) = 2d(f.F') > 2.2
elfg#g. thend(ep.q)=w(f-F)+wig-g +f-F)

@ Since w(x + y) > w(x) — w(y), we have

die.c2) > w(f —F)+ wig—g') —w(f —F) = wig — g)

then distance, minimum distance between c 1 and c 2 is this term coming here and what did I

do,



(Refer Slide Time 26:34)

iBQ0 -

Fi socsi-cif-soliansnasnccs — |

Reed-Muller code

@ Let f.f € RM(r, m) and let g.g' € RM(r-1,m). Then vectors
¢y = (F.f +g) and 3 = (F.F + g') must be in RM(r, m+1)

e Ifg =g. then d(c1,¢2) = 2d(f.F) =2-2™
o Ifg#g. then d(:.,:;_] w(f—F)+wig-g +f-F)
@ Since w(x +y) = w(x) ). we have

d(er,€2) > w(f — ) + w(g - g') - wif — ') = w(g — &)

this was weight of x, let's say this was X, this was y. This I can write

(Refer Slide Time 26:39)

PYI0T (TTTTTTTRN

s

AT LY

Reed-Muller code

@ Let f.f € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
¢y = (F.f +g) and 3 = (F.F + g') must be in RM(r, m+1)

e lfg=g. then d(c1,c2) =2d(f.F) = 2-2™"
s lfg#g. thendcr.cr) = w(f, )+ w(g g +f F)
@ Since w(x +y) = w(x) ), we have % 2

d(ci.c2) = w(f —F) + w(g — &) — w(f — ') = w(g — &)

as, this is then greater than equal to weight of x minus weight of y. So this weight of x is this

term
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Reed-Muller code

@ Let f.f € RM(r, m) and let g.g' € RM(r-1,m). Then vectors
cy = (F.f +g) and 3 = (F.F + g') must be in RM(r, m+1)

o If g =g then d(c1.c2) = 2d(f.F) >2.2™
o Ifg#g. then d(cy.c2) = w(f, F) + w(g — & + 1 F)
@ Since w(x +y) > w(x) ). we have X 2

2 whl- wly)

d(cr.c2) > w(f —F) + wig - g) - w(f — 1) = w(g — &)

minus weight of y which is this term, fine? Now this this cancels out. What I get is weight of

g minus g dash.

(Refer Slide Time 26:59)
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@ Let f.f € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
c1=(F.f+g)and c3 = (F.F + g') must be in RM(r, m+1)
o If g = g. then d(cy.c2) = 2d(f.F') > 2.2

)+ wig & +f-F)

e If g # g, then d(c1.c2) = w(f

= —wiy)
). we have X > 2wl

N+ wg-g)-wlf A)=wg-g)

@ Since w(x +y) > w(x)

d(cy.c2) = w(f

Now what is
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@ Let f.f € RM(r, m) and let g.g' € RM(r-1,m). Then vectors
1= (F.f+g)and cg = (F,F + g') must be in RM(r, m+1).

elfg=g. then d(c1,c2) = 2d(f.¥) = 2.2,

elfg#g . thend(cr.q)=w(f - F) +w(g g +F-F).

@ Since w(x +y) > w(x) — w(y). we have

dier.c2) > w(f — 1) + w(g - g) —w(f - ) = w(g — &)

@ Since g — g’ € R(r-1,m), so that w(g — g’) = 2™~ (7~1) = gm-r+l

g? g belongs to Reed-Muller code of order r minus 1

(Refer Slide Time 27:10)

and length 2 raised to power m. Then what is the minimum distance
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Reed-Muller code

@ Let f.f" = RM(r. m) and let g. g’ € RM(r-1.m). Then vectors

cy = (F.f+g) and c3 = (F.F + g') must be in RM(r, m+1)
o lfg=g. then d(c;.cz) =2d(f.F) =2-2™ "
slfg#g. thend(cp.)=w(f F)iwg g +7-F)
@ Since w(x +y) = w(x) — w(y), we have
d(ci.c2) = w(f — ) + w(g — &) — w(f — ') = w(g — &)

@ Since g — g’ € R(r-1,m), so that w(g — g') = 2™ "1} = 2™+l

of this, this? So what is the minimum distance between g and g dash? This should be 2 raised

to power m minus r.

(Refer Slide Time 27:38)
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Reed-Muller code

)
p- = 2
@ Let f.f € RM(r, m) and let g.g' € RM(r-1.m). Then vectors
1= (F.f+g)and cz = (F.F + g') must be in RM(r, m+1)
o If g =g then d(cy.c2) = 2d(f.F') > 2.2
elfg#g. thend(ep.q) =w(f - F)+wig-g +f-F)

mai=%

@ Since w(x +y) > w(x) — w(y). we have

dier.c2) Zw(f —F)+ wig—g') —w(f — )= w(g - g)

@ Since g — g’ € R(r-1,m), so that w(g — g') = 2™ (r-1) = pm-r+1
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What is r? The order here is r minus 1. So this is r minus 1. So this is 2 raised to power m

plus 1 minus r. So what we have shown is even when
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@ Let . € RM(r, m) and let g.g" € RM(r-1,m). Then vectors
cy = (F.f+g)and c3 = (F.F + g') must be in RM(r, m+1).

e lfg =g then d(c1,€2) = 2d(f.F) > 2.2 ",
o lfg#g. then dley,c2) = w(f ) + w(g - g +f-F).
@ Since w(x +y) > w(x) — w(y), we have

dler.e2) = w(f —F) + wig - g') — w(f - ') = w(g — &)
@ Since g — g € R(r-1,m), so that w(g — g') > 2™ =~} = 2m-r+1

g is not same as g dash, our minimum distance is still 2 raised to power m minus r plus 1. So
now we have proved that minimum distance if, minimum distance of rth order Reed-Muller
code of length 2 raised to power m plus 1 is basically given by this. So this will conclude the

proof
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@ The (m—r — 1)th-on'.ler RM code is the dual code of rtM-order RM
code.

using mathematical induction

(Refer Slide Time 28:13)

that the minimum distance of Reed-Muller code is 2 raised to power m minus r.

