Rock Mechanics and Tunneling
Professor Debarghya Chakraborty
Department of Civil Engineering
Indian Institute of Technology Kharagpur
Lecture 30
Analysis of Stresses (Continued) and Stress-Strain Relationship

Hello everyone! | welcome all of you to the 4™ lecture of Module 6. So, in Module 6, we are
discussing about the rock and rock mass failure criteria. At present, we are discussing about

the analysis of stresses and today we will discuss about the stress strain relationship.
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CONCEPTS COVERED

» Invariants of Deviatoric Stresses
» Relationship between Principal Stresses and Invariants of Deviatoric Stresses
» Lode angle

» Stress-Strain Relationship

So, today we will discuss about the invariants of deviatoric stresses, relationship between
principal stresses and invariants of deviatoric stresses, then Lode angle. Finally we will

discuss the stress-strain relationship.
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Invariants of Deviatoric Stresses
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» Three invariants of principal deviatoric stresses are

O, + 0, +0;

So, we already know that o, = , Where o1, 02, and a3 are the principal stresses,

and the corresponding deviatoric stresses are Si;, Sz, and S3, where S =0,-0

m?

S,=0,-0,,and S, = o, —o,,. These things we have learnt in the previous lecture

Then, accordingly the three invariants of principal deviatoric stresses areJ, =S, +S, + S,

=(o,-0,)+(c,-0,)+(0;,—0,)=(0, +0,+0;)—30,,. So, the final expression will be

J;=0. It is also discussed in the previous lecture. Then, J2=%(Sf+822+832)and

Js =%(sf+s§+s§).
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Invariants of Deviatoric Stresses (contd..)

* The invariants of deviatoric stresses can be obtained as
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Now, for the generalized case, expressions for Ji, J2, and Jz are given as follows:

J;=5,+5,+5,=0
J _1 S2 +S2 +S2)+S2 +S52 +52
2_5( w T yy+ zz)+ xy+ yz+ X

J, =%(st +S) +53) 5,5 —S,,S5 —S,S5 +25,,5,,S,,

Xy T yz

So, we have discussed these also in detail in our previous lecture.
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Relationship between Principal Stresses and Invariants of Deviatoric Stresses
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0 is called Lode angle

Source: Deb and Verma (2016)*

*Deb, D., and Verma, A. K. 2016. Fundamentals and applications of rock mechanics. PHI Learning Pvt. Ltd.



Now, let us see this the relationship between the principal stresses and invariants of

deviatoric stresses which is given as follows:

T
o, cos(g + 9)
24J,

o, = sin @ +0
2 \/é 72-
o, —CO0S E—H

In the above equation, a1, 02, and a3 are the principal stresses, J> is the second invariant of the

deviatoric stress and om is the mean stress, and the new term, @ is the Lode angle.

So, it is a very important relationship between the principal stress and the invariant of the

deviatoric stresses and we are introducing a new term, which is called the Lode angle (&).

(Refer Slide Time: 04:22)

Lode angle

Lode angle ranges between -30° to +30°

o, v
* -30° (uniaxial tensile, 0, = 3, =0, 03<0)
* +30° (uniaxial compression, 0, = ;= 0, 0, > 0)
* 0 (represents pure shear condition)

Source: Deb and Verma (2016)

v A= 3\ﬁ-’~. Source: Chakrabarty (1987)°

Qi

*Chakrabarty, J., 1987. Theory of plasticity. Vol. 1, McGraw-Hill, New York .



Relationship between Principal Stresses and Invariants of Deviatoric Stresses
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0 is called Lode angle

Source: Deb and Verma (2016)*

*Deb, D., and Verma, A. K. 2016. Fundamentals and applications of rock mechanics. PHI Learning Pvt. Ltd.

Now, let us discuss briefly about the Lode angle. So, the Lode angle ranges between -30° to
+30°. Now, & will be -30°, when the uniaxial tensile load is applied, i.e., o, =0, =0,0, <0,
and the @ will be +30°, when there is uniaxial compression, i.e., o, > 0,0, = o, =0. Finally,

6 will be zero under pure shear condition.

o COS[Z+QJ
29, 6

As per the equationyo, = sin @ +0

J3

o, - cos(z - 0)
6

the principal stresses

m H

o,,0,,0;are the functions of Lode angle ().

