Machine Learning for Engineering and Science Applications
Professor Doctor Balaji Srinivasan
Department of Mechanical Engineering
Indian Institute of Technology Madras
Expectation

(Refer Slide Time: 00:13)

Machine Learning for Engineering and
Science Applications

[\

Expectation

In this video we will be looking at a very simple statistical quantity called, or the statistical

function called the expectation. You are familiar with expectation as
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xpectation

the mean or the average, Ok.
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xpectation

Random variables, by definition, result in different outcomes

So the context is this. If you remember, we are dealing with random variables throughout.

Random variables by definition will result in different outcomes.

If I throw a dice right now, sometimes it will give a 1, sometimes it will give a 2, sometimes

it will give a 6. So this is obviously why it is called a random variable in the first place,
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xpectation

Random variables, by definition, result in different outcomes

The variation in random variables is captured by their distribution

Ok.

So which way the random variable actually varies or how it gives different outcomes is

captured by what is known as the distribution if you recall, if you have
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xpectation

Random variables, by definition, result in different outcomes

The variation in random variables is captured by their distribution
o Probability Mass function for Discrete variables

a discrete distribution such as a dice or a coin or a deck of cards, then we have something

called the probability mass function that tells you how likely each one of these outcomes is.
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xpectation

Random variables, by definition, result in different outcomes

The variation in random variables is captured by their distribution
o Probability Mass function for Discrete variables
o Probability Density function for Continuous variables

Similarly, for a continuous variable such as height, weight, temperature, pressure, stress,
strain etc what you have is the probability density function that tells you how likely a range
of probability is, a range of values is. So the probability that height varies between 5 point 6
and 5 point 7 is something, Ok. So that would be a probability
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xpectation

Random variables, by definition, result in different outcomes

The variation in random variables is captured by their distribution
o Probability Mass function for Discrete variables
o Probability Density function for Continuous variables

We use summary statistics such as expectation (mean) and
variance to capture some overall properties of the
distribution/variable

density function.

Now once you are given the distribution we start using some overall ideas, you know. It is a
random variable. It has any number of, large number of values but you want to give some
summary statistics, Ok. So you want to give some qualitative and quantitative picture of what

the random variable is doing.

And the most common ones that we will be using at least as far as this course is concerned
are two quantities called the expectation and the variance, Ok. The expectation is something
that you are already familiar with. We usually call it the mean or the average. But in the

context of random variables typically we tend to call it expectation, Ok.
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xpectation

Random variables, by definition, result in different outcomes

The variation in random variables is captured by their distribution
o Probability Mass function for Discrete variables
o Probability Density function for Continuous variables

We use summary statistics such as expectation (mean) and
variance to capture some overall properties of the
distribution/variable

Expectation gives mean/average/expected value of the random
variable given the distribution

Now the expectation gives the mean average or expected value of the random variable
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xpectation

Random variables, by definition, result in different outcomes

The variation in random variables is captured by their distribution
o Probability Mass function for Discrete variables
o Probability Density function for Continuous variables

We use summary statistics such as expectation (mean) and
variance to capture some overall properties of the
distribution/variable

Expectation gives mean/average/expected value of the random
variable given the distribution

once you know the distribution, Ok, so that is important. You need to know what the

distribution of the random variable is. Then you can find out the
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xpectation

Random variables, by definition, result in different outcomes

The variation in random variables is captured by their distribution
o Probability Mass function for Discrete variables
o Probability Density function for Continuous variables

We use summary statistics such as expectation (mean) and
variance to capture some overall properties of the
distribution/variable

Expectation gives mean/average/expected value of the random
variable given the distribution
o E.g: Expected returns on a certain investment in the market

expectation.

So here are the couple of examples. You can say you know I have invested in the stock
market. What are my expected returns? Obviously you know the returns are not fixed. It is
the random variable. But nonetheless, given the certain investment what is my expected

return from the stock market?

