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Active Filters I 

Lecture - 16 
Second Order Low Pass Filter 

 

Okay! In the last lecture we have discussed about the first order low pass active filter. So, 
the drawback of first order filter is, in the transition band the roll-off rate is −20𝑑𝐵 per 
decade. So, that is less actually. So, if you want to have the frequency response which is 
near to the ideal response then the roll-off rate in this transition band should be large. So, 
in order to have the large roll-off rate in the transition band we have to go for the higher 
order filters. So, today we will discuss about the second order active low pass filter. 
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This is sometimes called as Sallen-Key filter also. So, the general structure of this second 
order active low pass filter is this consisting of two RC sections. In case of first order one 
RC section is there now two RC sections. First, I will derive the generalized expression in 



terms of admittances, later I will replace the admittances with resistance and 
capacitances. 

This is 𝑅ி  𝑅ଵ this is grounded then at the positive terminal we have the admittances.  
This is output 𝑣௢, this is 𝑣௜. This you call as 𝑌ଵ admittance, 𝑌ଶ admittance, 𝑌ଷ, 𝑌ସ. Y is the 
admittance which is the reciprocal of the impedance.  

𝑌 =
1

𝑍
 

We know that  

𝑉 = 𝑍𝐼 

⟹ 𝐼 =
𝑉

𝑍
= 𝑉𝑌 

So, if you want to write the expression for the current you have to multiply the 

admittance with voltage. Here I am going to derive the expression for the 
௩೚

௩೔
 initially say 

in terms of the Laplace transform s. So, first I will derive in terms of 𝑌ଵ, 𝑌ଶ, 𝑌ଷ, 𝑌ସ. Later, 
I will replace this with resistance and capacitances. Let us call this node as node A and 
the voltage here is called 𝑣஺ and this is node B and the voltage here is 𝑣஻ and this current 
you call as 𝐼ଵ, this current you call as 𝐼ଶ, this current you call as 𝐼ଷ.  

KCL at node A: 

𝐼ଵ = 𝐼ଶ +  𝐼ଷ 

⟹ (𝑣௜ − 𝑣஺)𝑌ଵ =  (𝑣஺ − 𝑣௢)𝑌ଷ +  (𝑣஺ − 𝑣஻)𝑌ଶ 

So, the final expression that we want is 
௩೚

௩೔
. I have to express everything in terms of 𝑣௢ and 

𝑣௜. Basically, I have to express this 𝑣஺ and 𝑣஻ in terms of 𝑣௜ and 𝑣௢ so that all the terms 
will be having either 𝑣௜ or 𝑣௢, you can take the ratio of 𝑣௢ to 𝑣௜.  So, from this  

⟹ 𝑣௜𝑌ଵ = (𝑌ଵ + 𝑌ଶ + 𝑌ଷ)𝑣஺ − 𝑣௢𝑌ଷ − 𝑣஻𝑌ଶ 

Here we have the two variables 𝑣஺ and 𝑣஻ which you have to express in terms of 𝑣௜ and 
𝑣௢. This is of course, 𝑣௜ this is 𝑣௢. This is no problem, we can keep these two terms. But 
these two terms we have to express in terms of 𝑣௜  and 𝑣௢ . So, because the op-amp is 
ideal, if this is 𝑣஻, this is also 𝑣஻. And if this is 𝑣஻, the remaining amplifier is this is non- 
inverting amplifier. 

So, output Vo is given by: 



𝑣௢ = (1 +
𝑅ி

𝑅ଵ
 )𝑣஻ 

If I forget about this entire circuit before this, so this will be 𝑣஻. The remaining circuit is 
here from the 𝑣஻ to this one, this is a non-inverting amplifier whose gain is 1 plus 
feedback resistance divided by 𝑅ଵ. This we have already derived in the earlier lectures.  

𝑣௢ =  𝐴௢𝑣஻, where 𝐴௢ = (1 +
ோಷ

ோభ
 ) 

⟹ 𝑣஻ =
𝑣௢

𝐴௢
 

This I will substitute here.  

