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So, so far we have studied what are linear block codes, how do we describe linear block

codes using generator matrix and parity check matrix, we talked about how we can use error
correcting codes for error detection and error correction and we discussed the distance
properties of linear block codes. Today we will spend some time solving some problems on

linear block codes so today's session



(Refer Slide Time 00:44

Eitbsimapmana sy 1

Lecture #5C: Problem solving session

will be on problem solving.

So the first problem
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that we will look at is let C b;e a linear
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Linear block code

@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

code with both even and odd weight codewords. Prove that the number of even bit codewords

is equal to number of odd bit codewords.
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Linear block code

@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

So let us denote the set of even codewords in C by C sub e and set of odd codewords in C by

C sub o.
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from C,. Adding x to each
vector in C,, we obtain a set of C of even weight vector

Now let us consider an odd weight codeword x which is taken from this set C o and let us add
x to each of the codewords which are there in the set C o. So if we add a odd weight
codeword to another odd weight codeword what we will get is a even weight codeword. For

example let'ssay [add 111000 and I add
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight

and let C, be the set of code words in C with odd weight 111080
@ Let x be any odd-weight code vector from (,. Adding x to each

vector in C,, we obtain a set of C] of even weight vector

101010so
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight

and let C, be the set of code words in C with odd weight ) ‘bll?:}qlg

@ Let x be any odd-weight code vector from (,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

this first codeword this is odd weight codeword its weight is 3. Similarly this codeword also

has weight 3. If I add both of them what do I get? I get 0 1 0 0 1 0 and this a
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight

and let C, be the set of code words in C with odd weight ) lﬂ'ﬁpﬁg

@ Let x be any odd-weight code vector from C,. Adding x to eacho""oa =)
vector in C,, we obtain a set of C, of even weight vector

even weight codeword. So when I add x which is an odd weight code vector and I add x to
each of the elements in this set C 0 what I get is a set of even codeword vectors and let us

denote that set by
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight

and let C, be the set of code words in C with odd weight ) ::'n?ig

@ Let x be any odd-weight code vector from C,. Adding x to cachm'
vector in C,, we obtain a set of C] of even weight vector

C e prime. Now
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Linear block code

@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from (,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

@ The number of vectors in C is equal to the number of vectors in
G. e |C G|- Also |C}| < |G- Thus |G| < |G

the number of code vectors in C e prime is going to be equal to number of vectors in C o.

Why, because
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight.

@ Let x be any odd-weight code vector from C,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector.

@ The number of vectors in C is equal to the number of vectors in
G ie |G = |Gl Also |CE| < |G| Thus |G| < |C].

an odd vector x to the set C 0. So number of vectors in this set is going to be equal to
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from (,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

@ The number of vectors in C; is equal to the number of vectors in
G ie. |G| = |G Also |C| < |G| Thus |G| < |G

number of vectors in C 0. Hence number of elements in
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from (,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

@ The number of vectors in C; is equal to the number of vectors in
G e |G| =G| Also |C]| < |G| Thus |G| < |G

C e prime is going to be same as number of elements in
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from (,. Adding x to each
vector in C;, we obtain a set of C of even weight vector

@ The number of vectors in C; is equal to the number of vectors in
G e |G| =|C). Also |C| < |G| Thus |G| < |G

in C o and since we know that this set
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from (,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

@ The number of vectors in C is equal to the number of vectors in
Co. ie. |C!| =|C,|. Also |C!| < |C.]. Thus |G| < |G

of even vectors C e hat is the subset of
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Linear block code

@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from (,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

@ The number of vectors in C; is equal to the number of vectors in
G. i.e. |G| = |Gl Also |C| < |C|. Thus |G| < |Gl

set of even vectors we can write from this that number of elements in the
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from (,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

@ The number of vectors in C; is equal to the number of vectors in
G e |G| = |G Also |C] < |G| Thus |G| < |C).

set of number of odd codewords is going to be a subset of number of even codewords. Next,
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Linear block code

@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from C,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

@ The number of vectors in C; is equal to the number of vectors in
G ie. |Cl] =G| Also || < |G| Thus |G) < |G

@ Now adding x to each vector in C,, we obtain a set C] of odd
weight code words.

let us add the same odd weight codeword now to
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from C,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

@ The number of vectors in C is equal to the number of vectors in
G. ie. |C| = |Gl Also |C}| < |C]. Thus |G| < |G

@ Now adding x to each vector in C,, we obtain a set C of odd
weight code words.

all the vectors in the set C e. So if we add an odd weight codeword to set of even weight

codewords what we will get is a set of odd codewords. So the
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Linear block code

@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from C,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

@ The number of vectors in C is equal to the number of vectors in
C. ie. |G| =Gl Also |C]| < |C.|. Thus |G| < €.

@ Now adding x to each vector in C,, we obtain a set C] of odd
weight code words. et

@ The number of vectors in C is equal to the number of vectors in C,
and |C;| < |G, |. Hence |C | < |G,

number of vectors in C o prime is going to be equal to number of vectors in, number of even

vectors.
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from C,. Adding x to each
vector in C,, we obtain a set of C, of even weight vector

@ The number of vectors in C is equal to the number of vectors in
C. ie. |C)] = |G, Also |C| < |C,|- Thus |G| < |G

@ Now adding x to each vector in C,, we obtain a set C] of odd
weight code words. o

@ The number of vectors in C] is equal to the number of vectors in G,
and |C}| < |G|. Hence |G| < |Gyl 0

Why, because this set was generated by adding an odd vector x to the set of even codewords.

So we can then write that C o prime is equal to this ok,
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Linear block code

@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from (,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

@ The number of vectors in C is equal to the number of vectors in
G. e |C G|. Also |C}| < |G| Thus |G| < |G

@ Now adding x to each vector in C,, we obtain a set C of odd

weight code words. | C.’l =Tc a l
@ The number of vectors in C is equal to the number of vectors in C,
and |C}| < |G,|. Hence |G| < |G| =

the set of codewords here is same as set of codewords here.
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from C,. Adding x to each
vector in C,, we obtain a set of C of even weight vector

@ The number of vectors in C is equal to the number of vectors in
G ba O Gl Also |G| < |G| Thus |G| < |G

@ Now adding x to each vector in C,, we obtain a set C] of odd
weight code words.

’

el =Tt
@ The number of vectors in C is equal to the number of vectors in C,
and |C}| < |C,|- Hence |C,| < |G, e

Now we know that C o dash is the subset of set of odd codewords. So then from this relation
and this relation we can write that set of even codewords is the subset of set of number of
elements in this is subset of number of is basically less than number of elements in this set.

Now from this relation and this relation
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from (,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

@ The number of vectors in C is equal to the number of vectors in
G. ie. |G| = |Gl Also |C| < |C|. Thus |G| < |G

@ Now adding x to each vector in C,, we obtain a set C] of odd

weight code words. 1) = TCe |
ect in G

@ The number of vectors in C_ is equal to the number of v
and |C}| < |G,|. Hence |G| < |G|
e

both of them can be true only if number of elements in C o is same as number of elements in

C e. So this relation we call it 1 and let's call it 2. These
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight

@ Let x be any odd-weight code vector from C,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector

@ The number of vectors in C_ is equal to the number of vectors in
o ie. |Cl| =|C,l. Also [} < |G| Thus |G| < |Gl —(D

@ Now adding x to each vector in C,, we obtain a set C of odd

weight code words. 1c/l = 3 [z - l

@ The number of vectors in C_ is equal to the number of vectors in C,

and |C)| < |G| Hence |G| < |Gl __@ e

—_—

two relations are satisfied only if
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight.

@ Let x be any odd-weight code vector from C,. Adding x to each
vector in C,, we obtain a set of C] of even weight vector.

@ The number of vectors in C is equal to the number of vectors in
Coie. || =Gl Ao | < |G| Thus |Gl < Gl =D

@ Now adding x to each vector in C,, we obtain 4 set C; of odd
weight code words. ¢ l"TCf.!
@ The number of vectors in C_ is equal to the number of vectors in C,

0d |C|< |Gl Hmes [GIS1GL @) [ Ce|=]a]

Hence we prove that in a linear code with both even and odd codewords the number of even

weight codewords is same as number
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight.

@ Let x be any odd-weight code vector from C,. Adding x to each
vector in C,, we obtain a set of C of even weight vector.

@ The number of vectors in C is equal to the number of vectors in
Cou it |Cl| = |Col. Also |CE < [Gal. Thus |Gl < |Gl

@ Now adding x to each vector in C,, we obtain a set C} of odd
weight code words.

@ The number of vectors in C is equal to the number of vectors in C,
and |C}| < |G, Hence |C.| < |G,|.

@ Both these conditions are true only when |C,| = |G|

So I repeat, this condition and this condition
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Linear block code

@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of cdd-weight codewords.

@ Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight.

@ Let x be any odd-weight code vector from C,. Adding x to each
vector in C,, we obtain a set of C; of even weight vector.

@ The number of vectors in C, is equal to the number of vectors in

G ie. |Cl| =|C,|. Also |Cl| < |G,|. Thus |G| < |C.l.

@ Now adding x to each vector in G, we obtain a set C. of odd
weight code words.