The next result which we are going to show you is that
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Reed-Muller code

@ The (m—r l)th _order RM code is the dual code of rtP-order RM
code

m minus rth order Reed-Muller code is the dual code of rth order Reed-Muller code. So let's

see. This is our original code and the dual code is given by this. Now what do we

(Refer Slide Time 28:43)
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Cd
@ The (m — r — 1)tM_order RM code is the dual code of rtM-order RM

code

need to show for dual code?
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If we take a codeword from this code and if we take a codeword from the dual code they are

orthogonal, right? So dot product should be zero. Another

Cd
@ The (m—r - l)thﬂder RM code is the dual code of r™M.order RM

code.

point which I should mention here is
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@ Let . € RM(r, m) and let g.g' € RM(r-1,m). Then vectors
cy = (F.f+g) and 3 = (F,.F + g') must be in RM(r, m+1)

e Ifg=g. then d(c1.¢2) = 2d(f.F) = 2-2™ "
slfg#g.thend(cr.)=w(f - F)+wg g +f F)

@ Since w(x +y) > w(x) ), we have X S = win)—wly)

d(er.€2) > w(f A) + wig - &) - wif A) = wig - &)
_I_2 / —— 747__

let's go back

(Refer Slide Time 29:02)
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3 Let’f. ' € RM(r, m);':md let g.g' € RM(r-1,m). Then vectors

e =(I.T+g)and cz = (F,F + g') must be in RM(r, m+1)

OIfE?;then d(er.<a) H(1.1)>2.2m « Ge [ i)
=

-

dlc.c ) =2

y
~ E£ ]
Z

to our construction of Reed-Muller code here. Please note the way
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@ Let m = 4, and r = 2, the second-order RM code of length n = 16 is

generated by the following 11 vectors:

—a¥% 1111111111111111 ‘::'
v 0101010101010101 va

vz 0011001100110011 o

"
v; 0000111100001111 ,
ve 0000000011111111 | &

ww; 0001000100010001 v, Vs
wivs 0000010100000101 | Y03

uVs
vive 0000000001010101 | vave
vav; 0000001100000011
vave 0000000000110011

vsve 0000000000001111 ) >

these Boolean products are constructed. In fact we just proved also the minimum distance of

the code is even. It is 2 raised to power

(Refer Slide Time 29:20)

m minus r. So minimum distance of Reed-Muller code is even. So Reed-Muller code would

not have odd weight codewords.
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Reed-Muller code

eletm=4 andr

generated by the following 11 vectors

—= Vo
v

?'.f T --d 0 .-. .tr-:-l llill..lill[:--' . —

2, the second-order RM code of length n = 16 is

1111112121111111 bia

Wi
0101010101010101 va
0011001100110011 ‘:;
0000111100001111

VvV
0000000011111111 | ['°
0001000100010001 | V,va
0000010100000101 | '3

VaivVa
0000000001010101 V2 Va
0000001100000011
0000000000110011
0000000000001111 J II™*I¢

So now we will

(Refer Slide Time 29:30)
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code

Zd
@ The (m—r l)th _order RM code is the dual code of rtP-arder RM

show if we take a codeword from m minus r minus 1 nth order Reed-Muller code and if we
take another codeword from rth order Reed-Muller code then they are orthogonal. That's the

first thing we are going to prove. So let us
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Reed-Muller code

@ The (m—r 1)th .order RM code is the dual code of rtP-order RM

code
@ Proof: Let us consider a € RM(m 1.m).b € RM(r,m). Then
—-—-—__
FIE . Vm) iS 2 leylelTlldl of degrge < m 1

consider codeword a which belongs to m minus r minus 1th order Reed-Muller code which is
of length 2 raised to power m. And let us consider another Reed-Muller code b which is of
order r and length 2 raised to power m. So a can be viewed as a polynomial of degree m

minus r minus 1 or less and similarly the degree of the polynomial

(Refer Slide Time 30: 19)
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Reed-Muller ¢

@ The (m—r l)th .order RM code is the dual code of rtP-order RM
code

@ Proof: Let us consider a € RM(m — r — 1,m). b € RM(r, m). Then
d[\-"[, . vm) 15 a polynomial of degree < m - r 1

@ Similarly, b(wvy.--- . Vy) has degree < r, and their product ab has
degree < m — 1 T '

b is less than equal to r. So if we consider
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@ The (m — r — 1) _order RM code is the dual code of rth-order RM

code.
@ Proof: Let us consider a € RM(m — r — 1,m), b € RM(r, m). Then
a(vy. -+ . vm) is 2 polynomial of degree < m —r — 1.

@ Similarly, b(v,- - , vim) has degree < r, and their product ab has
degree < m — 1.

@ Therefore ab € RM(m — 1, m) and has even weight. Therefore the
dot product a-b =0 mod 2.

their product then this will be a polynomial of degree m minus r minus 1 plus r so that would
be of degree less than equal to m minus 1. So then this product a and b will belong to a Reed-
Muller code of order m minus 1 and this is of length 2 raised to power m. Now note that

Reed-Muller code has only even weight codewords.

(Refer Slide Time 31:02)

So when we are considering this dot product a dot b,
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@ The (m - r — 1)M_arder RM code is the dual code of rtM-order RM

code.
@ Proof: Let us consider a € RM(m — r — 1,m), b € RM(r, m). Then
a(v1, -, vm) is @ polynomial of degree < m —r — 1.

@ Similarly, b(w,- - . viy) has degree < r, and their product ab has
degree < m — 1.
e

@ Therefore ab € RM(m — 1. m) and has even weight. Therefore the
dot product a- b =0 mod 2.

since Reed-Muller code

(Refer Slide Time 31:10)

has only even weight codeword then a dot b would be zero.
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@ The (m—r— l)th-order RM code is the dual code of rtM-order RM

code.
@ Proof: Let us consider a € RM(m — r — 1,m). b € RM(r, m). Then
a(vy. -+ . vm) is a polynomial of degree < m —r — 1.

@ Similarly, b(vy.- - . v,) has degree < r, and their product ab has
degree < m — 1.
—

@ Therefore ab € RM(m — 1. m) and has even weight. Therefore the
dot product_a_-g =_0'_ mod 2.

So modulo 2 this would be zero. So in other words then what we have shown is if you take a
codeword a which belongs to m minus r minus 1th order Reed-Muller code and if you take

another codeword which belongs to rth order Reed-Muller code, then they are

(Refer Slide Time 31:42)

orthogonal to each other. Next we check the dimension
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® The (m—r IJth -order RM code is the dual code of r'-order RM
code

@ Proof: Let us consider a € RM(m — r — 1.m). b € RM(r. m). Then
a(wvy. - . vm) is 3 polynomial of degree < m —r — 1

@ Similarly, b(w,--- . viy) has degree < r, and their product ab has
degree < m — 1

@ Therefore ab € RM(m — 1, m) and has even weight. Therefore the
dot product a-b=0 mod 2.

@ Also, dim RM(m-r l‘m] + dim RM(r,m]

) ;(T) '(m_T_l)"'(T)*---'(T)

which implies that RM(m — r 1) RM{r m)'

of m minus r minus 1th order Reed-Muller code and rth order Reed-Muller code and we see
that sum of their dimension is 2 raised to power m which is the length of the codeword. So
this does prove then that m minus r minus 1th order Reed-Muller code, just, just write down
m here is

(Refer Slide Time 32:17)
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Reed-Muller code

@ The (m—r— l)th -order RM code is the dual code of rtM-order RM
code

@ Proof: Let us consider a< RM(m —r — 1,m). b€ RM(r,m). Then
a(vi. - . vm) i5 3 polynomial of degree < m —r — 1.