⟹ 𝑣௜𝑌ଵ = (𝑌ଵ + 𝑌ଶ + 𝑌ଷ)𝑣஺ − 𝑣௢𝑌ଷ −
௩೚

஺೚
𝑌ଶ ……… (i) 

Now, only thing is this 𝑣஺  I have to express in terms of 𝑣௜  or 𝑣௢ . I will call this as 
expression (i). Now, I have to replace 𝑣஺ by either 𝑣௢ or 𝑣௜.  
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So, for that I will take the KCL at node B. So, this KCL at node B. This is the current 𝐼ଷ 
and here the current is 0 because op-amp is ideal, the entire 𝐼ଷ will flows through 𝑌ସ also. 
So, if I write the expression for 𝐼ଷ in terms of A and B, I will write here: 



𝐼ଷ =  (𝑣஺ − 𝑣஻)𝑌ଶ 

𝐼ଷ also another expression in terms of this 𝑣஻ and this ground is 𝑣஻ times 𝑌ସ. 

𝐼ଷ = 𝑣஻𝑌ସ 

So, these two are same: 

𝐼ଷ =  (𝑣஺ − 𝑣஻)𝑌ଶ =  𝑣஻𝑌ସ 

⟹ 𝑣஺𝑌ଶ = (𝑌ଶ + 𝑌ସ)𝑣஻ 

But what is 𝑣஻? I have just derived 𝑣஻ is 
௩೚

஺೚
. This 𝑣஻ is 

௩೚

஺೚
.  

⟹ 𝑣஺𝑌ଶ = (𝑌ଶ + 𝑌ସ)
𝑣௢

𝐴௢
 

Therefore, what is VA?  

⟹ 𝑣஺ = (𝑌ଶ + 𝑌ସ)
௩೚

஺೚௒మ
 ……… (ii) 

Now, we will substitute equation (ii) in equation (i). Here 𝑣஺ we have expressed in terms 
of 𝑣௢. Here I will replace this. So, what is expression (i) now? 

∴ 𝑣௜𝑌ଵ = (𝑌ଵ + 𝑌ଶ + 𝑌ଷ)(𝑌ଶ + 𝑌ସ)
𝑣௢

𝐴௢𝑌ଶ
− 𝑣௢𝑌ଷ −

𝑣௢

𝐴௢
𝑌ଶ 

Now, all the terms are either in terms of 𝑣௜ or 𝑣௢. So, you have to basically take the ratio 
of 𝑣௢ to 𝑣௜. This is equal to after simplification: 

⟹ 𝑣௜𝑌ଵ = ൫𝑌ଵ𝑌ଶ + 𝑌ଵ𝑌ସ + 𝑌ଶ
ଶ + 𝑌ଶ𝑌ସ + 𝑌ଶ𝑌ଷ + 𝑌ଷ𝑌ସ൯

𝑣௢

𝐴௢𝑌ଶ
− 𝑣௢𝑌ଷ −

𝑣௢

𝐴௢
𝑌ଶ 

So, what is the LCM here? 𝐴௢𝑌ଶ 

⟹ 𝑣௜𝑌ଵ =
𝑌ଵ𝑌ଶ𝑣௢ + 𝑌ଵ𝑌ସ𝑣௢ + 𝑌ଶ

ଶ𝑣௢ + 𝑌ଶ𝑌ସ𝑣௢ + 𝑌ଶ𝑌ଷ𝑣௢ + 𝑌ଷ𝑌ସ𝑣௢ − 𝑣௢𝐴௢𝑌ଶ𝑌ଷ − 𝑣௢𝑌ଶ
ଶ

𝐴௢𝑌ଶ
 

 

⟹ 𝑣௜𝑌ଵ𝑌ଶ𝐴௢ = (𝑌ଵ + 𝑌ଶ + 𝑌ଷ)𝑌ସ𝑣௢ + (1 − 𝐴௢)𝑌ଶ𝑌ଷ𝑣௢ + 𝑌ଵ𝑌ଶ𝑣௢ 

So, the gain is 
௩೚

௩೔
. So, what will be expression for 𝑣௢ by 𝑣௜?   

⟹ 𝐺𝑎𝑖𝑛 =  
𝑣௢

𝑣௜
=  

𝑌ଵ𝑌ଶ𝐴௢

(𝑌ଵ + 𝑌ଶ + 𝑌ଷ)𝑌ସ + (1 − 𝐴௢)𝑌ଶ𝑌ଷ + 𝑌ଵ𝑌ଶ
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This is the expression for the gain of a generalized Sallen-Key second order active low 
pass filter. Now, we replace these admittances with the resistance and capacitances. So, 
the first order filter have one RC section now we will be having two RC sections. So, in 
terms of R and C, this circuit will be this is 𝑣௜ this is one RC section this is another RC 
section and this will be connected to the output this is input. 