@ The number of vectors in C is equal to the number of vectors in C.
and |C}| < |G- Hence |G| < |G

@ Both these conditions are true only when |C,| = |G

will be simultaneously satisfied only when
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@ Problem # 1: Let C be a linear code with both even and odd
weight codewords. Show that the number of even weight codewords
is equal to the number of odd-weight codewords.

Solutions: Let C, be the set of code words in C with even weight
and let C, be the set of code words in C with odd weight.

@ Let x be any odd-weight code vector from C,. Adding x to each
vector in C;, we obtain a set of ] of even weight vector.

@ The number of vectors in C, is equal to the number of vectors in
G ie |G| =G| Also || < |G| Thus |G| < |Gl

@ Now adding x to each vector in G, we obtain a set C. of odd
weight code words.

@ The number of vectors in C is equal to the number of vectors in C.
and |C)| < |G- Hence |G| < |G

@ Both these conditions are true only when |C, Gl
————————

the set of number of even codewords is same as set of number of odd codewords. And this

proves our result.

The next problem
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Linear block code

@ Problem # 2: Consider an (n. k) linear code C whose generator
matrix G contains no zero column. Arrange all the codewords of C

as rows of a 2 by n array

we will look out is as follows. Let us consider a linear n k code C whose generator matrix
contains no zero column; now arrange all codewords of this linear code as rows of two raised
to power k by n array. So what we are doing is we are arranging the 2 k codewords like this,

in an array. So this array has dimensions 2 k cross n because total number of codewords
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Linear block code

@ Problem # 2: Consider an (n, k) linear code C whose generator
matrix G contains no zero column. Arrange all the codewords of C

as rows of a 2% by n array

il

are 2 raised to power k for a n k binary code and they are all n-bit. The first result that we are
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Linear block code

@ Problem # 2: Consider an (n. k) linear code C whose generator
matrix G contains no zero column. Arrange all the codewords of C
as rows of a 2% by n array

a) Show that no column of the array contains only zeros.

going to show is no columns of this array contain 0. Now please note that we have
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Linear block code

@ Problem # 2: Consider an (n. k) linear code C whose generator
matrix G contains no zero column. Arrange all the codewords of C
as rows of a 2% by n array

a) Show that no column of the array contains only zeros.

@ Solution: From the given condition on G, we see that, for any digit
position, there is a row in G with a3 nonzero component at that
position

been given that this generator G does not contain any zero column ok so from the given
condition on G we can see that for any position of any bit position there is a row in G which

has non-zero component at that particular
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@ Problem # 2: Consider an (n, k) linear code C whose generator
matrix G contains no zero column. Arrange all the codewords of C
as rows of a 2* by n array

a) Show that no column of the array contains only zeros.

@ Solution: From the given condition on G, we see that, for any digit
position, there is a row in G with a nonzero component at that
position.

if this is
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@ Problem # 2: Consider an (n, k) linear code C whose generator
matrix G contains no zero column. Arrange all the codewords of C
as rows of a 2% by n array

a) Show that no column of the array contains only zeros.

@ Solution: From the given condition on G, we see that, for any digit
position, there is a row in G with a nonzero component at that
position.

@ This row is a code word in C. Hence in the code array, each column
contains at least one nonzero entry.

true what are the rows of, how do we generate the codewords? We generate the codewords by

linear combination of these
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rows of the generator matrix. And since the generator matrix does not contain
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@ Problem # 2: Consider an (n, k) linear code C whose generator
matrix G contains no zero column. Arrange all the codewords of C
as rows of a 2* by n array

a) Show that no column of the array contains only zeros.

@ Solution: From the given condition on G, we see that, for any digit
position, there is a row in G with a nonzero component at that

@ This row is a code word in C. Hence in the code array, each column
contains at least one nonzero entry.

any zero column so each of these rows can be looked up as codeword in C so when we
generate the codewords using this generator matrix in this code array, each column will have

at least one
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@ Problem # 2: Consider an (n. k) linear code C whose generator
matrix G contains no zero column. Arrange all the codewords of C
as rows of a 2 by n array

a) Show that no column of the array contains only zeros.

@ Solution: From the given condition on G, we see that, for any digit
position, there is a row in G with a nonzero component at that
position.

@ This row is a code word in C. Hence in the code array, each column
contains at least one nonzero entry.

that our generator matrix G does contain any zero column
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Linear block code

@ Problem # 2: Consider an (n. k) linear code C whose generator
matrix G contains no zero column. Arrange all the codewords of C
as rows of a 2% by n array

a) Show that no column of the array contains only zeros.

@ Solution: From the given condition on G, we see that, for any digit
position, there is a row in G with a nonzero component at that
position.

@ This row is a code word in C. Hence in the code array, each column
contains at least one nonzero entry.

@ Therefore no column in the code array contains only zeros.

and hence no column in this code array will have zeroes.

The next result that we
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@ Problem 2 (contd.): Consider an (n, k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2* by n array

are going to show is in this array, in this 2 raised to power k cross n array each column

consists of equal numbers of
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@ Problem 2 (contd.): Consider an (n, k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2% by n array

b) Show that each column of the array consists of 2! zeros and 24!

anes.

Os and 1s.
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Linear block code

@ Problem 2 (contd.): Consider an (n, k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2¥ by n array

b) Show that each column of the array consists of 2! zeros and 2_‘_‘
ones.
—_—

There are total 2 raised to power k minus 1 Os and 2 raised to power k minus 1 1s. So to

prove

(Refer Slide Time 09:36)

@ Problem 2 (contd.): Consider an (n, k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2% by n array

b) Show that each column of the array consists of 2! zeros and 2!

ones.

@ Solution: To prove that each column of this array has 2! zeros
and 2*~! ones, we will show that the number of codewords that “1”
at the /-th position is same as number of codewords that have “0"
at the /-th position.

this what we will do is we will show that number of codewords that have 1 at Ith location is
same as number of codewords that have 0 at Ith location. And in this way we will prove that

this array has same number of Os and 1s. So in this code array
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@ Problem 2 (contd.): Consider an (n, k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2* by n array

b) Show that each column of the array consists of 2! zeros and 2!
ones.

@ Solution: To prove that each column of this array has 2~ zeros
and 2! ones, we will show that the number of codewords that “1”
at the /-th position is same as number of codewords that have “0”
at the /-th position.

@ In the code array, each column contains at least one nonzero entry.
Consider the /—th column of the code array.

we know that each column will have at least one non-zero entry that we proved in the earlier

result. So consider the Ith column of this code array.
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@ Problem 2 (contd.): Consider an (n, k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2* by n array

b) Show that each column of the array consists of 2! zeros and 24!
ones.

@ Solution: To prove that each column of this array has 2! zeros
and 2! ones, we will show that the number of codewords that “1"
at the /-th position is same as number of codewords that have “0”
at the /-th position.

@ In the code array, each column contains at least one nonzero entry.
Consider the /—th column of the code array.

@ Let 5y be the codewords with a “0” at the /—th position and 5; be
the codewords with a “1” at the /—th position.

. Let us denote by S 0
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@ Problem 2 (contd.): Consider an (n, k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2% by n array

b) Show that each column of the array consists of 2! zeros and 2!
ones.

@ Solution: To prove that each column of this array has 2! zeros
and 2*~! ones, we will show that the number of codewords that “1”
at the /-th position is same as number of codewords that have “0"
at the /-th position.

@ In the code array, each column contains at least one nonzero entry.
Consider the /—th column of the code array.

@ Let 51 be the codewords with a “0” at the /—th position and 5, be
the codewords with a “1” at the /—th position.

the set of codewords that has 0 at the Ith location. And let us denote by S 1

(Refer Slide Time 10:27)
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@ Problem 2 (contd.): Consider an (n, k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2% by n array

b) Show that each column of the array consists of 2! zeros and 2!
ones.

@ Solution: To prove that each column of this array has 2~ zeros
and 2! ones, we will show that the number of codewords that “1”
at the /-th position is same as number of codewords that have “0”
at the /-th position.

@ In the code array, each column contains at least one nonzero entry.
Consider the /—th column of the code array.

@ Let -SR be the codewords with a “0" at the /—th position and ﬂ be
the codewords with a “1” at the /—th position.

the set of codewords that have 1 at the Ith location. Now we pick up a
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@ Problem 2 (contd.): Consider an (n, k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2* by n array

b) Show that each column of the array consists of 2! zeros and 2!
ones.

@ Solution: To prove that each column of this array has 2! zeros
and 2! ones, we will show that the number of codewords that “1”
at the /-th position is same as number of codewords that have “0”
at the /-th position.

@ In the code array, each column contains at least one nonzero entry.
Consider the /—th column of the code array.

@ Let 5; be the codewords with a “0” at the /—th position and 5, be
the codewords with a “1" at the /—th position.

@ Let x be a codeword from 5,. Adding x to each vector in 5y, we
obtain a set 5] of codewords with a “1” at the /—th position.

5; = |S5| and 5: € 5

codeword x from the set S 1 that means x has 1 at lth location. Now if we add this codeword

x to all the elements in the set S 0 what do we get?
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@ Problem 2 (contd.): Consider an (n, k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2* by n array

b) Show that each column of the array consists of 2! zeros and 24!
ones.

@ Solution: To prove that each column of this array has 2! zeros
and 2! ones, we will show that the number of codewords that “1”
at the /-th position is same as number of codewords that have “0"
at the /-th position.

@ In the code array, each column contains at least one nonzero entry.
Consider the /—th column of the code array.

