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Planar graphs.
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Recap of Previous Lecture:

In previous lecture, we have discussed the properties of
counting function, chromatic polynomial, chromatic
recurrence, and further related topics.

Content of this Lecture:

In this lecture, we will discuss Planar graphs i.e. Plane
graph embeddings, Dual graphs, Euler’s formula for plane
graphs and Regular Polyhedra.
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Recap of previous lecture: we have discussed the properties of counting function,
chromatic polynomial, chromatic recurrence and the further related topics. Content of
this lecture: in this lecture, we will discuss planar graphs, that is, the plane graph
embeddings. We will also cover dual graphs, Euler’s formula for plane graphs and

regular polyhedra.
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Embeddings on Plane: Applications

o Topological graph theory, broadly conceived, is the study
of graph layouts.

¢ Initial motivation involved famous Four Color Problem:
can the regions of every map on a globe be colored with
four colors so that regions sharing a nontrivial boundary
have different colors?

¢ Later motivation involves circuit layouts on silicon chips.
Wire crossings cause problems in layouts, so we ask ;

Which circuits have layouts without crossings?
]
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Embedding on a plane, let us look into the applications of this concept. Topological

graph theory, broadly conceived, is the study of different graphs layouts. Hence
embedding on a plane is widely used in a different field that is called topological graph
theory. Now, initial motivation of this particular putting graph on a plane involved in a
famous four color problem which basically was a question that can the regions of every
map globe is colored with four colors. So, that the regions shearing non trivial boundary
have different colors. Later motivation of graph embedding on a plane involves circuit
layouts on a silicon chip. Wire crossing cause problems in a layouts. So, the question is

asked which circuits have a layouts without crossings.

The two example graphs are shown over here are you can see that there are the
embeddings of a graph which has the crossings which are shown by the red dots can be
redraw this particular graph so that these edges should not cross other then at the end
vertices. Similarly, the second graph also has these particular crossings. So, edge
crossings are not required in the circuits. So, hope we can plot the graph without

crossings and that is called embedding on a plane.
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Example: Gas-water-electricitys.11

e Three sworn enemies A,B,C live in houses in the woods.
We must cut paths so that each has a path to each of
three utilities, which by tradition are gas, water, and
electricity. In order to avoid confrontations, we don’t want
any of the paths to cross. Can this be done? This asks
whether K3,3 can be drawn in the plane without edge

crossing.
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Another example is about laying down of gas-water-electricity. In the three different
houses let us say ABC, so, we have to cut through the path and we have to do this. So,
that these paths do not cross each other. Now, the question is can we do this? So, that is
this particular question can be answered if we can draw K 3, 3 graph without edge
crossings. We will explore in this particular lecture, what are the conditions and what are
the different graphs which we can draw on a plane without edge crossings, hence they

are called the planar graphs.

(Refer Slide Time: 03:19)

e Arguments about drawings of graphs in the plane are
based on the fact that every closed curve in the plane

. . . o
separates the plane into two regions (the inside and the

outside). Repon L
» Before discussing a way to make the arguments precise for

graph theory, we will show informally how this result is
used to prove impossibility for planar drawings.
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So, the arguments about drawing graph in the plane are based on the fact that every
closed curve in the plane separates the plane into two regions. For example, this is the
closed curve it separates into two regions, this is region 1 and this is the region 2 one is
inside and the other is outside. So, before discussing a way to make the arguments
precise for the graph theory we will show informally how this result is used to prove

impossibility of for the planar drawings.
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Proposition 6.1.2: Ks and K33 cannot

without crossings

Proof:
¢ Considers a drawing of Ks or K3 3in the plane.
e Let Cbe a spanning cycle. —
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So, proposition K 5 and K 3, 3 cannot be drawn without crossings. So, K 3, 3 graph we
have seen earlier in the pipe line problem let us see whether here it is the preposition that
is cannot be drawn without the crossings. So, let us see these particular two graphs K 5
and K 3, 3 and we consider the drawings. So, in these particular drawings of let us say K
5 and K 3, 3 there exist a spanning cycle which is shown by the red color. Here also there
is a spanning cycle which starts from A and come backs to A again which can be shown

over here in another embedding and which is shown as a spanning cycle.
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Proof: (continue)
o If the drawing does not have crossing edges,
« then Cis drawn as a closed curve.
« Chordsof C must be drawn inside or outside this curve.

e Twochords conflict if their endpoints on C occurin
alternating order.

o When two chords conflict, we can draw only one inside C
and one outside C. —»

\
—r— Chord
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Now, if the drawing does not have the crossings then this cycle spanning cycle is drawn
as a closed curve. The chords of C must be drawn inside or outside this particular curve
to chords conflict if their endpoints on that spanning cycle occur in alternating order
when two chords conflicts and we can draw one inside the other is outside. What it is
saying is that if this is a cycle and if there are two edges which are crossings then what
we can do is we can redraw the other edge, one is inside other is outside hence this
crossings can be removed if there are two chords conflict we can obtain this particular
drawing. Let us see with this concept can be draw this particular drawing that is K 5

using this particular concept.

Now, here we see that this is the spanning cycle, let us draw one chord let us re draw
another chord. So far there is no crossing problem, now to take this particular chord we
can draw from outside and if we consider this one we can also draw from outside, what
about this particular line. So, if you take from outside, this will conflict. So, it says that
only if the two chords we can resolve by such a drawing, but a three chords are
conflicting we cannot resolve, they have to cross. So, hence K 5 cannot be drawn without

edge crossings.



(Refer Slide Time: 06:52)

A (10U

Proof: continued
e Ab6-cyclein K33 has three pairwise conflicting chords.
e We can put at most one inside and one outside,

s+ so it is not possible to complete the embedding.

¢ When Cis a 5-cycle in Ks, at most two chords can go inside
or outside.

» Since there are five chords, again it is not possible to
complete the embeddings.

¢ Hence neither of these graphs is planar.