We will take the identical RC sections RC RC this will be grounded and positive side we 
have resistance 𝑅ଵ 𝑅ி . So, this circuit is similar to the generalized circuit that I have 
given with what are the values of 𝑌ଵ 𝑌ଶ this was 𝑌ଵ this was 𝑌ଶ this was 𝑌ଷ this was 𝑌ସ. So, 

𝑌ଵ 𝑌ଶ are 
ଵ

ோ
 because the admittances and 𝑌ଷ 𝑌ସ is sC. If it is Z, 1 by sC YsC if it is Z, R 

simply because of Y it is 
ଵ

ோ
.  

𝑌ଵ = 𝑌ଶ =
1

𝑅
 

And 

𝑌ଷ = 𝑌ସ = 𝑠𝐶 



Now, what will be the transfer function of this in terms of Laplace transforms? 
௩೚(௦)

௩೔(௦)
 So, 

in this expression you substitute the values of 𝑌ଵ 𝑌ଶ 𝑌ଷ 𝑌ସ 

𝑣௢(𝑠)

𝑣௜(𝑠)
=  

𝐴௢

𝑅ଶ

ቀ
2
𝑅

+ 𝑠𝐶ቁ 𝑠𝐶 + (1 − 𝐴௢)
𝑠𝐶
𝑅

+
1

𝑅ଶ

 

 

So, if you simplify this: 

⟹  
𝑣௢(𝑠)

𝑣௜(𝑠)
=  

𝐴௢

(2 + 𝑠𝐶𝑅)𝑠𝐶𝑅 + (1 − 𝐴௢)𝑠𝐶𝑅 + 1
 

⟹  
𝑣௢(𝑠)

𝑣௜(𝑠)
=  

𝐴௢

𝑠ଶ𝑅ଶ𝐶ଶ + (2 + 1 − 𝐴௢)𝑠𝐶𝑅 + 1
 

⟹  
𝑣௢(𝑠)

𝑣௜(𝑠)
=  

𝐴௢

𝑠ଶ𝑅ଶ𝐶ଶ + (3 − 𝐴௢)𝑠𝐶𝑅 + 1
 

 

But we know that the second order system will be having a frequency response which is 
of the form of: 

𝐻(𝑠) =
𝐴௢𝜔௖

ଶ

𝑠ଶ + 𝜉𝜔௖𝑠 + 1
 

Here, 𝜉  (zeta) which is dumping factor. This is the generalized second-order transfer 
function. So, in order to compare these two, we have to express this in the form of s 
square coefficient has to be make 1. So, if I make s square coefficient as 1 𝐴௢ R square C 
square you have to take as common. So, s square plus 3 minus 𝐴௢ sCR by R square C 
square. So, one R one C will get cancel s by R C plus 1 by R square C square. 

⟹  
𝑣௢(𝑠)

𝑣௜(𝑠)
=  

𝐴௢

𝑅ଶ𝐶ଶ

𝑠ଶ + (3 − 𝐴௢)
𝑠

𝑅𝐶
+

1
𝑅ଶ𝐶ଶ

 

Here this 𝜔௖ is cutoff frequency. So, by comparing these two comparing with standard 
and this one by comparing you will get:  

𝜔௖
ଶ =

1

𝑅ଶ𝐶ଶ
 



cutoff frequency: 

⟹ 𝜔௖ =  
1

𝑅𝐶
 ⟹ 𝑓௖ =  

1

2𝜋𝑅𝐶
 

The same expression we have obtained for the first order low pass filter also. This R and 
C is going to decide the cutoff frequency. 

And what is damping factor? 𝜉 (zeta) is called damping factor.  

𝜔஼𝜉 =  
3 − 𝐴௢

𝑅𝐶
 

But 𝜔஼𝑅𝐶 = 1 

⇒ 𝜉 = (3 − 𝐴௢) 
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So, this is second-order system with the standard expression  

𝐻(𝑠) =
஺೚ఠ೎

మ

௦మାకఠ೎௦ାଵ
 where 𝜔஼ =  

ଵ

ோ஼
  and 𝜉 = (3 − 𝐴௢) 

Here, 



𝐴௢ = (1 +
𝑅ி

𝑅ଵ
 ) 

 

So, we can have some discussion on this transfer function. So, how does this frequency 
response varies? Frequency response if you want you have to replace s with 𝑗𝜔.  