@ Let 5y be the codewords with a “0” at the /—th position and 5; be
the codewords with a “1” at the /—th position.

@ Let x be a codeword from 5. Adding x to each vector in 5, we
obtain a set 5] of codewords with a “1” at the /—th position.

5; =|5%| and 5;C 5

What we will get is a set containing 1 at Ith location. Why, because S 0 is a set that has 0 at
the Ith location and x has, x is taken from the set S 1 so x has 1 at Ith location. So if we add x

to S, elements in S 0 what we will get is there will be a 1 at the Ith bit location. So we denote

this class
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@ Problem 2 (contd.): Consider an (n, k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2% by n array

b) Show that each column of the array consists of 2! zeros and 2!
ones.

@ Solution: To prove that each column of this array has 2! zeros
and 2! ones, we will show that the number of codewords that “1”
at the /-th position is same as number of codewords that have “0”
at the /-th position.

@ In the code array, each column contains at least one nonzero entry.
Consider the /—th column of the code array.

@ Let 5, be the codewords with a “0” at the /—th position and 5, be
the codewords with a “1" at the /—th position.

@ Let x be a codeword from 5;. Adding x to each vector in 5y, we
obtain a seti{_of codewords with a “1” at the /—th position.

Si| =S| and S;C S,

of codeword by S 1 prime and this S 1 prime will have 1 at the
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@ Problem 2 (contd.): Consider an (n, k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2% by n array

b) Show that each column of the array consists of 2! zeros and 24!
ones

@ Solution: To prove that each column of this array has 2! zeros
and 2! ones, we will show that the number of codewords that “1”
at the /-th position is same as number of codewords that have “0”
at the /-th position.

@ In the code array, each column contains at least one nonzero entry.
Consider the /—th column of the code array.

@ Let 5; be the codewords with a “0” at the /—th position and 5, be
the codewords with a “1” at the /—th position.

@ Let x be a codeword from 5;. Adding x to each vector in 5y, we
obtain a seti{_of codewords with a 1" at the /—th position.

5=|5%| and 5C 5

Ith location and since this S 1 prime is generated by adding x to this set of vectors in S 0 so

number of elements in S 0 is going to be
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@ Problem 2 (contd.): Consider an (n. k) linear code C whose
generator matrix G contains no zero column. Arrange all the
codewords of C as rows of a 2* by n array

b) Show that each column of the array consists of 2! zeros and 2* !
ones

@ Solution: To prove that each column of this array has 2! zeros
and 2! ones, we will show that the number of codewords that “1”
at the /-th position is same as number of codewords that have “0”
at the /-th position.

@ In the code array, each column contains at least one nonzero entry.
Consider the /—th column of the code array.

@ Let 5; be the codewords with a “0" at the /—th position and 5, be
the codewords with a “1" at the /—th position.

@ Let x be a codeword from 5;. Adding x to each vector in 5y, we
obtain a set 5] of codewords with a “1” at the /—th position.

—_—
5=|5% and 5iC 5

same as number of elements in S 1 prime and S 1 prime is a subset of S 1 which is a set of all

codewords which have 1 at Ith location.
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@ Problem 2 (contd.): The above condition implies that

Sl = |5 (1)

So from this we get this condition that set of codewords which has 0 at Ith location is less

than or equal to set of
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Linear block code

@ Problem 2 (contd.): The above condition implies that
5| £ |5 (1)

@ Adding x to each vector in 5;, we obtain a set S; of codewords with
a “0" at the /—th position.

L4 5| and 55C S

codewords which has 1 at Ith location. Now add the same vector x which has 1 at Ith location

to all the elements in S 1. When we do that what we get is a new set of vectors which has 0 at

Ith location. We denote this set by S 0 prime. So S 0 prime is a set of codewords which are

obtained by adding x to the set of vectors set of odd vectors which have 1 at Ith location. So

then we can write as set of vectors in S 0 prime is same as set of vectors in S 1 and since S 0

prime is a subset of S 0 what we can write then is,

(Refer Slide Time 13:26)
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Linear block code

@ Problem 2 (contd.): The above condition implies that
S| < |51 (1)

@ Adding x to each vector in 5;, we obtain a set 5; of codewords with
a "0" at the /—th position.

Sol =151 and 5 C So
@ The above condition implies that

S] r SU {2)

from this relation and this relation we
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Linear block code

@ Problem 2 (contd.): The above condition implies that
Sl <15 (1)

@ Adding x to each vector in 5;, we obtain a set 5; of codewords with
a “0" at the /—th position.

Sol =151 and S5 C So
— —
@ The above condition implies that

51 = |5 (2)

can write

Linear block code

@ Problem 2 (contd.): The above condition implies that
S| < |5 (1)

@ Adding x to each vector in 5;, we obtain a set 5] of codewords with
a “0" at the /—th position.

Sl=1% and 5C S

@ The above condition implies that

5<% (2)

set of codewords which have 1 at lth location is less than set of codewords which has 0 at Ith

location. Now equation 1 and 2, they are going to be simultaneously
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Linear block code

@ Problem 2 (contd.): The above condition implies that

S| = |51 (1)

——
@ Adding x to each vector in 5;, we obtain a set 5] of codewords with
a “0" at the /—th position.

Sl=1% and 5C S
i e

@ The above condition implies that

51l = |5 (2)

satisfied only when this is satisfied with equality. Then what it shows here is

Linear block code

@ Problem 2 (contd.): The above condition implies that
525 (1)

@ Adding x to each vector in 5;, we obtain a set 5; of codewords with
a “0" at the /—th position.

Sl =15 and 5 C S
@ The above condition implies that
5| <% (2)

@ From (1) and (2), we get |5 5,|. Therefore /| —th column
contains 2! zeros and 2! ones

that at any Ith location number of codewords which have 0 at Ith location is same as number
of codewords which have 1 at Ith location. So basically each column will then have same

number of 0s and
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@ Problem 2 (contd.): The above condition implies that

%! < |5 (1)

@ Adding x to each vector in 5;, we obtain a set 5; of codewords with
a “0" at the /—th position.

Sl=1% and 55C S
@ The above condition implies that
5| <% (2)

@ From (1) and (2), we get |Sy| = |5;|. Therefore /—th column
contains 2* ! zergs and 27! ones.

same number of 1s.
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@ Problem 2 (contd.): The above condition implies that

%! < |5 (1)

@ Adding x to each vector in 5;, we obtain a set 5; of codewords with
a “0" at the /—th position.

Sl=15% and 5C S
@ The above condition implies that
5| <% (2)

@ From (1) and (2), we get |5y = |5;|. Therefore /—th column
contains 2* ! zergs and 2! ones.

Now we
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Linear block code

c) Problem 2 (contd.): Show that the minimum distance dy,, of C
satisfies the following inequality
n- 201

A e
= W1

prove another result. We show that minimum distance of the code is upper bounded by this

quantity and to prove this result we are just going to use the result we just proved in the

previous section. So
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Linear block code

c) Problem 2 (contd.): Show that the minimum distance dy,, of C
satisfies the following inequality

n-2* 1
Imin < =
= 2=1

@ Solution: The total number of ones in the array is n-2* !, Each
nonzero codeword has weight atleast d,,,. Hence,

(Z* —1)-duin < n- 2%

in the previous section what we did was we arranged these 2 k codewords in an array two k
cross n array and we showed that each column of this array has 2 raised to power k minus 1

1s and 2 raised to k minus 1 0s. So in this whole array which has n columns total number of

1s is given by this,
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Linear block code

c) Problem 2 (contd.): Show that the minimum distance dy;, of C
satisfies the following inequality

n-2* 1
Imin € ———
- 2k -1

@ Solution: The total number of ones in the array is n-2" !, Each
nonzero codeword has weight atleast d,.,,. Hence,

(*-1) -doin S 0 2!

n times 2 raised to power k minus 1. Now since each non-zero codeword will have minimum
distance at least d min and how many total codewords we have 2 raised to power k one of
them is all zero codeword so how many non-zero codewords we have, that is given by 2 k

minus 1
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Linear block code

c) Problem 2 (contd.): Show that the minimum distance dp,, of C
satisfies the following inequality
n- 2k 1

P e
- 2k 1

@ Solution: The total number of ones in the array is n-2* !, Each
nonzero codeword has weight atleast d..,. Hence,

-1)-du<n-2"

—

and each of these non-zero codewords have minimum distance at least d min so total number

of non-zero codewords multiplied by d min must be
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<) Problem 2 (contd.): Show that the minimum distance dp, of C
satisfies the following inequality

@ Solution: The total number of ones in the array is n-2* ! Each
nonzero codeword has weight atleast di.,,. Hence,

(2* = 1) - duin < n-2*7?

in this code array which is given by n times 2 k minus 1, 2 raised to power k minus 1. So

from this relation then we can then write
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Linear block code

c) Problem 2 (contd.): Show that the minimum distance dp,, of C
satisfies the following inequality

n-20-1
dmln.
= a_3

@ Solution: The total number of ones in the array is n-2* !, Each
nonzero codeword has weight atleast di.,. Hence,

Z-1)-du<n2*?

@ This implies that

that minimum distance of a code is upper bounded by this relationship.