A \ E c
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Let us see about K 3, 3 graph. Now, this is K 3, 3 graph we have already seen this is K 3,
3. It can be redrawn in this way also. Let us consider this particular drawing of K 3, 3 we
have a spanning cycle C which is shown as the red color, now let us see the chord. First
chord we draw inside the other chord we can draw from the outside hence the conflict we
can remove, remaining the third chord if we draw from this side even then it will it will
cross to the outside chord. If we draw inside then it will cross with the inside chord.
Hence, we cannot draw K 3, 3 without the crossings. So, therefore, these graphs are not

planar.
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Definitions: Curve, Drawing ...

o Acurve is the image of a continuous map from [0, 1] to RZ.

e A polygonal curve is a curve composed of finitely many
line segments.
« It is a polygonal u, v-curve when it starts at v and ends

atv. 7

e A drawing of a graph G is a function f defined on
V(G)E(G) that assigns each vertex v a point f{v) in the
plane and assigns each edge with endpoints u, v a

polygonal f(u), f(v)-curve. e
» The images of vertices are distinct. )
« A pointin f(e)Nf(e’) that is not a co on endpoint is a
crossing. ./~
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So, a curve in a drawing; so, a curve is a image of a continuous map from 0, 1 to R
square of polygonal curve is a curve composed of finitely many line segments. It is a
polygonal u, v curve when it starts at u and ends at v. A drawing of a graph G is a
function f defined on the vertices and the edges union that assigns each vertex a point f v

in the plane and assigns each edge the endpoints u, v with a polygonal fu curve.

The images of vertices are distinct the point in f e intersection f e prime that is not a
common end point is a crossing. Meaning to say that if let us say this is the graph with a
set of vertices and set of edges given then we require a function f which is nothing, but a
drawing of this particular function f. So, f will draw will map every point and when there

is an edge between these two points so, f will draw a curve polygonal curve.

Now, if there is a point when while drawing the edges e and e prime if there is
intersection if they are basically in the sense there is a drawing of this is e and this is e
prime. So, f of e and f of e prime intersection if it is other then the end points if there is a
crossing which is which is not empty then this common end point is called a crossing in

this particular drawing.
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e It is common to use the same name for a graph G and a particular
drawing of G, referring to the points and curves in the drawing as the
vertices and edges of G. Since the endpoint relation between the
points and curves is the same as the incidence relation between the
vertices and edges, the drawing can be viewed as a member of the
isomorphism class containing G.

e« By moving edges slightly, we can ensure that no three edges have a
common internal point, that an edge contains no vertex except its
endpoints, and that no two edges are tangent.

e |If two edges cross more than once, then modifying them as shown
below reduces the number of crossings; thus we also require that
edges cross at most once. We consider only drawings with these

. O ——
properties.
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So, it is common to use the same name for a graph G and a particular drawing of G
referring to the points end curves in the drawing as the vertices and edges of G. Since the
end points relation between the points and the curves is the same as the incidence

relation between the vertices and edges the drawing can be viewed as a member of



isomorphism class containing G. By moving edges slightly we can ensure that no three
edges have a common internal points that an edge contains no vertex accepts it is end

points and no two edges of are tangent.

So, if two edges cross more than once, then modify them as shown below this can be re
drawn so that they will not cross. Hence, we consider only the drawings having these

particular properties that to our best we will consider the drawings without crossings.

(Refer Slide Time: 11:35)

Definitions: Planar Graph, Plane Graph 6.1.4

e Agraph is planarif it has a drawing without crossings.
» Such a drawing is a planar embedding of G.

v
o Aplanegraph is a particular planar embedding of a planar
graph. «—#
edge crossi?/g —_— K4 P\Q"‘LJ' Ka
9 el N
P no edge
Kp\ ted s

e 5 crossing
e Acurveis closed if its first and last points are tﬁ'é?'a‘%e.

» Itis simple if it has no repeated points except possibly
first = last.

s A planar embedding of a graph cuts the plane into pieces.
» These pieces are fundamental objects of study.
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Definitions for a planar graphs and plane graphs: a graph is planar if it is has the
drawings without crossings. Such a drawing is a planar embedding of a graph. So, a
plane graph is a particular planar embedding of a planar graph. So, for example, if this is
a graph which is called K 4, here there is a edge crossing shown. Now, we can redraw
this particular graph using points and curves. So, all four points will have and this
straight line are or a curve we can draw this particular edge we can draw from outside as
we have seen in the previous slide. So, we can we have obtained a planar or a plane
embedding of given graph K 4. So, this is called a plane graph, why because we have

obtained an embedding without edge crossings.

So, a graph a plane graph is a particular planar embedding of a planar graph. So, a curve
is closed if it is first and last point are the same. It is simple if it has no repeated points
accept the possibly the first and last if planar embedding of a graph touch the plane into
the pieces. These pieces are the fundamental objects of the study here in this topic.
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Definitions: Open set, Region, Faces s.1s

e Anopen setin the plane is a set U < R? such that for every
p € U, all points within some small distance from p belong
to U.

e Aregionis an open set U that contains a polygonal u,v-
curve for every pair u,v € U.

e The faces of a plane graph are the maximal regions of the
plane that contain no point used in the embedding.

T
Rl L g
A | Aface ‘ s
‘ e —
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A definition, open set, region, faces; open set in the plane is a set in the 2 dimensionally
face such that for every point all points within a small distance from p belongs to U. So,
the region is an open set U that contains a polygonal u, v curve for every u, v which
contains in U. The faces of a plane graph are maximal regions of a plane that contains no

points using used in this embeddings.
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¢ A finite plane graph G has one unbounded face (also called the
outer face). The faces are pairwise disjoint. Points p,q € R?
lying in no edge of G are in the same face if and only if there is
a polygonal p,g-curve that crosses no edge.