Another

(Refer Slide Time: 02:42)

xpectation

Random variables, by definition, result in different outcomes

The variation in random variables is captured by their distribution
o Probability Mass function for Discrete variables
o Probability Density function for Continuous variables

We use summary statistics such as expectation (mean) and
variance to capture some overall properties of the
distribution/variable

Expectation gives mean/average/expected value of the random
variable given the distribution

o E.g: Expected returns on a certain investment in the market
o E.g: Expected rainfall during coming monsoon

,‘/'4
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example is you know I know that monsoon is going to hit. What is going to be the expected

rainfall during the coming monsoon? Ok. So you could ask questions of that sort. Again this



is a random variable but overall you would still like to know what is going to be my expected

crop yield, a farmer might be interested in knowing.

So here
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xpectation

The expectation, or expected value, of some function f(x) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn from P

is how we define expectation, Ok. This is the average value.
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xpectation

The expectation, or expected value, of some function f(x) with
respect to a probability distribution P(x) is the average value.of f(x)
when x is drawn from P

So right now I am not talking about only expectation of a random variable x, but that of a
function of x. So the expectation or the expected value, both these terminologies are used for

some function x of a random variable where x is a random variable,
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xpectation ket

/’
The expectation, or expected value, of some function f(x) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn from P

is the average value of f of x when x is drawn from a probability distribution P.

Recall the notation x is drawn from P is written as x tilde P.
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xpectation bk el

1
The expectation, or expected value, of some function f(x) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawﬂ{’ﬂ
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Pasdow Voriclhe

xpectation ’
The expectation, or expected value, of some function f(x) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn from P__[x~%

enoted by E,.p[f(x)]

So the denotation is, how the notation that we use is X, expectation of f of X, notice the square
brackets, expectation of f of x, because it is not quite a function so expectation of f of x given

that x is
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Phndon Variclse

xpectation

1
The expectation, or expected value, of some function f(x) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn frow"’ﬂ

enoted by @[f(x)]

drawn from P, Ok so this is the notation that we will be using. This is the most detailed or

rigorous notation,
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i wdow jeltl
xpectation "4“ e
The expectation, or expected value, of some function f(x) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn from P_ [x~%
enoted by E,.p[f(x)] — Most debiled /riggras wilaber

Ok.

But more often than not,
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Phsdon ikt

Xpectation ’
The expectation, or expected value, of some function f(x) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn from P [x~%

enoted by E,_p[f(x)] — Mest debal frigrass wolahe-

o If Pis clear from the context E..[f (x)]

we use some shortcuts. If you know which probability distribution we are talking about, we

simply say expectation of x given f of x.
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xpectation P i

The expectation, or expected value, of some function f(;) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn fromP,J:};”ﬂ

enoted by E,.p[f(x)] — Most debuled frigras voluhe
o IfPis clear from the context E,.[f (x)]

o Ifxis also clear from the context E[f (x)]

Even more simply if you also know what x is, you know which random variable x we are

considering you can simply say expectation of f of x
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xpectation g

The expectation, or expected value, of some function f(a?) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn froﬂ_[}t;”"1

enoted by E,.p[f(x)] — Most debild frigras wolnhe
o  IfPis clear from the context E, [f(x)]

o Ifxis also clear from the context IE_[f(x)]

o Sometimes, simply denoted as E[f]

and sometimes you simply say expectation of f, Ok. So all these notations are used as far as

expectation is concerned.
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xpectation bk

The expectation, or expected value, of some function f(;) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn frow'”ﬂ

enoted by E,.p[f(x)] — Most deluled frigrass wolehe
o IfPis clear from the context E,.[f (x)]

3
o Ifxis also clear from the context E[f (x)]

o Sometimes, simply denoted as E[f]

Mathematically,

So mathematically how do we calculate expectation?
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xpectation bk e

The expectation, or expected value, of some function f(;) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn fromP,J:};"ﬂ

enoted by E,.p[f(x)] — Most ddalul /rigras wlahi
o IfPis clear from the context E, [f (x)]

o Ifxis also clear from the context E[f (x)]

o Sometimes, simply denoted as E[f]

Mathematically,

Discrete

For a discrete
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xpectation bk e

The expectation, or expected value, of some function f(;) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn fromP,J:};"ﬂ

enoted by E,.p[f(x)] — Most deluled frigrass volehe
o IfPis clear from the context E, [f (x)]

o Ifxis also clear from the context E[f (x)]

o Sometimes, simply denoted as E[f]