So
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Minimum distance of a code

@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct v errors and e
erasures. Prove your result

next problem that we will look at is what is a minimum distance of linear block C that can
simultaneously correct mu errors and e erasures? Now just recall what do we mean by error

correction and error
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erasure correction. Basically, so erasure is basically, some of the bits are getting erased. So
you send n bits. If e bits are getting erased what you are receiving is n minus e bits. And error
correction you are familiar with, basically you want to correct errors that have happened in so

many bit locations. So the question is
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@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct i errors and e
erasures. Prove your result.

what should be the minimum distance of a linear block code that can simultaneously correct

mu errors as well as e erasures?



Minimum distance of a code

@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct v errors and e
erasures. Prove your result.

@ Solution: The minimum distance dy, should be

Omin 2 2v+e+1

Now if the minimum distance of the code is at least two mu plus e plus 1 then it can
simultaneously correct mu errors and e erasures. We are going to next prove this result.

So
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Minimum distance of a code

@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct v errors and e
erasures. Prove your result.

@ Solution: The minimum distance d.,;, should be

Onin 22 +e+1

@ Delete from all the codewords the e components where the receiver
has declared erasures.

delete from all codewords e components which got erased. If we delete these e components

what we are left is n minus e
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Minimum distance of a code

@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct v errors and e
erasures. Prove your result.

@ Solution: The minimum distance d.,;, should be

Onin 2 +e+1

@ Delete from all the codewords the e components where the receiver
has declared erasures.
@ This deletion results in a shortened code of length n — e

length shortened codeword. So this deletion of e component results in a shortened code of

length n minus e.
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Minimum distance of a code

@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct v errors and e
erasures. Prove your result.

@ Solution: The minimum distance dmin should be

Omin = 20 +e+1

@ Delete from all the codewords the e components where the receiver
has declared erasures.
@ This deletion results in a shortened code of length n — e

Now we
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@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct v errors and e
erasures. Prove your result.

@ Solution: The minimum distance du,;, should be

Opin 22 +e+1

@ Delete from all the codewords the e components where the receiver
has declared erasures.

@ This deletion results in a shortened code of length n — e.

@ The minimum distance of this shortened code should be atleast
Omin — € 2> 210 + 1.

know that if we want to correct t errors, what should be minimum distance of the code? It

should be at least

(Refer Slide Time 18:06)

2 t plus 1. So this code



3 Tk -IE‘I..-.;'.I

(Refer Slide Time 18:11)

=
Farreasns- c 2

Minimum distance of a code

@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct i errors and e
erasures. Prove your result.

@ Solution: The minimum distance dy,, should be

Omin 2 2v+e+1

@ Delete from all the codewords the e components where the receiver
has declared erasures

@ This deletion results in a shortened code of length n — e

@ The minimum distance of this shortened code should be atleast
Omin — > 210 + 1

basically, if we want to correct mu errors the minimum distance of the code after these e

erasures

(Refer Slide Time 18:48)

.

ul
Farrommna

Minimum distance of a code

@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct v errors and e
erasures. Prove your result.

@ Solution: The minimum distance dmn should be

Omin = 20 +e+1

@ Delete from all the codewords the e components where the receiver

has declared erasures.

This deletion results in a shortened code of length n — e

The minimum distance of this shortened code should be atleast

Omin — € > 210 + 1.

@ Hence, the i+ errors in the unerased positions can be corrected. As a
result the shortened code with e components erased can be
recovered

should be greater than equal to two mu plus 1. So if minimum distance of the code after these
e erasures, the minimum distance is still larger than two mu plus 1, then this code can correct
mu errors. So we want our minimum distance of the code to be at least 2 mu plus e plus 1.
Now since these mu errors are in, in the unerased positions can be corrected if this condition

holds so as a result basically we would be able to correct mu errors.
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@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct v errors and e
erasures. Prove your result.

@ Solution: The minimum distance dmin should be

Opin 22 +e+1

@ Delete from all the codewords the e components where the receiver
has declared erasures.

@ This deletion results in a shortened code of length n — e.

@ The minimum distance of this shortened code should be atleast
Omin — € > 21 + 1.

@ Hence, the i+ errors in the unerased positions can be corrected. As a
result the shortened code with e components erased can be

recovered.

also be
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Minimum distance of a code

@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct v errors and e

erasures. Prove your result.
@ Solution: The minimum distance dn,, should be

Opin > 2v+e+1

@ Delete from all the codewords the e components where the receiver
has declared erasures.

@ This deletion results in a shortened code of length n — e

@ The minimum distance of this shortened code should be atleast
Omin — € 2> 210+ 1.

@ Hence, the i+ errors in the unerased positions can be corrected. As a
result the shortened code with ¢ components erased can be
recovered

able to basically, it would be not only simultaneously correct mu errors but we have to correct
e erasures also. Now what is the condition on minimum distance such that e erasures can also
be corrected? The minimum distance of the code should be at least greater than number of

erasures plus 1. So if the minimum distance of the code
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Minimum distance of a code

@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct v errors and e
erasures. Prove your result

@ Solution: The minimum distance dy,, should be

Onin > 2 +e+1

@ Delete from all the codewords the e components where the receiver

has declared erasures

This deletion results in a shortened code of length n — e

The minimum distance of this shortened code should be atleast

Oenin — € 2> 21 + 1.

@ Hence, the i errors in the unerased positions can be corrected. As a
result the shortened code with e components erased can be
recovered.

@ Finally, since dpin = @ + 1, there is only one and only one codeword
in the original code that agrees with the unerased components.
Hence. the entire codeword can be recovered.

is greater than e plus 1
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Minimum distance of a code

@ Problem # 3 What should be the minimum distance of a linear
block code C so that it can simultaneously correct v errors and e
erasures. Prove your result.

@ Solution: The minimum distance dy,;, should be

Onin > 2 +e+1

@ Delete from all the codewords the e components where the receiver

has declared erasures.

This deletion results in a shortened code of length n — e

The minimum distance of this shortened code should be atleast

Omin — > 210+ 1

@ Hence, the v errors in the unerased positions can be corrected. As a
result the shortened code with ¢ components erased can be
recovered

@ Finally, since dp,y = e + 1, there is only one and only one codeword
in the original code that agrees with the unerased components
Hence, the entire codeword can be recovered.

then there is only one codeword in the original code that maps to the shortened code. So as
long as minimum distance of the code is greater than e plus 1, there is only one and one
codeword in the original code that agrees with the unerased component. So there is as long as
minimum distance of the code is greater than e plus 1, there is only one code that maps from
erased shortened code to the original code. And since in this case the d minimum is already 2
mu plus e plus 1 which is greater than e plus 1, this code would be able to correct e erasures
as well. So if we choose our minimum distance of the code to be greater than equal to two mu

plus e plus 1, it would be able to correct mu errors as well as e erasures.
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Minimum distance of a code

@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > A) or fewer errors if
its minimum distance dpin = A + [+ 1.

The next problem that we are going to solve is as follows. Prove that a linear block code is

capable of correcting lambda or fewer errors and simultaneously detecting 1 where 1 is greater



than lambda or fewer errors if the minimum distance of the code is at least lambda plus 1 plus

1. Please pay attention to the word simultaneously.
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@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > A) or fewer errors if
its minimum distance dmin = A+ / + 1.

So we want not only to correct mu errors, along with that we should be able

(Refer Slide Time 21:34)

to detect | errors as well. That's what we mean by
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Minimum distance of a code

@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > A) or fewer errors if
its minimum distance dypin > A + [+ 1

simultaneous error detection and correction. So let's prove this result. Now note

Minimum distance of a code

@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance dpin = A+ [+ 1.

@ Solutions: From the given condition, we see that A - dﬁg—-‘-‘ ].

lambda is less than l. So if minimum distance is lambda plus 1 plus 1, this is basically greater

than 2 lambda plus 1.
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Minimum distance of a code

@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance diy = A+ /+1. 7 2A + 1

@ Solutions: From the given condition, we see that A - “'1%1 :

And if the minimum distance is greater than 2 lambda plus 1, it would be able to correct
lambda errors. So from this given condition that d min is at least lambda plus 1 plus 1 where 1

is greater than lambda we know

(Refer Slide Time 22:25)
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Minimum distance of a code

@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance dpin = A +/+1. 7 2A + |

@ Solutions: From the given condition, we see that A < | %===1|

that the minimum distance is greater than 2 lambda plus 1.
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So it should be able to correct lambda errors.
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@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance dpyi, = A+ 1+1. 7 2A + |

@ Solutions: From the given condition, we see that A < | %=s=1|

Now note we want to,
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@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance dyi, = A+ /+ 1.

@ Solutions: From the given condition, we see that A < | %=a=1]

@ |t means that all the error patterns of \ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

in addition to correcting lambda or fewer errors, we also want to simultaneously detect 1

errors. Now if we want to simultaneously detect those 1 or fewer errors we have to ensure that

(Refer Slide Time 22:53)
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those error patterns of weight 1 or less are not in the same coset as the error patterns that we

dre
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Minimum distance of a code

@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(] > \) or fewer errors if
its minimum distance dp, = A+ [+ 1

@ Solutions: From the given condition, we see that A < "'—":‘—1

@ It means that all the error patterns of \ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable

trying to correct. Now since lambda errors can be corrected we can put all error patterns of

lambda or fewer errors as coset leader in our standard array and they can be correctable.
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@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > A) or fewer errors if
its minimum distance dpin = A + / + 1.