@ Similarly, b(vy,- - , viy) has degree < r, and their product ab has
degree < m— 1

@ Therefore ab € RM(m — 1, m) and has even weight. Therefore the
dot product a- b =0 mod 2.

@ Also, dim RM(m-r-l‘m] L dim RM(r,m]

1o (1) () (5) e (2)

am

—

which implies that RM(m — r — 1= RM(r,m)*
RM(m — r — Lyy= RM(r,m) "

dual 2 rth order Reed-Muller code. Now
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@ From the construction we can see that RM(r-1,m) code is a proper
subcode of the RM(r,m) code. hence

RM(0, m) € RM(1,m) C --- C RM(r, m)

let's see that

(Refer Slide Time 32:26)

some of the codes that we have studied are actually a special case of Reed-Muller code. So

the first thing which is clear from the construction is that any
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Reed-Muller code

@ From the construction we can see that RM(r-1,m) code is a proper
subcode of the RM(r,m) code. hence

RM(0. m) € RM(1,m) € --- € RM(r. m)

r minus 1 order Reed-Muller code is a proper subcode of an rth order Reed-Muller code.

And this is easy to see if

(Refer Slide Time 32:50)
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@ The (m—r 'I)th -order RM code is the dual code of !th-ordﬂr RM

code

@ Proof: Let us consider a€ RM(m —r — 1, m), b € RM(r, m). Then
a(w. . ¥m) is a polynomial of degree < m —r — 1

@ Similarly, b(vy.--- . vy,) has degree < r, and their product ab has

degree < m — 1
@ Therefore ab € RM(m — 1. m) and has even weight. Therefore the
dot product a-b =0 mod 2

you noticed and go back to
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@ The (m—r l)th _order RM code is the dual code of r*P-arder RM

—_————

code T

our code construction. What was our generator matrix? Our generator matrix consists of

(Refer Slide Time 33:01)
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Reed-Muller code

@ The r*M_order RM code . RM(r,m), of length 2 is generated by
following set of independent vectors:

Gru(r. m) {vo.vp.¥2, - Vm. Vi¥2, V3, - - Vi Vi, -
up to products of degree r}.
@ There are

Ham=1+( 1)+

i‘roﬂ
S
——
h~3
e

vectors in Ggp(r. m)

these tuples v 0, v 1, v 2 up to product of degree r. So if you are considering zeroth order
Reed-Muller code this will only have v 0
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@ The r'M_order RM code RM(r.m). of length 2 is generated by
following set of independent vectors:

Gru(r.m) = QB.!:.--- N VIV, VIV, - Vi (V. s
up to products of degree r}.
@ There are
kem =1+ (T )+(7)++(7)-
—— il e a8

vectors in Gau(r, m)

in the G matrix. If

(Refer Slide Time 33:19)

you are considering first order Reed-Muller code, it will have
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Reed-Muller code

following set of independent vectors:

Gpu(r. m) @g.[:.--‘

L L T
up to products of degree r}.

@ The r*M_order RM code . RM(r,m). of length 2 is generated by

Wm, V2, VWY, -

@ There are

wem-1+(1)+(5)++(3)

vectors in Geu(r. m)

v 0 and it will also havev 1,v2,v 3, vn.

(Refer Slide Time 33:31)
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@ The r*M_order RM code . RM(r,m), of length 2 is generated by
following set of independent vectors:

Grum(r. m) @vlvg.vlv;.--  ¥m—1¥ms

up to products of degree r}.
@ There are

emere(7)+(3)

vectors in Geu(r. m)

If you are considering second order Reed-Muller code, this will have this and it will have all
these second order terms. So you can
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@ The rth_order RM code . RM(r.m), of length 2™ is generated by

following set of independent vectors:

I
Guu(rm) = [fueffos vo, — va v v, v,

up to products of degree r}.

@ There are

Hem=1+(7)+(3) +(

m).

B

vectors in Gaum(r, m)

see that

(Refer Slide Time 33:42)

smaller order Reed-Muller code is already embedded in the larger order
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Reed-Muller code

@ From the construction we can see that RM(r-1.m) code is a proper
subcode of the RM(r,m) code. hence

RM(0, m) < RM(1, m) - C RM(r.m)

Reed-Muller code. So you can, from the construction you can see that smaller order Reed-
Muller code is essentially a proper subcode of a larger order Reed-Muller code. So this, this
relation holds and this can be easily seen from the construction of Reed-Muller code. The

zeroth order

(Refer Slide Time 34:11)
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Reed-Muller code

@ From the construction we can see that RM(r-1,m) code is a proper
subcode of the RM(r,m) code. hence

RM(0, m) € RM(1,m) € --- € RM(r. m)

@ The zeroth order RM code is a repetition code

Reed-Muller code is a repetition code. This we have shown earlier also. Note that for the
zeroth order Reed-Muller code, your G matrix will only have this v 0 which is all 1's and that

is precisely the
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Reed-Muller

@ From the construction we can see that RM(r-1,m) code is a proper
subcode of the RM(r,m) code. hence

RM(0, m) € RM(1, m) RM(r. m)

@ The zeroth order RM code is a repetition code EVQJ

generator matrix for repetition code. m minus

(Refer Slide Time 34:34)
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Reed-Muller

@ From the construction we can see that RM(r-1,m) code is a proper
subcode of the RM(r,m) code. hence

RM(0. m) € RM(1, m) € --- € RM(r. m)

@ The zeroth order RM code is a repetition code

@ The (m 1}th-ofder RM code is a single parity check code

1th order repetition code, m minus 1th order Reed-Muller code is actually a single parity

check code. Again this is easy to see. We can just use the results that we have proved.
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Reed-Muller code

® The (m—r l)th .order RM code is the dual code of rtP-order RM

code

@ Proof: Let us consider a € RM(m — r — 1.m),. b € RM(r, m). Then
al(wv. . Vm) is 3 polynomial of degree < m —r — 1

@ Similarly, b(wv,- - - , Vi) has degree < r, and their product ab has

degree < m — 1

@ Therefore ab € RM(m — 1, m) and has even weight. Therefore the
dot product a-b=0 mod 2

@ Also, dim RM(m r l‘m] + dim RM(r,m]

14( 1)+ (mr-1 )#24(7)++(7)

am

I

which implies that RM(m — r 1)'} RM(rym)-
e e IR NS

We know that m minus r minus 1th order Reed-Muller code is dual to the rth order Reed-

Muller code. So if r is let's say zero, then it is dual to m minus 1th order Reed-Muller code.