Mathematically,

Discrete Ex-¢lf(1)] = ) P(OS(0)

r

variable it is simply summation of P of f, P of x f of x, Ok and if it is a continuous
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xpectation bork ol

The expectation, or expected value, of some function f(;) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn frow'”ﬂ

enoted by E,.p[f(x)] — Most deilul /rigras wlakie
o IfPis clear from the context E,.[f (x)]

o Ifxis also clear from the context E[f (x)]

o Sometimes, simply denoted as E[f]

Mathematically,

Discrete  Ex~p[f(x)] = Z P)f (x)

Continuous

re®

variable it
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xpectation e

The expectation, or expected value, of some function f(;) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn frow”ﬂ

enoted by E,.p[f(x)] — Most dealul /rigras wlakie
o IfPis clear from the context E,.[f (x)]

o  Ifxis also clear from the context E[f (x)]

o Sometimes, simply denoted as E[f]

Mathematically,

Discrete  Ex~p[f(x)] = Z P(x)f(x)

Continuous  E,_,[f(x)] = fp(x)f (x)dx

is, remember now this is a probability mass function.
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xpectation by

The expectation, or expected value, of some function f(;) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn fromP,I};“ﬂ

enoted by E,.p[f(x)] — Most ddalul /rigras wlaki
o IfPis clear from the context E,.[f (x)]

o Ifxis also clear from the context E[f (x)]

o Sometimes, simply denoted as E[f]

Mathematically, pm-F
7
Discrete  Ex~p[f(x)] = Z P(X)f(x)

Continuous Ey.p[f(x)] = fp(x)f(x)dx

In this case it is a probability density function which is why
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xpectation by

The expectation, or expected value, of some function f(;) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn fromP,I};”ﬂ

enoted by E,.p[f(x)] — Most ddalul /rigras wlakie
o IfPis clear from the context E,.[f (x)]

o Ifxis also clear from the context E[f (x)]

o Sometimes, simply denoted as E[f]

Mathematically, pm-F
7
Discrete  E-p[f(x)] = Z P()f (x)

Continuous Ey.p[f(x)] = fp(»x)f(x)dx
x )
P'M

you have to multiply by d x in order to get the probability, so integral of P of x d x f of x

integrated over all possible values. Now we will see a couple of
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xpectation R

The expectation, or expected value, of some function f()?) with
respect to a probability distribution P(x) is the average value of f(x)
when x is drawn froﬁ_]}t;”"1

enoted by E,.p[f(x)] — Most debild frigras volnhe
o IfPis clear from the context E, [f(x)]

o Ifxis also clear from the context E[f(x)]

o Sometimes, simply denoted as E[f]

Mathematically, pn-F

7
Discrete ]Ex~p[f(x)]=zp(x)/|'(f‘)u e
T — Al fosi L

Continuous. By.plf ()] = [ p(o)/ e
x )
P'M

very, very trivial and simple examples on
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ultivariate Expectation

|
g —r

the next slide.
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ultivariate Expectation

For a multivariate random variable x we can interpret the variable
and the expectations by considering each component separately

So a generalization of expectation which we just saw expectation of a single variable. But
usually especially within machine learning we are dealing with vectors, Ok. So this is called
multivariate expectation where basically x is now a vector consisting of x 1, x 2 so on and so

forth up to x n,
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ultivariate Expectation
Ugghr

JHJ
n
) o
For a multivariate random variable x we can interpret the variable
and the expectations by considering each component separately

Ok.

As we saw in the previous video this could be a image, this could be temperature, pressure,

velocity etc. It could be any number of variables, Ok. So if you have that then you can
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ultivariate Expectation _ [
|

) ¥ %

For a multivariate random variable x we can interpret the variable

and the expectations by considering each component separately

X
X
hatis, if x = 2 €RP then

XD

N
e —

i :

consider each component separately.
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ultivariate Expectation \
lear

JHJ
h
) )
For a multivariate random variable x we can interpret the variable
and the expectations by considering each component separately

X
hatis, if x = xz €R? then
XD
Ey, ()]
Elf(x)] = | B 02
Ey, [f(xp)]

A

A

——
And all you will do is expectation of variable 1, expectation of variable 2, so on so forth, the

reason why I wrote it here is notice
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ultivariate Expectation

x

PR
uwhf"[ J

/ 5

For a multivariate random variable x we can interpret the variable
and the expectations by considering each component separately

X
hatis, ifx=| [ €R? then
Xp
B /)]
/@) = | B U 02
Exp [f(10)]

that the variable itself, the first one is expectation over variable 1, Ok.