@ Solutions: From the given condition, we see that A < | %=1 |

@ |t means that all the error patterns of A or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of / or fewer errors is
detectable, we need to show that no error pattern x of / or fewer
errors can be in the same coset as an error pattern y of A or fewer
errors

Next, to simultaneously detect 1 errors we have to show that none of these error patterns of

weight 1 or less
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@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its mimimum distance dpe = A + 1+ 1.

@ Solutions: From the given condition, we see that \ < | %=—1|

@ It means that all the error patterns of \ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of / or fewer errors is
detectable, we need to show that no error pattern x of | or fewer
errors can be in the same coset as an error pattern y of A or fewer
errors.

patterns of lambda or less error. So we need to show that no error pattern x of length | or
fewer are in the same coset as error pattern y of lambda or fewer errors. If they are in the
same coset, because we are using those coset leaders for error correction, we would not be
able to detect those error patterns. So it is important that those error patterns of weight | or

less,
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if we want to detect them, they should not be in the same coset as the correctable error

patterns.
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@ Problem # 4 Prove that a linear code is capable of correcting \ or
fewer errors and simultaneously detecting /(/ > A) or fewer errors if
its minimum distance dpin = A+ /+ 1.

@ Solutions: From the given condition, we see that \ < | %sa=!|

@ It means that all the error patterns of A or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of / or fewer errors is
detectable, we need to show that no error pattern x of / or fewer
errors can be in the same coset as an error pattern y of \ or fewer
errors.

So
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Minimum distance of a code

@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance dpin = A + 1+ 1.

@ Solutions: From the given condition, we see that A < | ma=!|
@ It means that all the error patterns of .\ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of / or fewer errors is
detectable, we need to show that no error pattern x of | or fewer
errors can be in the same coset as an error pattern y of A or fewer
errors.

@ Suppose that x and y are in the same coset. Then x+ y is a
nonzero code word. The weight of this code word satisfies

1

wt(x + y) < wt(x) + wt(y) < I + A < dmin

So we are now going to use method of contradiction to show that it is not possible to have

these error pattern x of
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@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance dyin = A + [+ 1.

@ Solutions: From the given condition, we see that A < | == |
@ |t means that all the error patterns of A or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of | or fewer errors is
detectable, we need to show that no error pattern x of / or fewer
errors can be in the same coset as an error pattern y of A or fewer
errors

@ Suppose that x and y are in the same coset. Then x + y is a
nonzero code word. The weight of this code word satisfies

o |
5 .

wi(x + y) < wi(x) + wi(y) </ + A < diin

1 or fewer errors in the same coset as these error patterns y
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@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance dyin = A + 1+ 1.

@ Solutions: From the given condition, we see that A < | %sa=!|,

@ |t means that all the error patterns of \ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of / or fewer errors is
detectable, we need to show that no error pattern x of / or fewer
errors can be in the same coset as an error pattern y of A or fewer
errors.

@ Suppose that x and y are in the same coset. Then x + y is a
nonzero code word. The weight of this code word satisfies

wi(x + y) < wt(x) + wt(y) </ + A < dmin

of lambda or fewer errors which we are trying to correct. So how does this method of
contradiction work? We will first assume that they are in the same coset and then we will

show that this is not possible. Hence our assumption that they are in the same coset is wrong.

(Refer Slide Time 24:52)
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@ Problem # 4 Prove that a linear code is capable of correcting \ or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance dye = A + 1+ 1.

@ Solutions: From the given condition, we see that A < | %=a=!|

@ It means that all the error patterns of \ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of / or fewer errors is
detectable. we need to show that no error_pattern x of / or fewer
errors can be in the same coset as an error pattern y of A or fewer
errors.

@ Suppose that x and y are in the same coset. Then x + y is a
nonzero code word. The weight of this code word satisfies

wi(x + y) < wt(x) + wi(y) </ + \ < duin

So we start our proof by saying these error pattern x of weight 1 or less and error pattern y of
weight lambda or less, they are in the same coset. Now if x and y are in the same coset we

know from our
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Minimum distance of a code

@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > A) or fewer errors if
its minimum distance dpis > A+ [+ 1

@ Solutions: From the given condition, we see that \ < =t |

@ It means that all the error patterns of \ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable

@ In order to show that any error pattern of / or fewer errors is
detectable, we need to show that no error pattern x of / or fewer
errors can be in the same coset as an error pattern y of A or fewer
errors

@ Suppose that x and y are in the same coset. Then x + y is a
nonzero code word. The weight of this code word satisfies

g — 1
2

wt(x + y) < wt(x) + wt(y) <1 + A\ < dmin

should be a non-zero codeword. If you recall the entries of standard array we have in the first
column an all zero codeword and then we had other codeword v 2, v 3 ... and then what we

had was error pattern
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@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance dyin = A + / + 1.

@ Solutions: From the given condition, we see that \ < | %= |

It means that all the error patterns of A or fewer errors can be used

as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of | or fewer errors is

detectable, we need to show that no error pattern x of / or fewer

errors can be in the same coset as an error pattern y of A or fewer

Errors

Suppose that x and y are in the same coset. Then x + y is a

nonzero code word. The weight of this code word satisfies O V3 Vq -...

Fonin — 1
5 .

wi(x + y) < wi(x) + wi(y) </ + A < diin

e 2 and then we had basically this was e 2 plus v 2 like that we had and if you add any two

elements of a coset or a row
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@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance dy = A+ 1+ 1.

@ Solutions: From the given condition, we see that \ < | %a=!|,

@ It means that all the error patterns of \ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of / or fewer errors is
detectable, we need to show that no error pattern x of / or fewer
errors can be in the same coset as an error pattern y of A or fewer

errors.
@ Suppose that x and y are in the same coset. Then x + y is a
nonzero code word. The weight of this code word satisfies 0 Vy Vg ---.

wt(x + y) < wt(x) + wt(y) < I + A < dmin G0

what you will notice is sum of them is a valid codeword. So if x and y are in the same coset, x
plus y must be a non-zero codeword. Now let's look at what is the weight of x plus y. So
weight of x plus y is less than equal to weight of x plus weight of y because it is possible that

there are some common elements between x and y,
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@ Problem # 4 Prove that a linear code is capable of correcting \ or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its mimmum distance dpe = A+ 1+ 1.

@ Solutions: From the given condition, we see that A < | %=-1|

@ |t means that all the error patterns of \ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of / or fewer errors is
detectable, we need to show that no error pattern x of / or fewer
errors can be in the same coset as an error pattern y of A or fewer
errors.

@ Suppose that x and y are in the same coset. Then x + y is a
nonzero code word. The weight of this code word satisfies 0 Vy ¥y - .- .

wi(x + y) < wt(x) + wt(y) </ + \ < duin G,

is less than equal to weight of x plus weight of y. And what is weight of x? x are the error
pattern of weight | or less. So the maximum weight of x is 1. Similarly maximum weight of y
is lambda. So weight of x plus y is then less than equal to lambda plus 1. And what is the
minimum distance? Minimum distance code is at least lambda plus I plus 1. So weight of x
plus y is then less than d min. So what we have shown is the weight of x plus y, x plus y
should have been a codeword, is a codeword if they are in the same coset. If x and y are in
the same coset, x plus y is a valid non-zero codeword but what we have shown here is weight
of x plus y is less than d min so x plus y is a valid codeword. Its minimum weight
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@ Problem # 4 Prove that a linear code s capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance dye = A+ [ + 1.

@ Solutions: From the given condition, we ses that \ < | %=l

@ |t means that all the error patterns of \ or fewer errors can be used
as coset leaders in a standard array Hence, they are correctable

# In order to show that any error pattern of / or fewer errors 15
detectable, we need to show that no error_pattern x of / or fewer
errors can be in the same coset as an error pattern y of A or fewer

errors.
@ Suppose that x and y are in the same coset. Then x + y s 3
nonzero code word. The weight of this code word satisfies O Vp ¥y - ...

wi(x + y) < wi(x) + wi(y) < | + A < du 22

from here, basically what we get is it is not possible to have x plus y in the same coset.
Because if they were in the same coset x plus y would have been a valid codeword and its
weight of x plus y should have been more than d min but here in this case it is coming out to

be less than d min. Hence our assumption that x and y are in the same coset
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Minimum distance of a code

@ Problem # 4 Prove that a linear code is capable of correcting \ or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance dpis = A + 1+ 1.

@ Solutions: From the given condition, we see that A < .

@ It means that all the error patterns of A\ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of / or fewer errors is
detectable, we need to show that no error pattern x of | or fewer
errors can be in the same coset as an error pattern y of A or fewer
errors

@ Suppose that x and y are in the same coset. Then x + y is a
nonzero code word. The weight of this code word satisfies © Vy ¥V ---.

we(x + y) < wt(x) + wt(y) < 1+ A < doin =~ 22"H

gn—1
2 ! i

x and y are not in the same coset
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@ Problem # 4 Prove that a linear code is capable of correcting \ or
fewer errors and simultaneously detecting /(/ > A) or fewer errors if
its minimum distance dy, = A+ [+ 1.