So zeroth order

(Refer Slide Time 35:05)
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Reed-Muller code

@ From the construction we can see that RM(r-1,m) code is a proper
subcode of the RM(r,m) code. hence

RM(0, m) € RM(1.m) C --- € RM(r, m)

@ The zeroth order RM code is a repetition code [Vﬁj

Reed-Muller
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@ From the construction we can see that RM(r-1,m) code is a proper
subcode of the RM(r,m) code. hence

RM(0.m) € RM(1.m) C --- C RM(r.m)

@ The zeroth order RM code is a repetition code.
@ The (m - l)t*'-ordef RM code is a single parity check code.

code is dual to m minus 1th order Reed-Muller code. And what is the dual

(Refer Slide Time 35:13)

of a repetition code? It is a single parity check code. So m minus 1th order Reed-Muller code
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@ From the construction we can see that RM(r-1,m) code is a proper
subcode of the RM(r,m) code. hence

RM(0,m) € RM(1.m) C --- C RM(r.m)

@ The zeroth order RM code is a repetition code.
@ The (m — 1)tM-order RM code is a single parity check code.

is nothing but a single parity check

(Refer Slide Time 35:24)

code. Similarly m minus 2 order Reed-Muller code is our extended
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@ From the construction we can see that RM(r-1,m) code is a proper
subcode of the RM(r,m) code. hence

RM(0.m) C RM(1.m) C --- C RM(r.m)

@ The zeroth order RM code is a repetition code
@ The (m — l)“'-ordef RM code is a single parity check code.

® The (m — 2)“‘4:«1« RM code of length 27 is distance-4 extended
Hamming code obtained by adding an overall parity bit to the
Hamming code of length 2™ — 1.

Hamming code which we just talked about in the last lecture. So let's discuss how

(Refer Slide Time 35:42)

we can decode Reed-Muller code. So we will illustrate the decoding of Reed-Muller code
through an example. And we are going to use what we call majority logic decoding.

So let us consider Reed-Muller code with parameter m
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@ Consider a 2nd order Reed Muller code of length n — 16 generated
by following 11 vectors

vw 1111111111111111
v 0101010101010101
v: 0011001100110011
v 0000111100001111
ve 00000000111 12102111
vwiv; 0001000100010001
vwiv; 0000010100000101
vwivey 0000000001010101
vy 0000001100000011
wwe 0000000000110011
vivg 0000000000001 111

equal to 4 and r equal to 2. So in other words

(Refer Slide Time 36:06)
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oding of Reed-Muller code

@ Consider a 2nd order Reed Muller code of length n — 16 generated
by following 11 vectors WMiad, = L
v 1111111111111111
vi 0101010101010101
vz 0011001100110011
v 0000111100001111
ve 00000000111211111
vivz 0001000100010001
vivi 0000010100000101
vwivg 0000000001010101
vovy 0000001100000011
voave 0000000000110011
vy 0000000000001111

the generator matrix will then consist of v 0 all first order v i's



@ Consider a 2nd order Reed Muller code of length n

by following 11 vectors

!g
Vi
V2
V3
Vg
viv2
Vivy
ViVa
VoV,
VoV

Wiy

16 generated
M= ‘}f y= 1
$12111112121211211
0101010101010101
0011001100110011
0000111100001111
000000001112112111
0001000100010001
0000010100000101
00000O00O0O01010101
0000001100000011
0000000000110011
0000000000001111

and these Boolean

(Refer Slide Time 36:18)
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Decoding of Reed-ML

@ Consider a 2nd order Reed Muller code of length n
by following 11 vectors

Vo
Vi
vz
V3
Va
Vo
Vivy
ViV
Vv,
VoV

Wiy

iller code

16 generated
W= i}) vy=u 'l
1112111111121111
0101010101010101
0011001100110011
0000111100001111
0000000011111111
0001000100010001
0o0oo00010100000101
0000000O0O01010101
0000001100000011
0000000000110011
0ooo0OOOOOOOOI1111

product of order 2. We already know how to, how to get this v 1, v 2, v 3, v m, we just talked

about that earlier and we also know how to compute the Boolean product. So this is

essentially our generator matrix G of a
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Decoding of Reed-Muller code

@ Consider a 2nd order Reed Muller code of length n
by following 11 vectors

Vo

vy
V2
v3

Vg

»

Vv
Vivy
ViV
vivy

VoV

AC .-.‘.'u."-n-

16 generated
{aa ‘-i} ry= 1l

1111111111111111 |

0101010101010101
001100110011001
000011110000111
000000001111 111
0oo100010001000
000001010000010
000000000101010
000000110000001
000000000011001

b et fd el el b el b

vszvq 000000000000111

2 4 Reed-Muller code.

(Refer Slide Time 36: 47)
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Decoding of Reed-Muller code

@ The message to be encoded is given by
(30, 24, 33. 32. 31, 334, 324, 214, 373, N13. N12)
@ The codeword is given by

(bo. by. b.- - - . bys) agvp + vy + aivy

T3V +

daVg + avy +
J24V2Vy + 3y

+a@vavy + aviva + appvivs

Now the message that we want to encode, let's call it a 0 a 4 a 3, this is how we are denoting
the message that we are going to encode and since the rows of our generator matrix are given

by
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Decoding

@ Consider a 2nd order Reed Muller code of length n
by following 11 vectors

)
1]

f Reed-Muller code

Vo

vy
V2
v3
vy
viv2
Vivy
ViVy
vav3
Ll

Wiy

1111111111111111’—\
0101010101010101
001100110011001
000011110000111
000000001111111
0o0o0100010001000

000000000101010

000000110000001
000000000011001

1
1
1
1
0000010100000101
1
1
1
0000O0O0O0OOOOOILILI11

.

16 generated
W= qu vu'l

v0,v1,v2,v3,v4and this, so our codeword would be linear

(Refer Slide Time 37:11)
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Decoding of Reed-Muller code

@ The message to be encoded is given by

(30, 24, 33, 32, 31, 334, 324, 14, 33, 213, 12)

@ The codeword is given by

(bo. by. b, - - , bys) agvp + 2ava + agvg + apvy

+334VIVy + J2aVaVyg + 31aV Vg

a3vy +

tavavy + aaviva + apviva

combination of rows of the generator matrix. So that we are writing denoting by a 0 v 0 plus a
4v4a3v3andsimilarlya34v3v4a24v2v4. So this is how, this is linear combination

of these
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eleven rows of this generator matrix. That's how we will generate
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@ The message to be encoded is given by

(30.2s. 23, 32, 31, 33, 324, 314 323, 13, 312)

@ The codeword is given by

(bp.by.ba.--- .bys) = dovg + dava + 33v3 + V2 + a1
+auVivy + JgVavy + vy
+anvavy + aaviva + apva

our codewords. So this 16 length codeword is basically linear combination of these rows of

this generator
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(Refer Slide Time 37:46)
im0 i smS

g rTh=smE" i

@ We can see that first four components of each generator vector and
subsequent three groups of four consecutive components is zero
except for the the vector viva.