So if [ want, let us say my X vector is temperature is temperature, pressure, humidity
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ultivariate Expectation
Uwhr

ilJ
h
) )
For a multivariate random variable x we can interpret the variable
and the expectations by considering each component separately

2.

%z

Xy ” ;( o
| " Téss
hatis,ifx=| "[€R” then ad
Xp \

Elf()] = | B Lf(xz)]

Exp [f (xp)]

then I will take expectation over all possible values of temperature of, if you are interested in
some function of temperature, so on and so forth, expectation over all possible values of

pressure, function of pressure, Ok.
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ultivariate Expectation I*J
leorh 1

For a multivariate random variable x we can interpret the variable
and the expectations by considering each component separately

Tnp E*'M#H(Wﬂ
o 2 %= Fress EP"“HM
hatis,ifx=| “[€R® then s
Xp 5
]E;fc:,; [f ()]
ATO R
Ey, [f ()]

So that is multivariate expectation. Multivariate simply means multiple variables, Ok. It is not

a single scalar, it is a vector.
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xamples

So here are some trivial examples. I am going to do univariate examples here
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xamples

What is the expected value of a coin toss for a fair coin assuming
that Heads=1 and Tails=0?

—
——

r

So all of us know, let us say you want to know the expected value of a toss of a coin, for a

§

Ok.

fair coin assuming that heads has a value 1 and tails has a value 0,
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xamples

What is the expected value of a coin toss for a fair coin assuming
that Heads=1 and Tails=07?

ns: Random variable X € {0,1}.

r
s
2 |

then I will just do it in detail so that you get used to this kind of calculation if you are not

already used to it.

So you first identify the random variable you are considering. Here the random variable is the

result of the toss of the coin and it now belongs to 0 1,
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xamples

What is the expected value of a coin toss for a fair coin assuming
that Heads=1 and Tails=0?

ns: Random variable X € {0,1}.

is a uniform distribution with both states having probability %2

Ok. What is P, you now need to know what the distribution P is. So first identify random

variable.
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xamples

What is the expected value of a coin toss for a fair coin assuming
that Heads=1 and Tails=0?

ns: Random variable X € {0,1}. Td“}"”a Fardow ver

is a uniform distribution with both states having probability ¥

Next calculate the probability distribution. In this case it is a mass distribution
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xamples

What is the expected value of a coin toss for a fair coin assuming
that Heads=1 and Tails=07?

ns: Random variable X € {0,1). TM"H Fardow ver

i P
is a uniform distribution with both states having probability ¥

because it is a discrete random variable.

Now probability distribution is very simple. If I have x and P of x then x takes the value 0
with the probability half, x takes the value 1
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xamples
What is the expected value of a coin toss for a fair coin assuming
that Heads=1 and Tails=0? <ol ]
)
ns: Random variable X € {0,1}. Td“”""a Fardow ver
AN S

is a uniform distribution with both states having probability ¥

also with the probability half.
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xamples

What is the expected value of a coin toss for a fair coin assuming

that Heads=1 and Tails=07 <Jo[ 1]
i[5/

ns: Random variable X € {0,1}. Tﬂw’"”a Fardow ver

Gl P
is a uniform distribution with both states having probability %3

L

0, Ex~p[x] =Zxx‘n(x)= [OX%+1X%] =2

So if you find out the expectation, it is simply 0 times half plus 1 times half which is equal to

half, Ok.
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xamples
What is the expected value of a coin toss for a fair coin assuming
that Heads=1 and Tails=0? o] ]
iy ¥
ns: Random variable X € {0,1}. Td‘oﬂ"’a Fardow ver
G P

is a uniform distribution with both states having probability %

0, IEX~P[x]:ZxxP(x):[Ox%+1x%]:% -~

All of us know this. Another way to look at it is the average value of the toss that you will
obtain is basically going to be half. So notice that the expectation, even though we have given
it as the average value, or the expected value, obviously you cannot say that the expected

value of a toss of a coin is half.