@ Solutions: From the given condition, we see that A < _d'"'f_‘, |
@ It means that all the error patterns of .\ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of / or fewer errors is
detectable, we need to show that no error pattern x of [ or fewer
errors can be in the same coset as an error pattern y of A or fewer
errors

@ Suppose that x and y are in the same coset. Then x+ y is a
nonzero code word. The weight of this code word satisfies

1

wt(x + y) < wr(x] + wt(y] < I+ A < dmin

@ This is impossible since the minimum weight of the code is dmin.
Hence x and y are in different cosets. As a result, when x occurs, it
will not be mistaken as y. Therefore x is detectable.

then we can always put those error patterns of
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@ Problem # 4 Prove that a linear code is capable of correcting A or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its minimum distance gy = A + 1+ 1.

@ Solutions: From the given condition, we see that A < | ==} |

@ [t means that all the error patterns of \ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of / or fewer errors is
detectable, we need to show that no error pattern x of | or fewer
errors can be in the same coset as an error pattern y of A or fewer
errors.

@ Suppose that x and y are in the same coset. Then x + y is a
nonzero code word. The weight of this code word satisfies

wi(x + y) < wt(x) + wt(y) </ + X < duin

@ This is impossible since the minimum weight of the code is dmin.
Hence x and y are in different cosets. As a result, when x occurs, it
will not be mistaken as y Therefore x is detectable.

detect and correct errors. So we can simultaneously correct lambda errors while detecting

also 1 errors, Ok. So again to recap, basically we prove this result by showing that if you want

to simultaneously correct and detect errors
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@ Problem # 4 Prove that a linear code is capable of correcting \ or
fewer errors and simultaneously detecting /(/ > \) or fewer errors if
its rmmmum distance dpe = A + [+ 1.

@ Solutions: From the given condition, we see that A < | %==!|,

@ [t means that all the error patterns of \ or fewer errors can be used
as coset leaders in a standard array. Hence, they are correctable.

@ In order to show that any error pattern of / or fewer errors is
detectable, we need to show that no error pattern x of | or fewer
errors can be in the same coset as an error pattern y of A or fewer
errors.

@ Suppose that x and y are in the same coset. Then x + y is a
nonzero code word. The weight of this code word satisfies

wt(x + y) < wt(x) + wi(y) <71+ A < doin

@ This is impossible since the minimum weight of the code is duya.
Hence x and y are in different cosets. As a result, when x occurs, it
will not be mistaken as y. Therefore x is detectable.

simultaneously correct and detect those error patterns.
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Minimum distance of a code

@ Problem # 5 Let C; be the binary (n. k;) linear code with generator
matrix G; and minimum distance d,, respectively. Let C be the
binary (2n, ky + kz) linear code with generator matrix

G G
0 &

G

where 0 is 3 kz * n zero matrix. Calculate the minimum distance of
C. Prove your result

The next problem that we are going to solve is as follows. Let C i be a binary linear code with
code parameter given by n, k i with generator matrix G i and minimum distance d i. And let
us consider a new code C, a new binary code linear code of length 2 n and message bit length
k 1 plus k 2 whose generator matrix is given by this expression. Now what is the minimum

distance of this new code C?
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Minimum distance of a code

@ Problem # 5 Let C; be the binary (n, k;) linear code with generator
matrix G; and minimum distance d;, respectively. Let C be the
binary (2n, k; + kz) linear code with generator matrix

& &
s [u =

where D is 2 ks x n zero matrix. Calculate the minimum distance of
C. Prove your result

@ Solution: Letu = (ug. uy.- -« .tp—1) and v = (. v, -+ , va_1) be
two binary n-tuples. We form 2n-tuple from u and v as follows

ulu -+ v ("J()-Uq-"'-u-r 1. Ug + Vg, Uy + vy, -+ Uy + Vi, 1)

So to find out the minimum distance, so let's consider let u and v are two binary n-tuples. And
we form a 2 n-tuples as follows. If we look at this codeword v how is this codeword
generated? So it's one n-bit codeword, another n-bit codeword. First n-bit codeword is

generated by using u times v 1 and second one you get basically u times G 1 plus v times G 2.



So essentially the way you are generating this codeword, the first part contains n-bit

codeword u and the second part is n-bit codeword which is
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Minimum distance o

@ Problem # 5 Let C; be the binary (n. k;) linear code with generator
matrix G; and minimum distance d, respectively. Let C be the
binary (2n, ky + kz) linear code with generator matrix

G : G

e [ 0!G

where 0 is a3 ky x n zero matrix. Calculate the minimum distance of
C. Prove your result

@ Solution: Letu = (w. ., - . Up—1) and v = (w. ¥, -- , vp—1) be
two binary n-tuples. We form 2n-tuple from u and v as follows

uju+v| = (ug, ty,--- , Up—1, g + Vo, Uy + Vg, - + Up—1 + Va—1)

u plus v. So this 2 n length codeword will be of the form like this
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Minimum distance of a code

@ Problem # 5 Let C; be the binary (n. k;) linear code with generator
matrix G; and minimum distance d;, respectively. Let C be the
binary (2n, ky + kz) linear code with generator matrix

GG
e [ 0.6

where 0 is a3 kx x n zero matrix. Calculate the minimum distance of
C. Prove your result

@ Solution: Letu = (., - . Up-1) and v = (w. ¥, - -, v¥p—1) be
two binary n-tuples. We form 2n-tuple from u and v as follows

uju+v| = (ug,ty,--- , Up—1, g + Vo, Uy + Va, - + Up—1 + Va—1)

where the first 10 bits are u 0, u 1, u 2, u n minus 1 and then next n bits are of the form u 0

plus v 0, u 1 plus v 1 and like that, so
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@ Problem # 5 Let C; be the binary (n, k;) linear code with generator
matrix G; and minimum distance d,, respectively. Let C be the
binary (2n, k; + kz) linear code with generator matrix

G G
* ln G

where D is 2 ks x n zero matrix. Calculate the minimum distance of
C. Prove your result
@ Solution: Let u = (. iy, -+ .tp_1) and v = (w. v, -~ , vy ) be
two binary n-tuples. We form 2n-tuple from u and v as follows
uju+v| = (up.tn, - Upy, o+ Vo, U + vy, F Upy + V1)
@ The linear block code C is
C GG+ G

{luju+vw|:ue G.and v € G}

as I said our linear block code, see the new code of length 2 n can be written of this form
where you have a code u of length n which belongs to C 1 and then the second part which is n
bit part is u plus v where u belongs to C 1 and v belongs to C 2.

Now we will
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
Amin = min{2dy, d»}

show that minimum distance of the code is minimum of two d 1 or d 2 where d 2 is the

minimum distance of the code n k 2 and d 1 is the minimum distance of the code n k 1. So
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@ Problem #5 (contd.): The minimum distance of C is
Amin = min{2dy, db }
@ Let x = |uju+v| and y = |u’|u’ + ¥| be two distinct codewords in C.
d(x.y) = w(u+u) + wlu+u +v+v)

where w(z) is the Hamming weight of z.

let us consider two distinct codewords x and y. So x we denote as concatenation of u and u
plus v and this is u prime, u prime plus v prime. Let x and y be two distinct codewords in C.

Now what is the Hamming distance
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p

between x and y? We can write down the Hamming distance between x and y as



(Refer Slide Time 32:23)

] masD rescaansa ¥ 1

@ Problem #5 (contd.): The minimum distance of C is
Omin = min{2dy, da }
@ Let x = [uju+v| and y = [u'|u’ + /| be two distinct codewords in C.
d(x.y) = w(u+u') + wlu+u +v+v)
where w(z) is the Hamming weight of z.

the Hamming weight between u plus u prime plus Hamming weight between u plus v plus v
hat plus u hat. So the Hamming distance between x and y can be written as Hamming weight

of u plus u hat plus Hamming weight of u plus u hat plus v plus v hat.
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
unine = min{2dh, d2}
@ Let x = [uju+v|andy u'|u’ + v'| be two distinct codewords in C
dix.y)=w(u+u)+wlu+u +v+v)

where w(z) is the Hamming weight of z.

Now note
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
onie = Min{2dh, d2}
@ Let x = |uju+v| and y = |u’|u” + v'| be two distinct codewords in C
dix.y) =wlu+u)+wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocasesv=v and v # v'. If v =V since x # y, we
must have u = o’. In this case

d(x.y) = w(u +u’) + w(u + u)

x and y are distinct codewords. So let us consider two scenarios. In first case we will consider
v is same as v prime. In second case we will consider v is not same as v prime. So if we
consider v as same as v prime, since x and y are distinct codewords what we will have is u is

not same as
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u prime. So in this case the Hamming
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@ Problem #5 (contd.): The minimum distance of C is
Omin = min{2dy, db }
@ Let x = |uju+v| and y = |u'|u’ + ¥| be two distinct codewords in C.

d(x.y) = wlu+u) + wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocasesv=v andv # v Ifv =v sincex #y, we
must have u # o’. In this case

d(x.y) = wu +u’) + w(u + u)

distance between x and y will be given by Hamming weight of u plus u prime plus, now since
v and v prime are same this will be zero so this will be same as Hamming weight of u plus u
prime. So then in this case when v is same as v prime we can write the Hamming distance
between x and y as Hamming weight of u plus u prime plus Hamming weight of u plus u

prime. And since what is u plus u prime?
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@ Problem #5 (contd.): The minimum distance of C is
Omin = min{2dy, db }
@ Let x = |u|u+ v| and y = |u'|u’ + v/| be two distinct codewords in C.
d(x.y) = w(u+u') + wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocases v=v and v #v'. If v = v/, since x # y, we
must have u # u’. In this case

d(x.y) = wu +u’) + wlu +u)
@ Since u+u’ is a nonzero codeword in €, w(u +u’) > di. Therefore
d(x.y) = 2d, (3)

u and u prime are two codewords belonging to
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C 1. So sum of two codewords for a linear block code is another valid codeword. So u plus u

prime is going to be
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@ Problem #5 (contd.): The minimum distance of C is
Gusin. = min| 24y, da }
@ Let x = |uju+v| and y = |u'|u’ + v'| be two distinct codewords in C
dix.y) = wlu +u’) + wlu+u' +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocases v =v and v # v’ If v = v since x # y, we
must have u = o', In this case

d(x.y) = wlu +u’) + wlu +u)
@ Since u+u' is a nonzero codeword in €, w(u +u’) > d. Therefore
d(x.y) > 24, (3)

another valid codeword. So then, so what would be the minimum distance of u plus u prime?