« In a plane graph, every cycle is embedded as a simple closed
curve. Some faces lie inside it, some outside. This again relies
on the fact that a simple closed curve cuts the plane into two
regions. As we have suggested, this is not too difficult for
polygonal curves. We will present some detail of this case in
order to explain how to compute whether a point is in the
inside or the outside. This proof appears in Tveberg [1980]
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So, a finite plane graph G as one unbounded face also called as outer face. The faces are

pair wise disjoint points p, q in 2 dimensional face lying in no edge of G are in the same



face if and only if there is a polygonal p, q curve that crosses no edge. In the plane graph
every cycle is embedded as the simple closed curve. Some faces lie inside it, some
outside. This again relies on the fact that a simple closed curve cuts the plane into two
regions. As we have suggested, this is not too difficult for polygonal curves. We will
present some detail of this case in order to explain how to compute whether a points are

inside or outside.
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Dual Graphs

e A map on the plane or the sphere can be viewed as a
plane graph in which the faces are the territories, the
vertices are places where boundaries meet, and the edges
are the portions of the boundaries that join two vertices.

¢ We allow the full generality of loops and multiple edges.
From any plane graph G, we can form a related plane
graph called its “dual”.
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Dual graphs a map on a plane or a sphere can be viewed as a plane graph in which the
faces are the territories, the vertices are the places and where the boundary meets, the
edges are the portions of the boundary that join two vertices. So, again let us see that this
is the map. So, we can draw a map on a plane or a sphere, this is called a face this is
these are called faces this is called face it defines the territory of this particular region.
The vertices are the places we can define the boundary let us say that comprises of. The
vertices are the places where these boundaries meets and the edges are the portions of the

boundary that joins the two vertices.

So, all these particular terms we will see now we allow the full generality of loops and
multiple edges. So, from any plane graph G we can form a related plane graph which is

called its dual.
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Definition: Dual Graphss..;

* The dual graph G* of a plane graph G is a plane graph whose
vertices correspond to the faces of G.

* The edges of G* correspond to the edges of G as follows:
— if e is an edge of G with face X on one side and face Y on the other
side, then the endpoints of the dual edge e*e E(G*) are the vertices
x, y of G* that represent the faces X, Y of G.

— The order in the plane of the edges incident to x € V(G*) is the
order of the edges bounding the face X of G in a walk around its

boundary.
e, —* @% Y ‘@'L
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So, dual of a graph which is denoted as G star is a plane graph G is also a plane graph
whose vertices corresponds to the faces of G. As per as the edges of this dual graph
corresponds to the edges of G as follows; if e is an edge of G which face X on one side
and which face Y on the other side then the end points of the dual edge are the vertices x,
y of the dual graph that represent the faces X, Y of G. The order in the plane of a of the
edge incident to x is the order of edges bounding the face X of G in a walk around its

boundary.

Let us see through an example we can redraw another example then I will explain it. For
example, this is the graph G what it says that if we draw a dual of this particular graph G
prime. So, it as the faces this is face 1, this is face 2. So, the faces of G represent the
faces of represent the vertices whose vertices corresponds to the faces of G. So, the faces
of G become the vertices of G star, let us say v 1 and v 2 are the vertices of as per as the
edges of dual graph is concerned we will draw the edges if E is an edge here this is an
edge. If E is an Edge with face x on one side and face y on the other side then the end

points of the dual graphs the dual edge are the vertices x and y of G.

So, you see that the v 1 is the vertex on the face on one face of G and v 2 is another
vertex on another face of G and there is a edge. So, this edge we have to place between v
1 and v 2 which will cut through these particular lengths of this particular face one side

of a face. Now, there is another side of a face and there is an edge. So, we have to draw



another edge around that and the third edge. So, this particular red graph again I will
redraw G star that is the dual nothing, but v 1, v 2 it has a multiple edges and loops also.
So, this example shows it is a multiple edge, loops will come whenever there is a cut

edge.
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Example: Dual of Graphe.s

e Every planar embedding of Ka has four faces, and these pairwise
share boundary edges. Hence the dual is another copy of Ka.

e Every planar embedding of the cube Q3 has egmv_ertlies, 12 edges,
and six faces. Opposite faces have no common boundary; the dual is
a planar embedding of K222, which has six vertices, 12 edges, and
eight faces.

e Taking the dual can introduce loops and multiple edges. For example,
let G be the paw, drawn below in bold edges as a plane graph. Its
dual graph G* is drawn in solid edges. Since G has four vertices, four
edges, and two faces, G* has four faces, four edges, and two vertices.

/‘—- "r*:m?\’ R, A \\

AL )
e A\f;'"-\,\\‘ /,/'
(:. N R3 /p},&,w \.\_\ )
.‘ Y ~
Ka P\:nn“h “Bual of K4
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So, every planar embedding of K 4, so, this is the K 4 and we will see the plan we this is
the planar embedding or this is the plane graph of K 4. Now, we can see that there are
four faces this is region 1, region 2, region 3 and region 4 has four faces and these pair
wise share the boundary edges. So, these boundary edges they share. Hence the dual is
the another copy of if you draw the dual of this particular graph. So, for every face there
will be a vertex. So, you see that there are four different vertices of a dual graph and this
boundaries that means, which are bonded by an edge in G there will be also an edge

which will connect those particular. So, that is shown over here a dual graph.

So, every planar embedding of a cube similarly has the cu cube has eight vertices, twelve
edges and six faces. The opposite faces have no common boundary. So, the dual of this
cube is a planar embedding of K 2 comma 2 comma 2 which is the six vertices which is
having the six vertices because it was having six faces and twelve edges are common in
both G and it is dual and eight faces why because it has eight vertices. Taking the dual
can introduce the loops and multiple edges that we can we have seen. So, if you draw a

paw this is the paw graph shown by the bold lines. So, here it has two faces, two regions,



two vertices will be there in the dual graph and for every edge there will be a edge in the

dual graph. So, you can see that this cut edge will form a loop.

Hence whatever we have discussed that loops will form and multiple edges are also
formed. So, here the example shows the multiple edges this is the loop and this is the

multiple edges in the dual of in the paw graph.
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Remark ..o

1) Example 6.1.8 shows that a simple plane graph may have loops and
multiple edges in its dual. A cut-edge of G becomes a loop in G*,
because the faces on both sides of it are the same. Multiple edges arise
in the dual when distinct faces of G have more that one common
boundary edge.