@ Thus the code bit 232 can be written as

a2 bo + by + by + by
a2 by + bs + b + by
2 = byg+by+ b+ by
biz + by + bua + bys

212

@ RM codes uses majority logic decision rule for decoding.

will spend some time looking at the generator matrix and we will use some
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observations from the generator matrix to decode our code. So what are these observations?
So first thing we will see if we can,
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@ We can see that first four components of each generator vector and
subsequent three groups of four consecutive components is zero
except for the the vector vyva.

@ Thus the code bit 3,2 can be written as

a2 bo+ by + b+ by
2 = batbs+byt by
2 = byg+by+byp+bn
a2 = butbytbatbs

@ RM codes uses majority logic decision rule for decoding.

if we see the first four components of each generator vector and subsequent groups of 3

groups of 4 consecutive components they are zero except for vector v 1 v 2. What do I mean

by that?
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Decoding of Reed-Muller code

@ The message to be encoded is given by

(30. 24, 23, 22, 31, 334, 324, 214, 33, 213. N12)

@ The codeword is given by

(bo. by. b, - - , bys) agvp + 3gvg + vy + vy + 3

+aVIVy + IpgVaVy + 3V

taavava + a1aviva + apviva
g -3 0

—_——

So let's look at

(Refer Slide Time 38:22)
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Decoding of Reed-Muller code

@ Consider a 2nd order Reed Muller code of length n — 16 generated
by following 11 vectors .
vwo 1111:111111111111
vi 0101010101010101
vz 0011001100110011
vi 0000111100001111
ve 0000000011212112111
wv; 0001000100010001
wvy; 0000010100000101
wvg 0000000001010101
vavy 0000001100000011
vowe 0000000000110011
vivq 0000000000001 111

this, group of four. This is group of four. This is group of four. So what I am saying is if you
look at this group of four, and if you add them up. Just look at this first group of four. This
will be zero, sum will be zero; zero, zero, zero, zero this is 1. This is zero, zero, zero, zero,
zero. You take any such four. This is zero, zero, zero this one is zero, this one is zero, this is
not zero again this row. This one is zero, zero, zero, zero. So you take any such groups of
four. This one is zero, zero, zero, zero, zero, this is not zero and these are all zeroes. Similarly
this is not zero. These are all, if you add up these, they are all zeroes, one plus one, one plus
one plus one, these are all zeroes. Same here, one plus one zero, one plus one zero. So if you

look at
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@ Consider a 2nd order Reed Muller code of length n — 16 generated
by following 11 vectors :
vo 1111L1111'1111}1111
Vi 0101010110101'0[01
V2 ﬂOllUUll'Oﬂl}ﬂOll
V3 0000111100001[11‘-¢

Vi [IO[IO[I[IOCIIIII]I]I

— ooomoolloopuoom
vivs l]0l]0'l]1010l]00f(]li]1—e
viva EIODO‘EIEIOCII0101CIH]1 -s
vavs oouommnouoouon
vave 0000/0000l001{10011
vave oooo*anoaroaoolnn

these bits, four bits at a time, you will notice except for this one, v 1 v 2, all others are zero.

Now how can we make use of this fact?

(Refer Slide Tlme 39: 49)

Decoding of Reed-Muller code

@ We can see that first four components of each generator vector and
subsequent three groups of four iVé COmpOonents is Zero
except for the the vector viva

@ Thus the code bit 2,2 can be written as

a2 bh+bh+bh+b
a2 by + by + bg + by
2 = by+by+ bro+ by
32 biz + by + bya + bys

a

@ RM codes uses majority logic decision rule for decoding.

(Refer Slide Time 39:50)



Decoding of Reed-Muller code

@ The message to be encoded is given by

(30. 34, 33. 32, 31. 334, 324. 314, 323, 313. 312)

@ The codeword is given by

(bo. by, b2.--- . bns) agvg + agvy + &v3 + vz + an

+3VIVE + F2aVIVa + 3VVy

+azvavy + d13VIva + d12Vv2

v 1v 2, so, so what we will do, if we add up

(Refer Slide Time 39:58)
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Decoding of Reed-Muller code

@ The message to be encoded is given by

(90.34. 33, 32. 31, 334, 324, 314, 323, 313. 312)

@ The codeword is given by

(bo. by. by, - -+ . bns) agvg + agvy + &3v3 + vz + an

+3VIVE — F2aVIVa + AaVVy

+d23vavy + J13VIV3 '

those first four elements, the contribution from all others will be zero except, because v 1 v 2

is non-zero so we will get contribution

(Refer Slide Time 40:12)



from what a 1 2 is. So in other words,

(Refer Slide Time 40:18)

@ The message to be encoded is given by

(30.3s. 33,32, 31, 334, 334, 314, 33, 313, 312)

@ The codeword is given by

(bo.by. by~ bys) = agve + 3uve + 3wy + w2 + @
+3uVIVe + aVaVa + aiVa

+anvavy + davivy +flz!l'? l

(Refer Slide Time 40:19)
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@ We can see that first four components of each generator vector and

subsequent three groups of four consecutive components is zero
except for the the vector vyvg.

@ Thus the code bit 3,3 can be written as
a2 = bhtbh+bhi+h
i = byt bstbstby
s = by+by+bo+bn
a2 = bp+batbutbs

@ RM codes uses majority logic decision rule for decoding.

these codeword bit then can be written as, so if I am calling this bit at Oth location as zero, bit

at first location as b 1, second location b 2 and b 3 then by adding the first 4 bits I can get

information about

(Refer Slide Time 40:39)

what a 1 2 was. And this can continue

(Refer Slide Time 40:46)



= TITIY

LY :
L L R R 10

oding of Reed-Muller code

@ We can see that first four components of each generator vector and
subsequent three groups of four ive components is zero
except for the the vector viv;

@ Thus the code bit 2,2 can be written as

m o= bbb
a2 by + bs + bg + by

a2 by + bo + bio + b
a2 bz + b3 + ba + bys

@ RM codes uses majority logic decision rule for decoding

for next set of

(Refer Slide Time 40:48)
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@ The message to be encoded is given by

(30.34. 33. 22. 31. 334, 324, 314, 303, 313. 312)

@ The codeword is given by

(bo. by. by. .bis) dgvp + 3ava + vy + Jva + AV

+aVIVE — daVIVa + ViV

+ayvavy + aIviva I@ 1v2

bits as well.