Because neither heads nor tails is the actual half. It just represents an average or a weighted

average of values that come out, Ok.
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xamples
What is the expected value of a coin toss for a fair coin assuming
that Heads=1 and Tails=07 <ol ]
fio)}
ns: Random variable X € {0,1}. TM\'FG Fardom Ven
Cdutin P s

is a uniform distribution with both states having probability %2

0, IEx~P[x]:ZXxP(x)=[0x§+1xﬂ:% -

Similarly, the expected value of a fair dice throw is?

Similarly, if you want to find out the expected value of a fair dice
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xamples
What is the expected value of a coin toss for a fair coin assuming
that Heads=1 and Tails=0? ARE
)
ns: Random variable X € {0,1}. Td“”"”a Fardow ver
G P

is a uniform distribution with both states having probability %

0, IEN[x]:zxxp(x)=[0x§+1x§]:% -

Similarly, the expected value of a fair dice throw is?

andom variable X € {1,2,3,4,5,6}. P is uniform with probability%

throw this is going to be the average of 1, 2, 3, 4, 5, 6.
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xamples

What is the expected value of a coin toss for a fair coin assuming

that Heads=1 and Tails=07 <[o] 1]
ol

ns: Random variable X € {0,1}. TM"'”& Fardow ver

i P
is a uniform distribution with both states having probability %

0, Byoplx] = LexP() = [0 x5+ 1x3] =5 7

Similarly, the expected value of a fair dice throw is?
andom variable X € {1,2,3,4,5,6}. P is uniform with probability% :
1 1 1 e ‘
0, ]EM[x]=E,,xP(x)=[1><E+2><E+»-v6><g]=3.5 1
\
e
. ——

Given that all of these are equally probable, assuming this is a fair dice and it is not like sort

of a loaded dice or something, again from the same idea you get 3 point 5.
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xamples
What is the expected value of a coin toss for a fair coin assuming
that Heads=1 and Tails=0? ARE
)
ns: Random variable X € {0,1). Td“”"”a Fardow ver
Gt P

is a uniform distribution with both states having probability %

0, [EX~P[x]:ZxxP(x)=[0x%+1x%]:% -

Similarly, the expected value of a fair dice throw is?

andom variable X € {1,2,3,4,5,6}. P is uniform with probability%

0, Ey_p[x] = T, xP(x) = [1 x§+2x§+»--6x%] =35

Let us look at a slightly more complex
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xamples

What is the expected value of the sum of two dice thrown together?

example. This is just to see, you know may be a slight increase over simple averages. Ok so

what is the expected value of the sum of two dice thrown together?

Now the random variable here
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xamples

What is the expected value of the sum of two dice thrown together?

ns: Random variable x € {2,3, ...,12}.

is any number between 2 and 12, obviously 1 cannot occur if you are throwing 2 dice and

taking the sum.

So you have the variable that goes between
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xamples

What is the expected value of the sum of two dice thrown together?

ns: Random variable x € {2,3, ...,12}.

hat is the probability distribution?

2 and 12. The probability distribution you have to be a little careful now. Ok. Now notice that
the probability of 2 is not the same as the probability of 3,
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xamples
What is the expected value of the sum of two dice thrown together?
ns: Random variable x € {2,3, ...,12}.

hat is the probability distribution?
o Note : Pis not uniform

Ok, unlike the previous case where we had uniform probability distributions; in this case each

of these probabilities is different, Ok.

So here is the distribution.
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xamples
What is the expected value of the sum of two dice thrown together?
ns: Random variable x € {2,3, ...,12}.

hat is the probability distribution?
o Note : Pis not uniform

T2z 5 410 | 59 | 68 | 7 |
Px) 1 2 3 4 5 6

36 3 36 36 36 36

Both 2 and 12, if x is 2 as well as x is 12, both of these can occur in only one way, and so for
2, youneed 1, 1 and for 12 you need 6, 6 and that can occur in 1 by 6 multiplied by 1 by 6
which is 1 by 36.