2) Some arguments require more careful geometric description of the dual.
For each face X of G, we place the dual vertex x in the interior of X, so
each face of G contains one vertex of G*. For each edge e in the
boundary of X, we draw a curve from x to a point on e; these do not
cross. Each such curve meets another from the other side of e at the
same point on e to form the edge of G* that is dual to e. No other edges
enter X. Hence G* is a plane graph, and each edge of G* in this layout
crosses exactly one edge of G. Q‘)X 3= 4
Such arguments lead to a proof that (G*)* is isomorphic to G if and
only if G is connected. Mathematicians often use the word “dual” in a
setting when performing an operation twice returns the original object.
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So, the example shows that the simple plane graph may have loops and multiple edges in
it is dual. The cut edge of G becomes a loop in the its dual graph the because the faces on
both the sides of it are the same. Multiple edges arise in the dual graphs distinct faces of
G have more than more than one common boundary edge. Some arguments require more
carefully geometric description of dual for each face X of G we place a dual of x in the

interior. So, each face of G contains one vertex and so on.

So, with these arguments we can show that the dual of a graph if we take the dual of it
that will be the original graph G. Hence dual of a dual of a particular graph is are
isomorphic to a G graph.
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Exam ple 6.1.10 Non-isomorphic dual

e Two embeddings of a planar graph may have nonisomorphic
duals. Each embedding shown below has three faces, so in each
case the dual has three vertices. In the embedding on the right,
the dual vertex corresponding to the outside face has degree 4.
In the embedding on the left, no dual vertex has degree 4, so
the duals are not isomorphic.

e This does not happen with 3-connected graphs. Every
3-connected planar graph has essentially one embedding.

i

("
e
« When a plane graph is connected, ary of each face is

a closed walk. When the graph is not connected, there are faces
whose boundary consists of more than one closed walk.
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Now, we can see that for the given two isomorphic graph if it take their duals not
necessary they will be also dual. So, this will be a example of a non isomorphic dual. So,
here we have seen two different embeddings of a plane planar graphs, but if we take their
dual they may be non isomorphic. So, here we can see that. So, this particular graph has
three different faces; so in both the cases the dual as three vertices. So, vertices now, in
the embedding on the right side the dual vertex corresponds to the outside face has the

degree 4. So, this will have the degree 4 why because this is one region one, two.

So, we can see we will see that it has the degree four, but as for as this is concerned this
will not have degree 4 here in this particular outside case one, then two, then this will
form three, then this will form four and five. It is more than more than four and here the
dual will be of degree 4. This is one here we will have two, then three and then four. So,
hence both are non isomorphic duals why because here the degree is having 4 in this dual
and this is degree of more than degree 4 this is degree 4. So, when a plane graph is
connected the boundary of each face is closed walk when the graph is not connected
there are the faces whose boundary consist of more than one closed walk how many

edges are? There six edges are there.
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Proposition6.1.13: If I(F) denotes the length of face Fiin a

e The face lengths are the degrees of the dual vertices. Since
e(G) = e(G*), the statement 2e(G) = < /(Fi) is thus the same
as the degree-sum formula 2e(G*) = Zde* (x) for G*.
(Both sums count each edge twice.)

o Example:

- ) e(G)=6
LTIF)=12
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As far as it is dual is concerned. So, the number of vertices number of vertices in the dual
will be equal to the number of faces. So, dual will have three faces and as far as so, this
is nothing, but F of G; so the edges are the same as e; that means, 6 in this particular case
and the faces of a dual is the same as the number of vertices. So, in the original graph
you know that the degree sum formula is applicable. The degree sum formula says that
the sum of the sum of degrees of that particular graph is nothing, but two times the edges

of the graph.

Now, here we see that this particular edge e is same as e star. So, that becomes 2 e star in
the dual graph G. As far as the degree is concerned here what we can do is that the
degree is nothing, but the sum of the lengths of the faces. So, the sum of the lengths of
the faces will become the degree. Hence this particular formula we have derived using
degree sum formula. So, let us see the proof what it says the face lengths are the degree
that we have already shown of the dual vertices. Since, e of G is same as e of G star. So,
the statement two times number of edges that we have seen in the previous one that is
nothing, but summation of the lengths of all the faces it choice the number of degrees

that we have seen.

So, this will be going to be equal to the degree sum formula because e is same as the dual
graph and the sum of the lengths of the faces is nothing, but the degrees of the dual
graph.
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e Proposition 6.1.13 illustrates that statements about a connected
plane graph becomes statements about the dual graph when we
interchange the roles of vertices and faces. Edge incident to a vertex
become edge bounding a face, and vice versa, so the roles of face
lengths and vertex degrees interchange.

¢ We can also interpret coloring of G* in terms of G. The edges of G*
represent shared boundaries between faces of G. Hence the
chromatic number of G* equals the number of colors needed to
properly color the faces of G. Since the dual of the dual of a
connected plane graph is the original graph, this means that four
colors suffice to properly color the regions in every planar map if
and only if every planar graph has chromatic number at most four.
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So, the proposition 6.1.13 illustrates that the statement about the connected graph
becomes the statement about the dual graph when we interchange the roles of the
vertices and faces the incident the edge incident to the vertex becomes the edge bounding

of a face and vice versa. So, the role of face lengths and the vertex degrees into change.

We can also interpret the coloring of the dual graphs in terms of G. So, the edges of dual
graph represents the shared boundaries between the faces of G. Hence the chromatic
number of the dual graph equals the number of colors needed to properly color the faces
of G. Since the dual of the dual of a connected graph is the original graph this means that
four colors will suffice to properly color the regions in every planar map if and only if

every planar graph as the chromatic number at most four.
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Theorem 6.1.16

The following are equivalent for a plane graph G.
A) G is bipartite.

B) Every face of G has even length.