It would be at least the minimum distance of the code C 1 whichis d 1.
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So then Hamming distance between x and y would be
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
onie = min{ 26y, da}
@ Let x = |uju+ v| and y = |u’|u’ + v'| be two distinct codewords in C
dix.y) = wlu+u')+wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocasesv=v and v #v'. If v =v' since x # y, we
must have u # u'. In this case
d(x.y) = w(u +u') + w(u + ')
@ Since u+u’ is a nonzero codeword in G, w(u +u’) > dy. Therefore

d(x.y) > 2d, (3)

greater than equal to 2 times d 1. So for the case when v is equal to v prime we have shown

that minimum distance
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
oy = min{2dy, d2}
@ Let x = [uju+v| and y = |u’|u’ + | be two distinct codewords in C
d(x.y) = wlu+u')+wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocasesv=v andv# v . Ifvu=v' sincex#y, we
, : bt
must have u # u’. In this case

d(x.y) = wlu +u') + w(u + u')
@ Since u + o’ is a nonzero codeword in G, w(u +u’) > dy. Therefore
d(x.y) > 2d, (3)

should be at least 2 times d 1.
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@ Problem #5 (contd.): The minimum distance of C is
Omin = min{2d}, d2 }
@ Let x = |uju+v| and y = |u'|u’ + ¥| be two distinct codewords in C.

d(x.y) = w(v +u') + wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocasesv=v' and v # v’ If v = v/ since x # y. we
must have u # o', In this case

d(x.y) = wlu +u’) + w(u +u)
@ Since u+u’ is a nonzero codeword in €, w(u+u’) = d;. Therefore
d(x.y) = 24, (3)

v is not equal to v prime. So before that we will just
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
onie = min{2dh, 2}
@ Let x = |uju+ v| and y = |u’|u’ + /| be two distinct codewords in C
dix.y) =wlu+u)+wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocases v=v and v # v'. If v = v since x # y. we
must have u # u’. In this case

d(x.y) = wlu + ) + wlu + )
@ Since u+u’ is a nonzero codeword in Gy, w(u +u’) > d;. Therefore

d(x.y) = 24, (3)
@ From triangle inequality, we have
dix.y) = d(x.z) - d(y.2)

wix+y) > wr(x+2)—wily+z)
state again the triangular inequality that we are going to use; so from the triangular inequality

we know that Hamming distance between x and y is greater than equal to Hamming distance
between x and z minus Hamming distance between y and z. And we know the Hamming
distance is nothing but Hamming weight of x plus y, Hamming weight of x plus y and

Hamming weight of x plus z minus Hamming weight of

Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
i = min{2dh, d2}
@ Let x = |uju+ v| and y = |u’|u’ + /| be two distinct codewords in C
dix.y) =wlu+u)+wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocasesv=v and v# v If v =V since x # y, we
must have u &= u’. In this case

d(x.y) = wlu +u') + w(u + ')
@ Since u+u’ is a nonzero codeword in Gy, w(u +u’) > d;. Therefore
d(x.y) > 24, (3)
@ From triangle inequality, we have
d(x.y) = d(x.z) - d(y.2)
wixty) > wh(x+z)— wily+z)
y plus z. So we can write this expression in terms of Hamming distance or we can write in

terms of Hamming weight. Now let us take x plus z to be
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Minimum distance of a code

@ Problem #5 (contd.): Let x +z=v+v andy +z=u+u',
then we get

wu+u +v+v) > wv+v) - wlu+u)

equal to v plus v prime and y plus z as u plus u prime. And we put these values of x

-.t-'.——"ﬂli-l...nl:rnn: [

Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
onine = min{ 26y, 2}
@ Let x = |uju+ v| and y = |u’|u’ + /| be two distinct codewords in C
dix.y) =wlu+u)+wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocasesv=v and v# v If v =V since x # y, we
must have u # u’. In this case

d(x.y) = w(u +v') + w(u + ')
@ Since u+u’ is a nonzero codeword in Gy, w(u +u’) > d;. Therefore
d(x.y) = 2dy ()
@ From triangle inequality, we have
dx.y) = d(x.z) d(y.z)
wix+y) > wi(x+2z)— wily +2)
and x plus y and x plus z and y plus z, we put these values




(Refer Slide Time 36:05)

B il0 s smasjmacaan
Forre=suas- 2l =——ammunss

Minimum distance of a code

@ Problem #5 (contd.): Let x +z=v+v andy+z=u+u',
then we get

wu+u +v+v) > wv+v) - wlu+u)

in this expression.
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
oniee = min{2dh., d2)
@ Let x = |uju+ v| and y = |u’|u’ + /| be two distinct codewords in C
dix.y) =wlu+u)+wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Considertwocasesv=v andv# v If v =v' since x # y, we
must have u # u'. In this case

d(x.y) = wlu +u') + w(u + v)
@ Since u+u’ is a nonzero codeword in Gy, w(u +u’) > d;. Therefore

d(x.y) > 24, (3)
@ From triangle inequality, we have
dix.y) = d(x.z) d(y.2)

wix+y) > wi(x+2z)— wily+2z)

So what is x plus y? x plus y



(Refer Slide Time 36:12)

= LF*DCE.I..‘I

FTR=EE

B

Minimum distance of a code

@ Problem #5 (contd.): Let x +z=v+v andy+z=u+u',
then we get

wu+u +v+v) > wv+v) - wlu+u)

would be v plus v prime plus u plus u prime so x plus y is basically u plus u prime plus v plus

v prime. So from here weight of
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
i = min{2dy, d2)
@ Let x = |uju+v| and y = |u’|u + /| be two distinct codewords in C
dix.y) = wu+u')+wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocasesv=v andv# v . Ifu=v' sincex#y, we
must have u # u’. In this case

d(x,y) = wlu +u’) + wlu + u')
@ Since u + u’ is a nonzero codeword in G, w(u +u’) > d,. Therefore
d(x.y) > 24, (3)
@ From triangle inequality, we have
d(xy) > d(x.z)-d(y.2)
wix+y) > wi(x+2z) — wily+2)

x plus y is given
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Minimum distance of a code

@ Problem #5 (contd.): Let x +z=v+v andy +z=u+u',
then we get

by this.

(Refer Slide Time 36:33)

EL T LR Y IotrY (TTTTIT G

s

Minimum distance of a code

@ Problem #5 (contd.): Let x +z=v+v andy +z=u+u',
then we get

Next what we had was weight of
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
oniee = min{2dh., d2)
@ Let x = |uju+ v| and y = |u’|u’ + v'| be two distinct codewords in C
dix.y)=w(u+u)+wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocasesv=v and v# v'. If v =V, since x # y, we
must have u # u'. In this case

d(x.y) = wlu +u') + wlu + ')
@ Since u+u’ is a nonzero codeword in G, w(u +u’) > d;. Therefore
d(x.y) = 24 (3)
@ From triangle inequality, we have
dix.y) = d(x.z) d(y.z)
wix+y) > wi(x+2z)— wily +2)
x plus z. What is weight of x plus z?
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@ Problem #5 (contd.): Let x +z=v+v andy +z=u+u',
then we get

Weight of x plus z is weight of v plus v prime and similarly weight of y plus z is given by
this, Ok. So this is upper bounded, this is lower bounded by this quantity. This is lower
bounded by this quantity. Now go back and
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
oniee = min{2dh, 2}
@ Let x = |uju+v| and y = |u’|u’ + v'| be two distinct codewords in C
d(x.y) =wlu+u)+wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocasesv=v and v# v If v =V since x # y, we
must have u # u'. In this case

d(x.y) = wlu +v') + w(u + ')
@ Since u+u’ is a nonzero codeword in Gy, w(u +u’) > dy. Therefore
d(x.y) = 24 (3)
@ From triangle inequality, we have
d(x.y) = d(x.z) - d(y.2)
wix+y) > wi(x+32)_ wely+z)
see what is our minimum distance between x and y? Minimum distance between x and y is

given by
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
dlInm mm{zdl d:}
@ Let x = [uju+v| and y = |u’|u’ + ¥| be two distinct codewords in C

d(x.y) = wu+u')+wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocasesv=v andv# v Ifv=v' sincex#y, we
must have u # u’. In this case
r

d(x,y) = wlu +u’) + wlu +u')