Similarly, 3 can occur
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xamples
What is the expected value of the sum of two dice thrown together?
ns: Random variable x € {2,3, ..., 12}.

hat is the probability distribution?
o Note : P is not uniform

21z | 301 | 610 | 59 | 68 | 7 )
P L 2z 3 4 5 6

36 36 36 36 36 36

in two ways which is 1 comma 2, 2 comma 1, Ok so therefore you get 2 by 36. Similarly, for

11.

For 4 you have three ways, for 5 you have four ways, for 6 you have five ways, you know 1,
5;2,4; 3,3 and 5,1 and 4,2, that put together. 7 can actually occur in six different ways and so

these are the probabilities.

So notice that unlike the previous examples that we took, in this case, P of x is an actual non-

uniform distribution.
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xamples
What is the expected value of the sum of two dice thrown together?
ns: Random variable x € {2,3, ..., 12}.

hat is the probability distribution?
o Note : P is not uniform

21z | 511 | 610 | 59 | 68 | 7 |
P) 1 2 3 4 5 6
36 36 36 Ba 36 36

1 2 1
0, Eyp[x] = X, xP(x) = Zx£+3xg+---12x£]—7

pi .




So if you find out expectation, the same thing, so 2 multiplied by 1 by 36, 3 multiplied by 2
by 36, so on and so forth up till 12 multiplied by 1 by 36, if we calculate it, it comes out to be
7.

But the calculation is a little bit lengthy, Ok. So the question is,
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xamples

What is the expected value of the sum of two dice thrown together?

ns: Random variable x € {2,3, ..., 12}.

hat is the probability distribution?
o Note : P is not uniform

L2z s 400 |59 | 68 | 7 |
POy L 2 3 4 56

3 36 36 36 36 36

1 2 1
0, E,plx] = 5, xP(x) = 2x;+3x£+---12x£]=7

-
uestion : Is there an easier way of calculating this case? ' ’4

A,

-1 o

is there an easier way of calculating this case?

So for this we use a

(Refer Slide Time: 11:31)

inearity of Expectation

simple idea called the linearity of expectation,
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inearity of Expectation

Important Property of expectation

Ok. This is an extremely important property of expectations.
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inearity of Expectation

Important Property of expectation
The Expectation Operator is linear

The idea is that



(Refer Slide Time: 11:42)

inearity of Expectation

Important Property of expectation
The Expectation Operator is linear

Mathematically, if f(x) = ag(x) + Bh(x) is a multivariate function
with &, 8 € R being scalars, then

the expectation operator, so this thing, this is a linear operator.
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inearity of Expectation

Important Property of expectation E[ 2
The Expectation Operator is linear

Mathematically, if f(x) = ag(x) + Bh(x) is a multivariate function
with @, 8 € R being scalars, then

What do I mean by linear?

That is if you have f which is a linear combination, please remember linear combination from

our discussion, if fis a linear combination
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inearity of Expectation

Important Property of expectation E[ 2
The Expectation Operator is linear
G o

Mathematically, if f(x) = ag(x) + Bh(x) is a multivariate function
with @, 8 € R being scalars, then

of two other functions g and h, alpha and beta let us say are scalars, so alpha times g of x plus

beta times h of x is f of x
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inearity of Expectation

Important Property of expectation £ L ]
The Expectation Operator is linear
G Gonh

Mathematically, if f(x) = ag(x) + Bh(x) is a multivariate function
with a, § € R being scalars, then
E[f] = aE[g] + BE[A]

then expectation of f can be written as alpha times expectation of g plus beta times

expectation of h, Ok.

So this is an important property. We will just prove it in the next slide,
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inearity of Expectation

Important Property of expectation £ { 2
The Expectation Operator is linear
G omh

Mathematically, if f(x) = ag(x) + Bh(x) is a multivariate function
with @, 8 € R being scalars, then
E(f] = aE[g] + BE[h] | Note the use of compact notation

Ok. Also notice that I have used a compact notation here instead of writing expectation x tilde

p fof x etc, I simply used expectation of f is alpha times E g plus beta times E h.
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inearity of Expectation

Important Property of expectation i & ]
The Expectation Operator is linear
G Gonh

Mathematically, if f(x) = ag(x) + Bh(x) is a multivariate function
with a, § € R being scalars, then
E[f] =aE[g] + [;[E[h] Note the use of compact notation

pplying this to our example, we note that X = D, + D, where D, and D,
re the number obtained on the first and second dice respectively.