(Refer Slide Time 40:49)



Decoding of Reed-Muller code

@ Consider a 2nd order Reed Muller code of length n = 16 generated
by following 11 vectors m=4, y=2
. ﬂllllllllllllllllj
vi 0101010101010101
v; 0011001100110011
vs 0000111100001111
G"j vg 00000000111 11111
viv; 0001000100010001
vivy 0000010100000101
vive 0000000001010101
wav3 0000001100000011
vove 0000000000110011
vsve 0000000000001111

So

(Refer Slide Time 40:52)
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Decoding of Reed-Muller code

@ Consider a 2nd order Reed Muller code of length n = 16 generated
by following 11 vectors :
vo 1111,111111111111
v 01010101101010101
v DOlliOClll'OﬂlJ.‘Clﬂl_l
v 0000‘,121'000_01_luka
va 000000001111,1111
— wiv; 0001000100910091
ViV l]Ol]O{Dl_OI‘ODOOICllDI-:o
ViV OOOO]OU_OCHOlOl'Cllﬂl -
VoV UOUO'UU}IIOUOODOll
Vv UOUOJOUQUIOUllDOll
vav ooooioonoroaoo\un

this is let's say b0, b 1,b 2, b 3, thisisb 4, b 5, b 6,b 7. Thisis b 8, b 9, b 10, b 11; this is b
12, b 13, b 14, b 15. So if I add these b 0,
(Refer Slide Time 41:16)




@ Consider a 2nd order Reed Muller code of length n

by foll 11 t
L A AL e R

11[1111111111111

— V)V
—

Viv3y
vivy
VaVy

16 generated

0101010110101'0101
00110011'001)0011
0000111100001111‘_‘-.
K]OE]ODDO[]I1IIIIII
ODOIOODIrDOQIJODOI
0000’01010000[0101-—«:
CIOCIO'DCIODIOIOICIIGI —
000010011100000011

000010000l00110011
ooooioonorocouluu

VoV

LEL

bl,b2,b3,orb4,b5b6,b7,b8,b9,b10,b11,b 12,b 13,b 14, b 15, what I am getting
is contributions from all other rows are nullified. Only I will see the contribution, effect of
this v 1 v 2 and the bit

(Refer Slide Time 41: 39)
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Decoding of Reed-Muller code

@ We can see that first four components of each generator vector and

subsequent three groups of four consecutive components is zero

except for the the vector viva

@ Thus the code bit 2,2 can be written as

& b+ b+ b+ by
a2 by + bs + by + by
412 by + by + bio + by
a2 biz + b3 + bys + bys

@ RM codes uses majority logic decision rule for decoding

a 1 2 can then be found by adding these four columns together. So I can get information about
a 1 2 by looking at these first 4 columns or first 4 bits of these codeword, similarly next four
bits of the codeword, add them up, I can get another independent information about a 1 2 and
same thing I can get from the next set of 4 coded bits. So what you can see is I am getting 4
independent views about what a 1 2 is. Now the decoder can take the majority logic decoder
if there is no error of course all of them will tell me about that a 1 2 is the same bit whether it

is zero or 1.
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But if there is a single error, what you will notice is you know, in some of the bits, let us say

there is an error in some bit location b 1 then

(Refer Slide Time 42:41)
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@ We can see that first four components of each generator vector and

subsequent three groups of four consecutive components is zero

except for the the vector vivy.
@ Thus the code bit 3,2 can be written as

= bRty

= butbtbytb
2 = by+by+bo+bu 1
a2 = bt+batbatbs

@ RM codes uses majority logic decision rule for decoding.

a 1 2 here would be different from what a 1 2 I am getting from other 3 equations. And then I

will use majority logic
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decoding. What is majority logic decoding? So I will take majority decision, if three of them
are saying a 1 2 is zero, then I will go for zero, otherwise I will go for 1, Ok. So this is how I

can decode

(Refer Slide Time 43:04)
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@ We can see that first four components of each generator vector and

subsequent three groups of four consecutive components is zero

except for the the vector vyvy.
@ Thus the code bit 3> can be written as

] h+thtbh+bh
/_a_u = bat+by+bs+by

a2 by + bo + bio + bu1
a2 bz + by + bia +bts1

@ RM codes uses majority logic decision rule for decoding.

bita 1 2. So and this will be repeated for
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® Let r = (rg. 7. -+ . ris) be the received vector. In decoding a;;, we
form the following equations

AL = ntatntn
Ay = ntn+rtn
Ay, = m+m+ro+m

Ay

na+na+na+ns

decoding other bits as well.

(Refer Slide Time 43:12)

So let's say my received bit is
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Decoding of Reed-Muller code

@ Letr = (rp.n, - - . ns) be the received vector. In decoding a;;, we
form the following equations

Ay R+ +n+n
A_\ A+ +rg+ry
A, fa+R+hHo+Mm
A, fa+ ny+ ne+ ns

rOr1r2r 15 corresponding to the transmitted bit b O b 1 b 2 b 15 then I can decode a 1 2.
How? I will just add these first 4 bits then I will add the next 4 bits next 4 bits next 4 bits so I
am getting 4 independent views about what a 1 2 is and then I will take a majority decision,

majority of them are saying zero, I will go for zero. Otherwise I will go for

(Refer Slide Time 43:46)
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Decoding of Reed-Muller code

@ Similarly we can decode, a;3. 333, @y4. 24, 23s. For example, for a;3

we have
Ay o+ rn + rfs+ ry
As PR+ +et+r
Ay g+ +nz+
Ay Flio+R1+Ha T+ As
@ For a33 we have

A| Rpririhh+R
As AR+n+r+r
Az fgThHogTrn2+rnas
Ay p+m+natns

1. Now the same thing, exactly
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the same way I can decode other bits. So let's look

(Refer Slide Time 43:52)

@ Similarly we can decode, a;3. 323. 314. 324. 234. For example, for ay3
we have
A = m+n+n+n
A, = m+nR+m+n
Ay = p+R+mt+n
Ah2 = no+tm+natns
@ For a3 we have
A, = m+n+n+rn
A = ntnt+tnth
Ay = gtnotmtne
Ay = m+m+m+ns

ata2 3. If welook ata?2 3,
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@ Consider a 2nd order Reed Muller code of length n

¥ 10T [TTTTTTTGI

16 generated

by following 11 vectors

— WV
—_—

Vivy
ViVa
vavy
VoV

Wiy

be bbby by be b by by by bub Bubbe b
111L,1111111151111
010101011010110101
0011001110013'0011
000071111/00001111[0
0000/000011111111
oooqoganoglmogl
0000/0101,00000101 =0
00000000010f1'0101 ==
00000011000(00011
0000/0000001{10011
ooooMononaod1111

let's look at this row, I will use a different pen. Let's look at this row, this row, this row, and
this row. So if I add bits in this row, this will be zero, this will give me zero, this will give me
a 1, this will give me zero, this will give me zero, this will give me zero, so you can see all

rows will give me zero except this particular row and same thing I can repeat

(Refer Slide Time 44:42)
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Decoding of Reed-Muller code

@ Let r = (m. ., - - .ns) be the received vector. In decoding a;3, we

form the following equations

A R+A+ntn
Az R+ K+t
A R+R+Np+Mm
Ay = N2+ R3a+Na+Rs

for,
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Decoding of Reed-Muller code

@ Similarly we can decode, a;3. 323. 314. 324. 33a. For example, for a;3

we have
Ag R+ +RR+n
Az r+n+m+hn
Ay g+ +n+m
Ay Fio+ A1+ Na+As
@ For a3 we have

Al = Rriorh+R
Al n+n+m+n
Az fgThgp+rn2Trns
Ay rp+rm+n3tns

if I look at second row, fourth row, sixth row and eighth row I will get the same information.