C) The dual graph G* is Eulerian.

e
@—A
o
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So, let us the characterization of a planar graphs. So, the following are equivalent or the
plane graph that is the G is bipartite, second equivalent statement says that every face of
G as even length, third statement says that the dual graph G star is Eulerian. So, a will

derive A is equivalent to B.
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Th eorem 6-1.16 Continued

Proof: A=B

o Aface boundary consists of closed walks.
e Everyodd closed walk contains an odd cycle.

e Therefore, in a bipartite plane graph the contributions
to the length of faces are all even.
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So, A means G is bipartite and this is equivalent to saying that every face of G has even

length. Now, let us see that the face boundary consist of the closed walks. So, every



closed walks contain a odd cycle, therefore the bipartite plane graph the contribution to

the lengths of the faces of are all even. Hence A is equivalents to B.
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Th eorem 6.1.16 Continued

Proof: B=A

e Let Che acycle in G.Since G has no crossings, Cis laid out as a
simple closed curve; let F be the region enclosed by C.

e Everyregion of G is wholly within F or wholly outside F.

« If we sum the face lengths for the regions inside F, we obtain
an even number, since each face length is even.

e Thissum counts each edge of Conce. It also counts each edge
inside F twice, since each such edge belongs twice to faces in F.
Hence the parity of the length of Cis the same as the parity of
the full sum, which is even.

-
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Now, B is equivalent to C let us see be a cycle in G since G has no crossings C is laid out
as the simple closed curve. So, the F be the region bounded by the cycle C. Now, every
region of G is only within F or outside F. If we sum the face lengths all the regions inside
we have obtain the odd number and the even number since each face has the length even.
This sum counts each edge of C ones, it also counts each edge inside F twice. Since each
edge belongs twice to the faces enough hence the parity of the lengths of C is the same as
the parity the full sum, which is the even.
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Th eo rem 6-1. 16 Continued

Proof: B&C.

e Thedual graph G*is connected, and its vertex degrees are the
face lengths of G.

SC
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Now, B is equivalent to C, the dual graph is connected and it is vertex degrees are the

face lengths, hence B is equal to B is equivalent to C.
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Definition: Outerplanar, Outerplanes..1s

e A graph is outerplanar if it has an embedding with every
vertex on the boundary of the unbounded face.

e An outerplane graph is such an embedding of an
outerplanar graph.

Example: Outerplanar
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Now, we will see the definition of the outer planar a outer plane graph. A graph is outer
planar if it as an embedding with every vertex on it is boundary of an unbounded face.
An outer plane graph is such an embedding of an outer planar graph, let us see in this

particular example. So, this is the planar embedding here we can see that all the vertices



are lying on the outer boundary outer boundary means there is no vertices is in side this

particular bounded region. Hence it is called a outer planar graph.

Outer planar graph and we have got this kind of embedding this is called a outer plane
graph. A particular embedding if the graph as a outer plane a graph is outer planar if it as
an embedding with every vertices on the boundary of an unbounded face or a graph is

called outer planar of it as an outer plane graph as an embeddings.
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Proof:

e The figure below shows that K4and K2,3 are planar.
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Proposition K 4 and K 2, 3 are planar, but not outer planar we can see here in the figure
that this 1s K 4 and this is K 2, 3. So, they are plane graph why because it follows this
particular it is a plane graph embeddings. So, it is a planar graphs both are planar. Let us
see whether it is a outer planar or not we cannot obtain a outer plane embedding of this
particular graphs. Why, because this particular vertex is inside it cannot cross outside, if
it cross outside then this edges will cross it will not a planar. So, there is no outer plane
embedding of these particular planar graph hence it is not a outer planar, similarly the

other one.
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23 are planar but not

Proof: continued

e To show that they are not outerplanar, observe that they are
2-connected. Thus an outerplane embedding requires a
spanning cycle. There is no spanning cycle in K2,3, since it would
be a cycle of length 5 in a bipartite graph. ~ —

e —

e There is a spanning cycle in Ka, but the endpoints of the
remaining two edges alternate along it. Hence these chords
conflict and cannot both be drawn inside. Drawing a chord
outside separates a vertex from the outer face.
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To show that they are not they are not outer planar observe that they are 2-connected.
Thus an outer planar embedding requires a spanning cycle. There is no spanning cycle in
K 2, 3 there is no spanning cycle in K 2, 3 since it would be a spanning cycle of length 4
5 in a bipartite graph that would be length 5 is an odd cycle, hence K 2, 3 does not have
any spanning cycle. However, there is a spanning cycle in K 4 why because there are

four vertices.

Now, if there is a if spanning cycle let us let us understand like this it is a having four
cycle. Now, this is a spanning cycle C 4. Now, here in to complete this K 4 let us assume
that one chord will be inside K 4 the end points of the remaining two edges, this
particular edge this alternate along this particular cycle. So, these the remaining cycle so,
the remaining, but the end points of the remaining two edges alternate along it. So, this is

alter, they will alternate. Hence these chords will conflict cannot both be drawn inside.

So, drawing a chord outside separates a vertex from the outer face. So, if the if this
particular chord is drawn then it becomes a planar, but separates a vertex from the
outside face because this will be creating a inner face. Hence this is not a outer plane. To
show that they are not outer planar observe that they are 2-connected thus a out an outer
plane embedding requires a spanning cycle there is no spanning cycle in K 2, 3 hence it

would be a cycle of length 5 in a bipartite graph.
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Proof: continued

e To show that they are not outerplanar, observe that they are
2-connected. Thus an outerplane embedding requires a
spanning cycle. There is no spanning cycle in K2,3, since it would
be a cycle of length 5 in a bipartite graph.

e There is a spanning cycle in K4, but the endpoints of the
remaining two edges alternate along it. Hence these chords
conflict and cannot both be drawn inside. Drawing a chord
outside separates a vertex from the outer face.
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Now, there is a cycle In K four, this cycle is there, but the end points of the remaining
two edges alternate along it. Hence the two chords conflict and cannot be drawn inside

drawing of a chord outside separates the vertex from the outer face.
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Euler’s Formula: If a connected plane graph with n
vertices, m edges, and r regions, then n-m+r=2.6.1.21
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Euler’s formula if the connected plane graph with n vertices, m edges and r regions then
n minus m plus r is equal to 2, this particular formula is well known as Euler’s formula
for plane graph. So, it states for a connected plane graph having n vertices, m edges and r

regions then this particular formula will be satisfied that n minus m plus r is equal to 2.