𝐻(𝑗𝜔) =
𝐴௢𝜔௖

ଶ

(𝑗𝜔)ଶ + 𝑗𝜉𝜔𝜔௖ + 1
 

If you want to write in terms of 
ఠ

ఠ೎
 , if I take this 𝜔௖

ଶ common you divide everything with 

this 𝜔௖
ଶ. So, I want to make in the numerator only 𝐴௢ 𝜔௖

ଶ I am taking as common.  

⇒ 𝐻(𝑗𝜔) =
𝐴௢

(𝑗
𝜔
𝜔௖

)ଶ + 𝑗𝜉
𝜔
𝜔௖

+
1

𝜔௖
ଶ

 

⇒ 𝐻(𝑗𝜔) =
𝐴௢

−
𝜔ଶ

𝜔௖
ଶ + 𝑗𝜉

𝜔
𝜔௖

+
1

𝜔௖
ଶ

 

So, what will be magnitude response?  

|𝐻(𝑗𝜔)| =
𝐴௢

ඨ൤
1

𝜔௖
ଶ −

𝜔ଶ

𝜔௖
ଶ൨

ଶ

+ 𝜉ଶ 𝜔ଶ

𝜔௖
ଶ

 

⇒ |𝐻(𝑗𝜔)| =
𝐴௢

ඨ൤
1 − 𝜔ଶ

𝜔௖
ଶ ൨

ଶ

+ 𝜉ଶ 𝜔ଶ

𝜔௖
ଶ

 

First, I will show that this is a low pass filter I will take two extreme points. At 𝜔 = 0   
what will be this one, what is magnitude of 𝐻(𝑗𝜔) is equal to this is 0. So, 1 square is 1 this 

is 0. So, simply 𝐴௢  

At 𝜔 = 0  ⇒ |𝐻(𝑗𝜔)| = 𝐴௢ 

If I take at 𝜔௖, 𝜔 is equal to 𝜔௖. So, what happens this becomes unity zeta square this is 
equal to 𝜔 is equal to 𝜔௖ this is equal to 1. So, you will get a value. So, at 𝜔 is equal to 
infinity the second extreme point what is this denominator is infinity 1 by infinity is 0. 

At 𝜔 = 𝜔௖  ⇒ |𝐻(𝑗𝜔)| = 0 



So, this will acts as a low pass filter.  
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So, if I plot this response for different values of the damping factor. I will take three 
different cases. This is the ideal response. It has to allow 0 to 𝜔௖ and it has to reject 𝜔௖to 
infinity. If I take three different cases of 𝜉 (zeta).  

So, we will get three different curves like this. This is one curve. This is another curve, 
this is another curve. So, this is for 𝜉 (zeta) is equal to 1.73, this is called Bessel filter. 
This is for 𝜉 (zeta) 1.414, which is root 2. This is called Butterworth filter. This is for 𝜉 
(zeta) is equal to 1.06. This is called Chebyshev filter.   

Now, we have a comparison between these three types of the filters. So, if I take this 
Bessel filter where damping factor is high. The advantage of this one is this will be 
having quick roll-off. So, the roll-off starts from here itself, but the drawback is this is 
advantage, but drawback is. 

So, this is the pass band this is the pass band of course, a part of stop this transition band 
is also there. So, we want the flat response in the pass band that is the ideal this one. This 
is the ideal if I take the dotted line it should be flat throughout the pass band, but here in 



the pass band there will be some attenuation. So, this part will indicate that this part will 
indicate that there is attenuation in the pass band also. This is the drawback whereas, if 
we come for the Butterworth filter this is called maximally flat in pass band. 

 

Compared to this this and this this is maximally flat. So, in the pass band if you consider 
over this from here to here the maximally flat thing is this red curve which is Butterworth 
filter. That is why mostly we will use Butterworth type of the filters. So, in this course we 
will consider only the Butterworth filter. Of course, the roll-off will start a little late than 
this Bessel function, but it is maximally flat. Coming for the Chebyshev so, this have roll-
off even before this Bessel roll-off starts here itself even better than Bessel, but there will 
be ripple in the pass band. 

This is advantage drawback is ripple in the pass band. So, among the three actually 
Butterworth is having the moderate response. So, mostly we will use Butterworth filter 
for the design of active filters. So, in this course we will discuss only the Butterworth 
filters. So, what are the transfer functions of these Butterworth filters and how to derive 
this normalized Butterworth filter and all that we'll discuss in the next lecture. Thank you. 

 

 