7

| =

So you can apply this. I will prove this shortly but before that let us simply apply this to our
two dice case. Remember that in order to find out the expectation of the two dice we actually
had to find out first the probability distribution of each of those occurrences, different

outcomes and then we had to do the expectation calculation, Ok.

But suppose we notice that the two dice are essentially two different random variables
coming together, one is D 1 and one is D 2, where D 1 is the value that you got out of the first

dice, and D 2 is the value that you got out of the second dice, Ok.
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inearity of Expectation

Important Property of expectation £ & ]
The Expectation Operator is linear
G Gomh

Mathematically, if f(x) = ag(x) + Bh(x) is a multivariate function
with @, 8 € R being scalars, then
E(f] = aE[g] + BE[h] | Note the use of compact notation

pplying this to our example, we note that X = D; + D, where D; and D,
re the number obtained on the first and second dice respectively.

hen, E[X] = E[D,] + E[D,] = 35+35 =7

So through our linearity we can write expectation of x is expectation of D 1 plus D 2 which

by linearity is equal to expectation of D 1 plus expectation of
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inearity of Expectation

Important Property of expectation £ { 2
The Expectation Operator is linear
G Gomh

Mathematically, if f(x) = ag(x) + Bh(x) is a multivariate function
with &, 8 € R being scalars, then

E[f] = aIE[g] + [;[E[h] Note the use of compact notation

pplying this to our example, we note that X = D; + D, where D; and D,

re the number obtained on the first and second dice respectively.
£(x] = E bl = ELTI4ED)

hen, E[X] = E[D,] + E[D,] = 35+35 =7

D 2 and we know this already because the expected value from one dice is 3 point 5,
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inearity of Expectation

Important Property of expectation £ U ]
The Expectation Operator is linear
G omh
Mathematically, if f(x) = ag(x) + Bh(x) is a multivariate function

with @, 8 € R being scalars, then
E(f] = aE[g] + BE[R] | Note the use of compact notation

pplying this to our example, we note that X = D, + D, where D; and D,

re the number obtained on the first and second dice respectively.
£(x] =L bl = ELG14ED])

hen, E[X] = E[D,] + E[D,] =35 +35 =7

the expected value from the other dice is also 3 point 5 so the expectations add up and you

can see that this is a remarkably simple calculation,
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inearity of Expectation

Important Property of expectation £ L L
The Expectation Operator is linear
Q. Gonh
Mathematically, if f(x) = ag(x) + Bh(x) is a multivariate function
with a, § € R being scalars, then

E(f] = aE[g] + BE[R] | Note the use of compact notation

pplying this to our example, we note that X = D, + D, where D, and D,

re the number obtained on the first and second dice respectively.
E(v) =t len) = ELOI4ED)

hen, E[X] = E[D;] + E[D,] =35 +35=7

ote : Much simpler, since the distribution of X need not be found r‘

9

Ok.

This is a much, much simpler calculation compared to actually finding out the overall, you

know probability of, probability distribution of x.

So that is the advantage of using linearity of expectations
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roof of Linearity of Expectation

and this is a very commonly used property. Let me give a very quick
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roof of Lineatity of Expectation

inearity: If f(x) = ag(x) + Bh(x) is a multivariate function with e, 8 €
being scalars, then

proof. I will be doing it just for continuous variables. So assume that f of x is a multivariate

function. This is true not only for univariate but for multivariate functions. And
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roof of Lineatity of Expectation

inearity: If f(x) = ag(x) + Bh(x) is a multivariate function with e, 8 €
being scalars, then
E[f] = aE[g] + BE[h]

it is a linear combination of g and h.