Let us take this particular example graph this example graph as 7 vertices one two three
four five six seven. It has 9 different edges and 4 different regions, R 1, R 2 and so on up
to 4. So, n minus m plus 4 becomes 2, hence this particular equation is satisfied. Let us
take another example graph here we have 7 different vertices 8 different edges 3 different
regions which are shown R 1, R 2 and R 3 if we plug in to this particular formula, 7

minus 8 plus 3 that becomes 2 and hence it is satisfied.

So, it is not a coincidence, but all such connected plane graph will satisfy this particular

formula and this particular formula is called Euler’s formula.
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Euler’s Formula: If a connected plane graph with n

vertices, m edges, and r regions, then n-m+r=2. 6.1.21

Proof: (Induction on m)
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Let us see the proof by induction on the number of edges. Now, for the base case let us
consider the number of edges as 0. So, if there are no edge present then it would be
isolated vertex and that is nothing, but a K 1 graph. So, in K 1 graph the number of node
is 1, the number of edges is 0 and the number of region is 1. So, let us include it in this
particular formula. So, 1 minus 0 plus 1 that becomes 2. Hence, this particular formula is

satisfied for the base case.
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Euler’s Formula: If a connected plane graph with n

vertices, m edges, and r regions, then n-m+r=2. 6.1.21
¢ Induction Hypothesis: Suppose the theoremis true for all

connected plane graphs with <m edges (wherem 2 1)

o
e Casel:IfGisatreethenm=n-landr=1

so n-m+r =n-(n-1) +1=2 kl
e Case2: If Gisnota treethen G hasa cycleC C
Let e be an edge of C R2 R3

Then e is not a cut=edge
Hence G-e is connected and planar
and has n vertices,

m-1 edges,

r-1 regions

e
Removing e means
Regions R2 & R3
joininto R2 region

By the Induction Hypothesis the theorem holds for G-e
Hencen-(m-1) +(r-1) =2

n-m+r=2
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Let us see the induction hypothesis. Suppose, the theorem is true for all connected plane
graphs with less than m edges there m is greater than or equal to 1. So, now, we have to
prove for the general case. Now, consider a connected plane graph G on m edges and
vertices and r regions, there are two cases. Case 1 says that if G is a tree. Now, you know
a tree does not have any boundary region the number of region will becomes 1 for the
tree and if the tree has n nodes it will be having n minus 1 different edges. So, if you plug
in to n minus m plus r the value of m that is n minus 1 and also the number of region has
1. So, this comes out to be true n hence if the graph is a tree this particular formula is

satisfied.

Now, let us say that if the graph is not a tree then it has a cycle. Let us consider the cycle
C and on a particular cycle C there is an edge which is called e. Now, if this edge e is not
a cut edge why because if a edge is on the cycle then in the previous videos we have seen
that it is not an cut edge, hence e is not a cut edge. Hence if we remove e from a cycle
then the graph will still be connected. Hence G minus e is still connected and a planar as
well which as n vertices why because after an edge is removed number of vertices will

be intact to values n and number of edges will be reduced by 1.

How about the faces of the regions? Now, we know that if we reduce an edge from a
graph the number of region will also be reduced by 1. Take this particular example graph

in this example graph if this edge is removed then R 2 and R 3 will be in the same



region. Hence, the number of region will be reduced by 1. So, this graph will have before
removing the edge it have 3 regions and after the removing of this edge the number of
region is reduced by 1 that will have 2 regions, so, now number of regions will reduced

by 1.

Now, by the induction hypothesis this particular formula or the theorem holds for a
smaller graphs that is G without e. Let us see that if hence if we plug in these values over
here n as n and m as m minus 1 and r as r minus 1. So, that becomes n minus m plus r is

equal to 2, hence this particular theorem is proved.
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Corollary

A connected plane graph satisfiesn—-m+r =2

Corollary:

Example:
n=12
m=13

A i
v *—e p C(G)=3
n-m+r=12-13+5

R5
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Now, there is a corollary which says that if G is a plane graph with ¢ of G is number of
connected components, then this formula can also be generalized for the disconnected
graphs, that is, n minus m plus r is equal to 1 plus number of connected components in
that particular graph G. Let us take this graph which is having three components one, two
and three components. Now, this particular graph has one two three four five different
regions it has 12 nodes and 13 edges. If we plug in to this particular formula so, 12
minus 13 plus 5 that becomes plus 5. So, that becomes 4. So, 4 means 1 plus 3, so, 3 is

the number of connected components.

So, this particular formula is satisfied here in this particular example hence this particular

corollary is being taken into an account with the Euler’s formula.
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Remark .12

Euler’s Formula has many applications, particularly for
simple plane graphs, where all faces have length at least 3.
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So, Euler’s formula has many applications particularly for simple graphs where all faces

have the length at least 3.
(Refer Slide Time: 45:05)

Theorem 6.1.23: If G is a simple planar graph with at least three vertices,

then e(G) < 3n(G) - 6. If also G is triangle-free, then e(G)<2n(G)-4.

Proof:

o It suffices to consider connected graphs; otherwise we could
add edges. Euler’s Formula will relate n(G) and e(G) if we can
dispose of f.