So, the expression for & is as follows:

33y,
2172

sin30 = , Where J, and Js are the second and the third invariant of the deviatoric

stress tensor, respectively. Hence, using the equation, we can find out the Lode angle (9),

and we have also seen that the range of Lode angle (&) is in between -30° to +30°.
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Problem-1

Determine the Lode angle for the following condition:
0, =40 MPa, 0, = 0 MPa 0, = 20 MPa

» Solution Goe €4 HPa

Gy = 0 e

6‘3 = 20 WPa

e, b meon s oy, GGGy “‘“:’ +G
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Lode angle

Lode angle ranges between -30° to +30°

o e v
* -30° (uniaxial tensile, 0, = 3, =0, 03<0)
* +30° (uniaxial compression, 0, = 7; = 0, 0, > 0)
* 0 (represents pure shear condition)

Source: Deb and Verma (2016)
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*Chakrabarty, J., 1987. Theory of plasticity. Vol. 1, McGraw-Hill, New York .

Now, let us solve a problem on the Lode angle (6). The problem statement is to determine

the Lode angle for the following condition:

o, =40 MPa,o, =0 MPa, o, =20 MPa

So, to find out the value of Lode angle (&), we need to know J; and Js3. We know that, J, =0
and J1 is also not coming in this equation. Hence, we have to evaluate the J> and Js.

Now, in order to find out J> and J3, we need to know the Si, Sz, and Sz. Again, in order to

evaluate Si, Sz, and Ss, we need to find out the mean stress (o,,) as we know that

S,=0,—-0,. Likewise, S, =0, -0, and S, =0, —o,,.



Now, the mean stress, o, = 0,0, to;, 40+0+20 20 MPa.

3 3
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Problem-1
» Solution (contd...)
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Problem-1
Determine the Lode angle for the following condition:
0, =40 MPa, 0, = 0 MPa 0, = 20 MPa

» Solution Gve =4 HPa

0, = 0 e

63 = 20 H?A

G\ *¢L ¥ G)

P, be e sron oy, . GG
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Invariants of Deviatoric Stresses

1 v =i
(11”2;‘((7]+0':+{77) v V=10

» Three invariants of principal deviatoric stresses are

Now, we know that, S, = o, — o, =40—-20 =20 MPa
Similarly, S, =0, -0, =0-20=-20MPaand S, =0, — o, =20 - 20 =0MPa.

So, we know the following expression:

343,

sin30 = ———=
237

. Here, we need to find out J, and Js.

Anyway, we know thatJ, =0, and we also know that the J; is not required to find out the
Lode angle. However, let us check whether J, is coming out to be zero or not. So,

J,=5+S5,+S5;,=20+(-20)+0.So, J, =0

So, the J, is calculated for the understanding only. It will not be used to evaluate the Lode

angle (0).

Since, we know that, J, =%(Sl2 +S2+52)
So, J, = %[(20)2 +(—20)* + (0)*] = 400
The expression for Jz is J, = % (S} +S2+5S2)

So, J, = %[(20)3 (=20)° +(0)*]=0



So, we have J> and Jz. Now, we can easily find out the sin 3¢ and from there, we can find out
the 4.
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Problem-1

» Solution (contd...)
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Relationship between Principal Stresses and Invariants of Deviatoric Stresses

[ (H + 9)

J (4] 6 1
2

jaz}=£ sinf +am[1}

a3 \/§ 118 1

s(f-)

0 is called Lode angle

Source: Deb and Verma (2016)*

*Deb, D., and Verma, A. K. 2016. Fundamentals and applications of rock mechanics. PHI Learning Pvt. Ltd.

333,  3/3x0
2172 2x(400)"

So, sin30 = —

0

So, the Lode angle (&) =0.



So, it is a very essential relationship between the principal stress and the invariant of

deviatoric stresses and through which we could able to learn about the Lode angle also.
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Problem-2

Determine the Lode angle for the following conditions:

Sl. No. o 0 0y
(mPa) (MPa) (MPa)
1 60 107 0"
2 70 10 25
3 80 10 50
4 100 0~ 75"
0 10

Now, let us take another problem. In this problem, we have to find the Lode angle where five

sets of like values are provided. In set 1, o, =60 MPa,o, =10 MPa, o, =0 MPa. Likewise,

inset4, o, =100 MPa, o, =0 MPa, o, =75 MPa.