We want to prove, this is our claim, that the expectation of
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roof of Linearity of Expectation

inearity: If f(x) = ag(x) + Bh(x) is a multivariate function with a, 8 €
being scalars, then
E[f] = aE[g] + E[h] -» Clu:

fis alpha E g plus beta E h. So here
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roof of Linearity of Expectation

inearity: If f(x) = ag(x) + Bh(x) is a multivariate function with «, 8 €
being scalars, then
EIf] = aB{g) + BE[A] » Cua

roof: For continuous distributions

is a quick proof
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roof of Lineatity of Expectation

inearity: If f(x) = ag(x) + Bh(x) is a multivariate function with e, 8 €
being scalars, then
EIf] = aB{g) + BE[A] » Cua

roof: For continuous distributions

E[f]= [ f(x)p(x)dx
= [ (ag(x) + Bh(x) p(x)dx
=af g()p(x)dx + BJ h(x)p(x)dx
= E[f] = aE[g] + BE[R]

‘i.] el

So assuming that this is a continuous distribution, you can write E of f as integral of f of x p

of x d x, this is of course the definition of expectation.
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roof of Lineatity of Expectation

inearity: If f(x) = ag(x) + Bh(x) is a multivariate function with a, 8 €
being scalars, then
E[f] = aE[g] + BE[R] > Clea

roof: For continuous distributions

Elf] = [ fp(dx 7

= [ (ag(x) + ph(x))p(x)dx
= af g()p()dx + B h(x)p(x)dx
= E[f] = aE[g] + SE[h]

Now fof x
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roof of Linearity of Expectation

inearity: If f(x) = ag(x) + fh(x),is a multivariate function with a, § €
being scalars, then
BIf] = aB{g] + BE[A] » Cua

roof: For continuous distributions

Blf = J fop@dr 7 "

= [ (ag(x) + ph(x))p(x)dx
= af g()p()dx + B h(x)p(x)dx
= E[f] = aE[g] + SE[h]

is alpha g plus beta h, Ok. Now we can split this integral into two different integrals.

Since alpha is a constant you can take it out of the integral. alpha does not depend on h, x. So
alpha times integral g x p x d x plus beta times integral h x p x d x, this of course is the

definition of E of g
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roof of Linearity of Expectation

inearity: If f(x) = ag(x) + fh(x),is a multivariate function with a, § €
being scalars, then
E[f] = aE[g] + FE[h] > Clu

roof: For continuous distributions

Elf] = J fp(dx 7

=] J(ﬂi)j%l(x))p(x)dx
= af g()p(x)dx + B h(x)p(x)dx

= E[f] = aElg] + BE[R]

and this is the definition of E of h.
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roof of Linearity of Expectation

inearity: If f(x) = ag(x) + fh(x),is a multivariate function with a, § €
being scalars, then
EIf] = aB{g) + BE[A] » Cua

roof: For continuous distributions

5> Defint™
Elf] = J fOp@de

=] M(x))p(x)dx
= af g()p()dx + B h(x)p(x)dx
L_\(_/

= E[f] = aElg] + BE[R] Elnl

And therefore you end up at the proof that E of f
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roof of Linearity of Expectation

inearity: If f(x) = ag(x) + fh(x),is a multivariate function with a, § €
being scalars, then
E[f] = aE[g] + FE[R] > Clu

roof: For continuous distributions

Elf] = [ fpdx 7

=] %(X))P(X)dx
= af g(@p()dx + B h(x)p(x)dx
L_\,_/
= E[f] = aE[g] + BE[R] EMn]
iscrete can be proved similarly — Try it as an exercise! r“ /Jv

Now you can also start from the other definition. E is equal to sigma or E of f is equal to

—

is alpha times E g plus beta times E h.

sigma f x p x d x and since this is also
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roof of Lineatity of Expectation

inearity: If f(x) = ag(x) + fh(x),is a multivariate function with a, § €
being scalars, then
EIf] = aB{g] + BE[A] » Cua

roof: For continuous distributions

> efint - WP
Elf =] fopdx 7 Ef L 50

= [ (ag(x) + Bh(x))p(x)dx
= af g()p()dx + B h(x)p(x)dx
Gt
= E[f] = aE[g] + SE[h] £lh]

iscrete can be proved similarly — Try it as an exercise!

a summation you can prove a discrete also similarly. You can, I suggest that you try this as an

exercise. Thank you.