¢ Proposition 6.1.13 provides an inequality between e and f.
Every face boundary in a simple graph contains at least three
edges (if n(G) = 3). Letting { fi } be the list of face lengths, this
yields 2e = T fi > 3f. Substituting into n — e + f = 2 yields
e<3n-6. - -

¢ When G is triangle-free, the faces have length at least 4. In
this case 2e = X f; > 4f, and we obtain e < 2n-4.
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Let us use this particular remark as a theorem. So, if G is a simple planar a graph with at
least three vertices then e is less than or equal to 3n minus 6. Let us prove this now it
suffices to consider the connected graph otherwise we would add the edges Euler’s

formula will retreat and will relate n and e if we can dispose of f.



So, the proposition which we have seen previously provides an inequality between e and
f. So, again of you recall twice the number of edges is equal to the summation of lengths
of the faces that is given that we have already seen. Now, every face boundary in a
simple graph contains at least three edges that we have already taken. So, therefore, the
number of nodes should be at least three, so three or more. So, that is basically the

requirement for this particular theorem.

So, let f'1 be the list of face lengths. So, this will yield if you take the sum of the faces the
degree sum or the proposition will give 2e is equal to sum of all faces face lengths. So, f
i's are all face lengths. Now, you know that every face has length 3 that we basically 3
edges in a simple graph. So, a every face contains the lengths 3 and f is the total number
of faces. So, this particular formula if we substitute for f then it will 2e is greater than
equal to 3f then f is bounded by 2e by 3 if you substitute here n minus e plus. So, this
becomes 3m 3n minus e is greater than or equal to 6. So, that becomes 3 n minus 6 is

greater than or equal to e, that we have proved.

Now, another part of this particular theorem says that if G is triangle-free, then the faces
have the lengths at least 4. Hence 2e is greater than 4 times f, so, 2e by 4 that is f. So, if
we plug in this value that is n minus e plus e by 2 is greater than or equal to 2. So, 2n
minus 2e plus e is greater than or equal to 4 this becomes minus e. So, this becomes 2n
minus 4. So, e is less than or equal to 2n minus 4 that we have proved in this particular

theorem.
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Example 6.1.24

e Nonplanarity of Ks and K3,3 follows immediately from
Theorem 6.1.23. For K5, we have

e=10and 3n-6=09.
e Thuse>3n-6.

s Since K33 is triangle-free, we have
e e=9and 2n-4=38.
e Thus e > 2n-4

e These graphs have too many edges to be planar.
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Now, we can prove the non planarity of K 5 and K 3, 3 using the this particular theorem.
Now, for K 5 we can see that total number of edges is 10. So, if we plug in that particular
3n minus 6 is equal to that is. So, e should be less than or equal to 2n minus 6. So, here
in K 5 n is equal to 5. So, that comes out to be 9, but how many edges are there here
present the number of edges are more. So, it should be 9 or less than 9 since the number
of edges are 10. So, 10 is not less then so, it is basically greater than 10. So, here the
number of edges are more. So, edges are more than 9 required for a graph to be a planar

one, hence it is non planar.

Similarly, e should be less than or equal to 2n minus 4 and here in K 3, 3, K 3, 3 we have
n is equal to 6 so that comes out to be 8. So, e should be less than or equal to 8, but the
total number of edges present is 9. So, here the also the edges are more than 8 to be to be

planar, hence this is the non planar graph according to the Euler’s theorem.
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Definition: Maximal planar graph and Triangulation

e A maximal planar graph is simple planar graph
that is not a spanning subgraph of another planar
graph.

e A triangulation is a simple plane graph where
every face boundary is a 3-cycle.
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Now, the maximum planar graphs and a triangulation; a maximal planar graph is a
simple planar graph that is not a spanning sub graph of another planar graph. A

triangulation is a simple plane graph where every face boundary is a 3-cycle.
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Propositione.1.26: For a simple n-vertex plane graph G, the

following are equivalent.

A) G has 3n — 6 edges.
B) G is a triangulation.

C) G is a maximal plane graph.

Proof:

A=B. For a simple n-vertex plane graph, the proof of
Theorem 6.1.23 shows that having 3n-6 edges is equivalent
to 2e = 3f, which occurs if and only if each face is a 3-cycle.

B< C. there is a face that is longer than a 3-cycle if and only if
there is a way to add an edge to the drawing and obtain a
larger simple plane graph.
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Now, there is a proposition which will make three different statements which are
equivalent. So, for simple and vertex graph the following are equivalent G has 3n minus
6 edges, G is a triangulation and G is a maximal plane graph. A is equivalent to B, now

for a simple and vertex plane graph the proof of the theorem shows that the graph is



having 3n minus 6 edges is equivalent to saying that 2e is equal to 3f that we have seen
in the previous proof of the theorem, so, which occurs of and only if every face of a 3-
cycle and that is nothing, but a triangulation. Now, B is equivalent to C, now, there is a
face that is the longer then 3-cycle if and only if there is the way to add an edge to the
drawing and obtain a larger a simple planar graph hence this particular condition that is

the maximal planar graph and the triangulation is equivalent.
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Planar Embeddings: method

e A graph embeds in the plane if and only of it embeds on a
sphere. Given an embedding on a sphere, we can
puncture the sphere inside a face and project the
embedding onto a plane tangent to the opposite point.

e This yields a planar embedding in which the punctured
face on the sphere becomes the unbounded face in the
plane. The process is reversible.
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Now, planar embedding we have to see a method to do this. So, a graph embeds in a
plane if and only if embeds on a sphere. So, given an embedding on a sphere we can
puncture the sphere we can puncture the sphere inside a face and project, place a bulb
and take this particular embeddings on a plane, this is called a stereographic projection.
And, project embeddings on to the plane tangent to the opposite points. This yields a
planar embedding in which the punctured face this face will be unbounded face in the
plane and this process is reversible; that means, if we can have this kind of the plane
graph we can wrap around we can do we can obtain a embedding on a this sphere, this is

called planar embeddings.
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Euler’s Polyhedron Formula
: <G~
&y — B -

2olyhedron with Associated graph

t V=5 n=5
E=8 m=8
F=5 r=5

IfV, E, F are the number of vertices, edges and faces of a polyhedron

then
(Euler’s Polyhedron Formula)
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Now, with this let us see an Euler’s polyhedron formula. So, polyhedron are basically
here in this particular example polyhedron which we defined has 5 faces or have 5
vertices 1 2 3 4 and 5 vertices are there it has 8 edges 4 are in the base 4 are on the upper
and it has 5 faces. So, this is face number 1, this is face 2 and that will be on other side

face 3, then the bottom will be face 4 and outside will be face 5.