So if I look at, now let's say I

(Refer Slide Time 44:55)
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@ Consider a 2nd order Reed Muller code of length n = 16 generated

by foll 11 t
ey o 1Y TR TR WA R

A v 111L1111'11111111
v 01010101010110101
v: 0011:00110013'0011
vi 00001111/00001111[so
ve 000000001111,1111
v 0001100010001/0001
wv; 00000010100000101 =0
wve 0000000001010101 =
—>wv;vy 0000001 100000011
r] VoV ﬂOUOlUU(_)CIlOﬂllUOIl
4 vive 0000/00000000l1111
+t £+t

look at this row, I look at this row, this row, this row and this row. So this will give me zero,
this will give me zero, this will give me zero. Now here this is a 1, this is a zero, this is a zero

and this is zero. So this will give me 1. And all other rows will give me zero.
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@ Consider a 2nd order Reed Muller code of length n — 16 generated

by foll 11 t
y following 11 vec s b b b by b b bbb

/ vnllllllllllllll.ll

vi 010101nn010u0101
V2 0011001H00110011

Vi 0000111100001111L¢
0 vy CIO[IO[IEIOCIIIIIIIII
vy OOOIOODIIDOQHODOI

vivy UODUDIOIODOOPID]:a

vivs ﬂOﬂUﬂﬂquIOIDlﬂl-ﬂ
g —3Vav3 000010011100000011
-‘I vw...UOCIOJUUOCIlOOllCIOll

% vsve-0000000000000l1111
teeTerer

So if T add up

(Refer Slide Time 45:26)
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Decoding of Reed-Muller code

@ Letr = (m, .-~ - . ns) be the received vector. In decoding a;;, we
form the following equations

A| R+l T+H+H
A2 = n+r+r+rn
———
Ay BR+R+No+M
Ay = N2+ NR3a+Na+ns

(Refer Slide Time 45:27)



@ Similarly we can decode, a13. a3, 314, 324. 334. For example, for a3

we have

Ay
Ay
Ay
As

@ For a3 we have

Ay
Ay
Ay
Aq

mR+n+nt+n
Rn+n+rt+n
p+r+nztns
fo+n1+natns

R+nt+rn+n
n+n+nt+n
p+rotnztna
B+m+nt+ns

these bits, 4 bits at a time, in similar fashion I can

(Refer Slide Time 45:34)

get independent information
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Decoding of Reed-Muller code

@ Similarly we can decode, ay3. 333, @y4. 224, 23s. For example, for a;3

we have
Ag R+l +Ig+NR
Az R+tna+ri+hn
Ay g+ +na+n
Ay Flo+ A1+ R4+ As
= Fof[a:'u we have
A| MprRrh+K
A = ntntntn
Az RTHNoTN2THN4
Ay B+ +r3+ns

about a 2 3. So again the point to be noted here is

(Refer Slide Time 45:44)
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Decoding of Reed-Muller code

@ Letr = (rg.r, - - . ns) be the received vector. In decoding a;3, we
form the following equations

Ay m+n+n+n
A2 = n+tn+rr+n
——
Aj g+ R+ Np+n
Ay 2+ A3+ fa+hs

what you need to do
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@ Consider a 2nd order Reed Muller code of length n — 16 generated

by foll 11 t
y following 11 vectors bbb b by b b bbb

A w 111L1111'11111111
vi 0101010101010101
v2 uonuunlouuuou

vi 0000111100001111_¢
0 va oononnoulllltlzl
viva ooollooﬂnlrooguoo_m

vivs l]Ol]O'DIOIOl]OO,Gll]]—e

vivs EIODO‘EIDOUIOIOIEHD] S
y —>vav; 00001001%000[00011
1 vave _0000/0000l001{10011

4 vsve-0000/00000000l1111
treteirey

if you would look at this and find out this, basically like,

(Refer Slide Time 45: 51)
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Decoding of Reed-Muller code

@ Letr = (m. ., -- . ns) be the received vector. In decoding a;3, we
form the following equations

Ay Rn+tn+n+n

Az fa+rm+r+rn
——

Ay fg+ /R +no+m
— e

Ay = N2+ Nn3+Na+ns

combinations of these received bits which will give information about one particular

transmitted bit and not others and once you do that
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@ Similarly we can decode, a;3. a23. 314. 324. 334. For example, for a;3

we have
Ag R+ +g+N
Az r+Ra+n+Hn
Ay g+ Ry + a2+ 3
Ag flo+ N1 +Na+Ns
@ For[.nu we have

A| = RBhrRrhh+0R
A = ntntntn
Az B+ ng+ 2 + Na
Ay rp+rmg+n3+ns

you can similarly do for other bits. I just listed here. You can verify yourself that if you add

these bit location, you will get independent formation about a 1 4, similarly for a 2 4 and

(Refer Slide Time 46:22)
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Decoding of Reed-Muller code

@ For a3y we have

A M+ -+ g+ N2
A n+m+n+n
Ay 2+ fg+hoT+ N
44 R+r+n+ns

@ After decoding 312, 313. 3. 314, 324, 234, we form a modified received
vector as

1 (1) () (1)
rlt) (5’n - ha)

F — 33aV3Vy — 34V2aVg — auViVy — aavava — apavvy — 4onvg

a 3 4. Now once you have decoded a 1 2 a 2 3 or once you have decoded all of these, again

remember the way we are decoding is, so we are getting
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four independent views about the same bit. Majority of them are saying; it is zero we go for
that. Or else if majority of them are saying they are 1, we go for that. So once we have
decoded

(Refer Slide Time 46:47)
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A = m+an+m+n
A = n+tr+n+m
Ay, = n+r+ng+ na
A = n+n+m+ns

@ After decoding a12, 13, an. 314, 324, 334, we form a modified received
weewas -0 . 0=

(1) (1) (1)
) = (g - ha)

= T — 3uViVy — 324V2Vg — 3aVIVa — 323VaV3 — aavivy — appvivy |

this, these sequences let's just subtract the contribution of these bits from the received signal.
So the new received sequence we are calling r 1 is the actual received sequence minus the
contribution from these Boolean product terms subtracted. Now once we do this, then what

we are left is
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Decoding of Reed-Muller code