@ Since u+u’ is a nonzero codeword in C;, w(u+u’) > d,. Therefore

d(x.y) = 2dy ()
@ From triangle inequality, we have
d(x.y) > d(x.z) - d(yz)

wix+y) > wi(x+2z)—wily+2)
this expression. It's Hamming weight between u and u prime




(Refer Slide Time 37:22)

A

plus Hamming weight of u plus u prime plus
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@ Problem #5 (contd.): The minimum distance of C is

Amin = min{2dy, db }
@ Let x = |uju+v| and y = |u’|u’ + ¥| be two distinct codewords in C.
d(x.y) = w(u+u') + wlu+u' +v+v)

where w(z) is the Hamming weight of z.
@ Considertwocasesv=v and v# v If v =v' since x # y, we
must have u # o’. In this case

d(x.y) = wlu +u’) + w(u + u)
@ Since u+ v’ is a nonzero codeword in Gy, w(u +u') > dy. Therefore
d(x.y) = 2d (3)
@ From triangle inequality, we have
dix.y) = d(x.z) d(y.z)
wix+y) > wh(x+z)— wily+z)
v plus v prime. And what we did just now is we lower bounded this. So then Hamming

distance between x and y
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Minimum distance of a code

@ Problem #5 (contd.): Let x +z=v+v andy+z=u+u',
then we get

wu+u +v+v) > wv+v) - wlu+u)

can be, so
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Minimum distance of a code

@ Problem #5 (contd.): Let x +z=v+v andy+z=u+u',
then we get

wu+u +v+v) > wv+v') - wlu+u)
@ If v # v/, we have

d(x.y) = w(u+u')+w(v+v)—w(u+u)

= w(v+v)

this basically this we lower bounded by this quantity.



(Refer Slide Time 37:45)

A4am0 -

Farresma ‘r,LFlD-Iil..-.;Ilﬁi

Minimum distance of a code

@ Problem #5 (contd.): Let x +z=v+v andy+z=u+u',
then we get
wu+u +v+v) > wv+v) - wlu+u)
@ If v # v/, we have
d(x.y) = w(u+u')+w(v+v)—w(u+u')

= wiv+v)

If we plug that in here, what we get here is greater than equal to.
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Minimum distance of a code

@ Problem #5 (contd.): Let x +z=v+v andy +z=u+u',
then we get
wu+u +v+v) > wv+v) - wlu+u)
@ If v # v/, we have
d(x.y) @ w(u+u') + w(v+v') — w(u+u')

= w(v+v)

So what we can write is the Hamming distance between x and y is then greater than or equal

to this term comes
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Minimum distance of a code

@ Problem #5 (contd.): Letx +z=v+ v andy+z=u+u',
then we get

wu+u +v+v) > wv+v) - wlu+u)
@ If v # v/, we have

d(x.y) @ w(u +u') + w(v+v') — w(u+u')

= w(v+v)

from here, this term
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
Omin = min{2dy, ds}
@ Let x = |uju+v| and y = |u’|u” + V| be two distinct codewords in C

d(x.y) = w(u+u) + wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Consider twocasesv =v' and v #v'. If v =V, since x # y, we
must have u # u'. In this case

d(x.y) = w(u +v') + w(u + ')
@ Since u+ v’ is a nonzero codeword in Gy, w(u +u’) > dy. Therefore
d(x.y) > 24 (3)
@ From triangle inequality, we have
d(x.y) = d(x.z) - d(y.2)
wix+y) > wi(x+2z)— wi(y+2)

and this term is lower bounded by this term
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Minimum distance of a code

@ Problem #5 (contd.): Let x +z=v+v andy+z=u+u',
then we get

here. So we write it
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Minimum distance of a code

@ Problem #5 (contd.): Let x +z=v+v andy+z=u+u',
then we get

wu+u +v+v) > wv+v) - wlu+u)
@ If v # v/, we have

d(x.y) O w(u +u') + w(v+v') — w(u+u')

= w(v+v)

here, now this can be further written as Hamming weight of v plus v prime because these two

cancel out. So what
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@ Problem #5 (contd.): Let x +z=v+v andy +z=u+u',
then we get

w(o+u +v+v') > wv+v') - wlu+u)

@ If v # v, we have

d(x.y) @ wiu T o) + w(v + V') - wiat o)

= wlv+v)

we have shown is when v is not same as v prime the Hamming distance between
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x and y is greater than equal to Hamming weight
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@ Problem #5 (contd.): Let x +z=v+ v andy+z=u+u',
then we get

w(o+u +v+v) > wlv+v')— wu+u)

@ If v # v/, we have

d(x.y) (Z) wirfu) + wiv +v) - wiar T w)

of v plus v prime. And is v plus v prime? v and v prime are valid codewords in linear block

code C 2 with minimum distance d 2 so v plus v prime will be another valid codeword in C 2
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@ Problem #5 (contd.): Let x +z=v+v andy +z =u+u',
then we get

wu+u +v+v) > wv+v) - wlu+u)
@ If v # v, we have

d(x.y) = w(u+u')+wlv+v)— wlu+u)

w(v + v)
@ Since v + v is a nonzero codeword in G, w(v +v') > db, we have

d(x.y) = d» (4)

write this as Hamming distance between x and y is greater than equal to d 2. So we look,

comparing equation number 4 and equation
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@ Problem #5 (contd.): Let x+z=v+ v andy+z=u+u'
then we get

wo+u +v+v) > wv+v') - wu+uo)

o If v # v/, we have

d(x.y}@ ww s 7)+ wiw+v) /wﬂ)

= wiv+v)

number 3,
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Minimum distance of a code

@ Problem #5 (contd.): The minimum distance of C is
Omin = Min{2dy, d2 }
@ Let x = |uju+ v| and y = |u’'|u’ + V| be twe distinct codewords in C

d(x.y) = w(u+u) + wlu+u +v+v)

where w(z) is the Hamming weight of z.
@ Considertwocasesv =v and v # v’ If v =V since x # y, we
must have u = u'. In this case

d(x.y) = w(u +v') + w(u + ')
@ Since u +u’ is a nonzero codeword in Gy, w(u + u’) > d;. Therefore
d(x.y) > 24, (3)
@ From triangle inequality, we have
dix.y) = d(x.z) - d(y.2)
wix+y) = wh(x+2)—wily+2)
if we compare these two equations we can write that minimum distance of the code is

minimum of 2d 1 ord 2, Ok.
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@ Problem #5 (contd.): Letx+z=v+v andy+z=u+u,
then we get

wo+u' +v+v) > wlv+v)— wo+uo)
@ If v # v/, we have

dix.y) > w(u+u)+wv+v)— wu+u)
= wlv+v)

@ Since v+ v is a nonzero codeword in G, w(v +v') = db, we have
d(x.y) = &2 (4)
@ From (3) and (4) we have
d(x.y) = min {2d,.d>}

Now let us show that
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@ Problem #5 (contd.): Letx+z=v+v andy+z=u+u',
then we get

wu+u +v+v') > wlv+v') - wlu+u)
@ If v # v, we have

dix.y) = w(u+u’)+w(v+v)-w(u+u)

- w(ll + \/)
@ Since v + v is a nonzero codeword in G5, w(v + v') > db, we have
d(x.y) = &2 (4)

@ From (3) and (4) we have
d(x.y) = min {2dy. >}

there exists a code

(Refer Slide Time 39:33)
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@ Problem #5 (contd.): Let x + z
then we get

wu+u' +v+v) > wv+v) - wlo+u)

@ If v # v, we have

dix.y) = wlu+u')+w(v+v)- wiu+u)
wv +v')

@ Since v + v' is a nonzero codeword in >, w(v + v') > db, we have

d(x.y) = d2 (4)
@ From (3) and (4) we have
d(x.y) > min {2dy. )

e ————

equal minimum of 2 d 1 or d 2. So let us take two minimum weight codewords
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Minimum distance of a code

@ Problem #5 (contd.): Let uy and v be two minimum-weight
codewords in C; and G respectively.

inC1andC 2. Let us call themu 0
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Minimum distance of a code

@ Problem #5 (contd.): Let 1y and vy be two minimum-weight
codewords in C; and C; respectively.

and v 0.
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@ Problem #5 (contd.): Let uy and vy be two minimum-weight
codewords in C; and C; respectively.

@ The vector |ug|ug| is a codeword in C with weight 2d,.

Now this is a valid codeword in C and what's its minimum distance? It is 2 times d 1.
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@ Problem #5 (contd.): Let uy and v be two minimum-weight
codewords in C; and C; respectively.

@ The vector |ug|ug| is a codeword in C with weight 2d,.
@ Similarly the vector |0|w| is a codeword in C with weight d,..

So if we take v 0 to v all zero codeword, what we get is u 0 and u 0, this is a valid codeword
in C. And its minimum distance is 2 times d 1. Similarly if we take u 0 to be all zero
codeword, then what we get is this codeword 0 and u 0, whose minimum distance is d 2. So

hence we have shown that there,
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basically there minimum distance of code, of this code new code c is indeed minimum of 2 d

lord?2,
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Minimum distance of a code

@ Problem #5 (contd.): Let u; and w; be two minimum-weight
codewords in C; and G, respectively.

@ The vector |ug|ug| is a codeword in C with weight 24,
@ Similarly the vector |0|w| is a codeword in C with weight d,..
@ Therefore

d(x.y) = min | 2dy, ch |

Ok. Thank you