Now, if VEF are the number of vertices, edges and faces of a polyhedron then again

same Euler’s formula also applicable is called Euler’s polyhedron formula.
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Application: Regular Polyhedras..s

¢ Informally, we think of a regular polyhedron as a solid
whose boundary consists of regular polygons of the same
length, with the same number of faces meeting at each
vertex.

o« When we expand the polyhedron out to a sphere and then
lay out the drawing in the plane as in Remark 6.1.27, we
obtain a regular plane graph with faces of the same
length. Hence the dual also is a regular graph.
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Now, the application for a regular polyhedron let us see; informally, we think of the
regular polyhedron has a solid whose boundary consist of the regular polygons of the
same length, with the same number of faces is meeting at each vertex. When we expend
the polyhedron out to a sphere and then layout the drawing on a plane using the previous
remark, we obtain a regular plane graph with the faces of the same length. Hence, the

dual also is a regular graph.
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Regular Polyhedra continue

e lLet G be a plane graph with n vertices, e edges, and f faces.
Suppose that G is regular of degree k and that all faces have
length /. The degree-sum formula for G and for G* vyields
kn=2e=If. By substituting for n and f in Euler’s Formula, we
obtain e(2/k - 1 + 2/1)=2. Since e and 2 are positive, the other
factor must also be positive, which yields (2/k) + (2//) > 1, and
hence 2/ + 2k > kl. This inequality is equivalent to (k-2) (/-2)< 4.

e Because the dual of a 2-regular graph is not simple, we require
that k,/ 2 3. Now (k-2)(/-2) < 4 also requires k,/ < 5. The only
integer pairs satisfying these requirements for {k,/) are (3,3),
(3,4), (3,5), (4,3), and (5,3).
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Now, let G be a plane graph with n vertices, e edges and f faces. Suppose, G is a regular
graph of degree K and that all the faces have length 1. If we do the degree-sum formula
for G and for the dual which for it will yield to kn, k times n will be the degree-sum that
is nothing, but twice the number of edges and that is nothing, but the since every face
have all the faces has length 1 and there are f number of faces, so If. Now, by substituting
n and f in the Euler’s formula n minus m plus r is equal to 2. Here we call it as e and
instead of it is f. So, let us see if we substitute for n and f for Euler’s formula. So, n if we

substitute 2e by k so, instead of f we see 2e upon 1 is equal to 2.

Now, if you take if you take e outside this will become 2 upon k minus 1 plus 2 upon 1 is
equal to 2. Now, this is positive and this is positive e and 2 are positive. Hence this entire
thing becomes positive. Therefore, 2 upon k minus 1 plus 2 upon 1 is greater than 0. So, 2

upon k plus 2 upon I is greater than 1. So, this particular formula we have obtained and



hence n this particular term is nothing, but 21 plus 2k is greater than kl and further we can

obtain k minus 2 times 1 minus 2 is less the 4.

Again, the dual of 2-regular graph is not simple, we require then k and 1 to be greater
than or equal to 3. Now, suppose k minus 2 and times | minus 2 is less than 4, this also
requires that k and 1 should be less than 5. Therefore, satisfying both k and | should be
greater than 3 and k and 1 less than or equal to 5. So, 3, 4 and 5 there are three different
possible values for k and 1 are, so, k and 1 will have the possible values are 3, 3 then 3, 4

then 4 4, 3 then 3, 5 then 5 and 3.

One two three four five there are only 5 possible values of k and 1 is possible. Now, k is

that that particular degree and | is the length of these particular faces.

(Refer Slide Time: 59:26)

Application: Regular Polyhedra continue

e Once we specify k and /, there is only one way to lay out the plane
graph when we start with any face. Hence there are only the five
Platonic solids listed below, one for each pair (k,/) that satisfy the
requirements.

k | I | (k-2)(I-2) | e n f Name Diagram
[[MSERIE3 1! 6 4 4 | Tetrahedron
‘ ;
gl Ra: 2 12 8 6 |[Cube
Al g 2 12 6 8 | Octahedron
{§3=5 ‘ 3 30| 20 | 12 |Dodecahedron
i 3 | e S0 12 20 |lcosahedron
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So, once we specify k and I there are only one way to layout the plane graph when we
start with any face. Hence there are only five platonic solids listed below, one for each
pair k and | that satisfy the particular requirement and they are called regular polyhedras.
So, re regular polyhedra they are only five different platonic solids are possible that are

shown over here.

So, we have considered all k and 1 different values which I have told you. There are five
different pair scandal and that comes out to the number of different edges nodes and

faces and that is given names to every such k and | pair that is the first one when k and 1



is 3 that is called tetrahedron and this is the diagram for it. When it is k and 1 value is 3
and 4 that becomes a cube. So, the cube is shown over here. Similarly, when k and 1 is
called to 4 and 3 then it becomes octahedron and there all regular polyhedral, when k and
1 is 3 and 5 n the it is dodecahedron that is shown over here and when 5 and 3 these

values are when icosahedrons it is figure is shown over here.

So, there are only five platonic solids and that we have derived through and they are

regular polyhedras.
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e In this lecture, we have discussed the Planar graphs
i.e. Plane graph embeddings, Dual graphs, Euler’s
formula for plane graphs and Regular Polyhedra.

e In upcoming lecture, we will discuss the Non Planar

Graphs.
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Conclusion: in this lecture, we have discussed the plane graphs that are the planar
embedding of a planar graph. We have also discussed the planar graphs, dual graphs,
Euler’s formula for plane graphs and regular polyhedra and in upcoming lectures. We

will discuss non planar graphs.

Thank you.



	