@ Consider a 2nd order Reed Muller code of length n = 16 generated
by following 11 vectors
w 1221211121711211
vi 0101010101010101
v: 0011001100110011
v; 0000111100001111
ve 0000000011111111
viv; 0001000100010001
vivi 0000010100000101
wivg 0000000001010101
vovy 0000001100000011
vwwe 0000000000110011
vivy 0000000000001111

essentially we are

(Refer Slide Time 47:21)
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Decoding of Reed-Muller code

@ In absence of errors, we can write rl!) as following codeword

(1) (1) (1)
(By ' by " -+, bys = agvg + 2aVa + HV3 + Hva + avp

@ We can see that sum of every two components of vg. vg. vi.v2
starting from first is zero, whereas for vy it is 1

@ Therefore we can form eight independent equations for a;, given by

2 b:]” f bi”..l: b[a” - b.‘,”
a = B4 g = s 4 b
a = b4 o = o 4 b
a 88" + b = b + b))

left with this. So we are now left with decoding a 0, a 4, a 3, a 2 and a 1. So first we try to

decode the rth order terms. Then we try to decode
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r minus 1th order term. And finally so here, we first decoded the terms

(Refer Slide Time 47:43)

@ In absence of errors, we can write r{') as following codeword

S

v
(6. 6V, . blY) = Jowe + auve + 31wy + 3vz + v

@ We can see that sum of every two components of vg. vy, v3. v2
starting from first is zero, whereas for vy it is 1.

@ Therefore we can form eight independent equations for 3. given by

a = BN+ b a =M+ a0
a = B o D
a = 60+ oo = o2 4ol
a = B4 b 2y = 4 bV

related to the second order. Now we will try to decode these terms which are related to the
first order. And we will again follow the same procedure. What we are going to do is we are

again going to look at this G matrix
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@ Consider a 2nd order Reed Muller code of length n = 16 generated
by following 11 vectors

w 1111111111111111
vp 0101010101010101
vz 0011001100110011
v; 0000111100001111
ve 0000000011111111
viv; 0001000100010001
wvy; 0000010100000101
vivy 0000000001010101
vov3 0000001100000011
wwe 0000000000110011
vivy 0000000000001111

and we are going to look at the bit. So we are now looking at, because the contribution of
these have now been removed. So we are now looking at this G matrix. We are only looking

at this.

(Refer Slide Time 48:13)
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@ Consider a 2nd order Reed Muller code of length n = 16 generated
by following 11 vectors

11111121111111211

v 0101010101010101

v: 0011001100110011

vi 0000111100001111

ve 0000000011111111

vwiwv; 000100010001

vwwy; 0000010100000101

vive 0000000001010101

wwy; 0000001100000011

ww; 0000000000110011

vavey 0000000000001111

Assuming we have correctly decoded a 1 2, a 1 3, a 1 4 contributions of this have been
removed. So only we think we have been left is this. Now if you notice, if you add up 2 rows
like this, consider these 2 rows, so what you would notice for all other except v 1, we will get

zero. So in other words,
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@ In absence of errors, we can write rl!) as following codeword
U VR

v
(t\t,”.bin. bg] = doVo + dava + HV3 + B2 + AN

I I ! I
@ We can see that sum of every two components of vg. vg. v3. v2
starting from first is zero, whereas for vy it is 1.

@ Therefore we can form eight independent equations for a,, given by

B + b, 2y = b 4+ 6V

a

(1) (1) (1) (1)
a = b'+bh . a=5by + by
1 1 1
a = b0+ b a = bl + b
1 1 1 1
a = bf,'+b§’.a;=b‘u’+ [5]

I can get 8 independent views about what a 1 by just looking at looking these 2 columns of

this matrix. So I can, I am getting 8 independent equations for a 1 and again I will go for

majority logic decoding. So

(Refer Slide Time 48:59)

whatever majority of them are saying I will, I will decide in favor of that. And the same

procedure can be repeated to find out what
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Decoding of Reed-Muller code

@ In absence of errors, we can write r{!) as following codeword

o & i ! R

(1) g1
(B bi P s .bys = agvg + asve + vy + V2 +
—

@ We can see that sum of every two components of vg. vy, vi.v2
starting from first is zero, whereas for vy it is 1

@ Therefore we can form eight independent equations for 3;, given by

. b:]” X bi”..n bf,“ L b.‘,”
a = B0+, = bl + D
a o= 0+ = b
a = b+ =l by

a 2, a3, a4 are. Again this is just the typo, this should be a 2 here and similarly this is a 3

here.

(Refer Slide Time 49:24)
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Decoding of Reed-Muller code

@ Similarly independent determination of 25, 25 and a5 can be formed.
@ We can form eight independent equations for a3, given by

P P
R L T
n o= B0 H0 = D
a = W = o) D

@ We can form eight independent equations for a3, given by

» bl‘)“ . ﬁ':”.-h b,[,“ 8 b(l;l
(1) (1) (1) (1)
a5 by +bs ", =by + by
n B + B,y = Blg) + b7
(1) (1) (1) (1)
| by + b a = by + by

And this is a 4 here, Ok. Now this is exactly same procedure I followed
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for a 1, we are using for a 2, a 3, a 4. a 4 and then we are getting independent equations, 8

independent equations and we take majority

(Refer Slide Time 49:45)

decisions in decoding these. Now once we have decoded a 1, a 2, a 3,
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@ After decoding 3y, 35, 3. 34, we create a modified received vector r(?)
7) (2 2
) = (ré J.r{ e -’:5’)
=t = gy — @y — vy — @
@ In absence of errors, we have
r?) = apvg = (a0, 30, - . 20)

@ ag is decoded to be the value of majority of the bits in r(2).

a 4 we will then remove the contribution of this from the received sequence. So our received
sequence r 1 we remove this. So what we are now left is the term containing v 0. So we are
only left with a 0. So now we have 16 opinion about a 0 and again we take a majority

decision and that's how we decide in favor of a 0.

(Refer Slide Time 50:22)

So this in a nutshell
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@ After decoding a,, 35. 33. 34, we create a modified received vector r(?)

) (2 2
) = (ré’.r{ }.:--,rfsj)

= M~ aavg — 3wy — vy — an

@ In absence of errors, we have

r®) = avg = (a0, 30, - . 30)

@ ag is decoded to be the value of majority of the bits in rl?).

how we are decoding Reed-Muller code.

So first we tried to decode rth order terms,

(Refer Slide Time 50:33)

then r minus 1 and like that and the key is, look at the generator matrix and from there uh try
to find out combinations of bits which will give independent opinion about a particular

transmitted bit. So with this I will conclude this discussion on Reed-Muller code, thank you.