(Refer Slide Time: 16:35)
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Problem-2
» Solution e ” o Y v
Sl. o & ay 0, 8 5

No. | (MPa) | (MPa) | (MPa) | (MPa) | (MPa) | (MPa)
1] 60 | 10 0 | 2333 | 3667 | -1333

2 70 10 25 35 35.00 | -25.00 | -10.00

80

So, in the problem, o,,0,,0,are provided. First, we have find the o, . Then, we have to
determine the S1, Sz, and S3. So, we have presented the five sets of o,,0,,0;, o,, S1, Sz, and

Sz in a tabular form. Thus, using the following equations, J2 and Js are evaluated.
10



‘]2 :%(812"'822"'832)

3y =2 (87 + 51 +5))

After that, the Load angle (8) is calculated from J> and Js.

(Refer Slide Time: 17:20)
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» Solution (contd...)

\/ 1 3 3 3
Jy= —(x] +5 +s;)
3 0= ;sin ](';f/
sl. 8 5 5 J J; \;n.w oY —
No. | (MPa) | (MPa) | (MPa) | (MPa)* | (MPa)} (Radian)

1 | 36.67 | -13.33 | -23.33 [1033.33 |11407.41 |-0.8922 |-0.3674

2 | 3500 | -25.00 | -10.00 |975 8750 -0.7467 |-0.2810

3 | 3333 | -36.67 | 3.33 |1233.33 |-4074.07 |0.2444 |0.0823

4 | 4167 | -58.33 | 16.67 |2708.33 |-40509.3 (0.7467 |0.2810

3033.33 |61925.93 |-0.9630 |-0.4327

So, we can evaluate the five sets of J> from the five sets of Si1, S, and Ss. Similarly, we can

343,

- » which will give us the 6.
2372
2

obtain the five sets of J3. Now, we know that sin36 = —

So, the angle @ can be written as follows:

0 =sin™| - 33),

2372

Thus, using the above equation, we will get 6 in in radian. After that, the angle @ is

presented in degree.

11
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Problem-2

» Solution (contd...)

sl. .3“0 0 0
No. | " (Radian) | (Degree)

1 (-0.8922 |-0.3674 |-21.05

2 |-0.7467 |-0.2810 |(-16.10

3 |0.2444 |0.0823 |4.72

4 107461 [0.2810 |16.10

-0.4327

So, the sin36, 0 in radian, and & in degree are given in the tabular form. We can notice
over here that the magnitude of Lode angle (&) is within the range of -30° to +30°. So, the
maximum positive of Lode angle (&) is 16.1° and the maximum negative value of Lode angle
(8) is -24.79°. So, the range of Lode angle (&) is within the range of -30° to +30°. Thus, in

this way, we could able to obtain the Lode angles for a given state of stresses.
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Stress-Strain Relationship

» The generalised Hook's law can be expressed as

7 E and G are the Young’s modulus and

1
6 = F[”" -v(o, t0. )] the shear modulus

1 vis Poisson’s ratio (= £
O AT N f— 2(1+v)

Now, let us discuss about the stress—strain relationship. We have discussed the generalized
Hook’s law in detail in our previous classes where we have derived these equations. So, the

generalized Hook’s law is written over here.

12



So, we can write down the stress strain relationship in a simple matrix form. We already
know that the E and G are the Young's modulus and the shear modulus, respectively. v is the

E

Poisson’s ratio. So, the shear modulus (G) can be writtenas G = ——.
2(1+v)

(Refer Slide Time: 20:57)

Stress-Strain Relationship

7 In simplest analysis of a rock mass, it is often considered that rock mass behaves as a linear isotropic
elastic material. The matrix of generalised Hook’s law can be expressed as

-v 0 (o) o] (O

Ean

by

Stress-Strain Relationship

» The generalised Hook's law can be expressed as

£, = %[{7 -vo, t0.. )]

|
¢, =410, 10, +0.)
U, v, +0.)

So, in simplest analysis of rock mass, it is often considered that the rock mass behaves as a

linear isotropic elastic material. So the matrix of the generalized Hook’s law can be expressed

as

v

vis Poisson’s ratio

i ——

v

13

E and G are the Young's modulus and
the shear modulus

- I"
y_l(lw)




Ery 1 —-v —v 0 0 0 Oy
Ey -v 1 -—v 0 0 0 oy
Ey 1(-v -v 1 0 0 0 o,
vo| E[O 0 0 20+v) 0 0 |z,
Yy 0O 0 O 0 2(1+v) 0 Ty,
¥ 10 0 O 0 0 2(0+v) || 7,

So, we can represent the generalized Hook’s law in the above matrix form. So, just for the

1 O-XX O-yy O-ZZ 1 1 1 1
cross-checking, &, = s —v? - v? = E[aXX -v(o,, +0,)]. Likewise, we can find out

the other two normal strains ¢, and &,,, and the shear strains (y,,, 7,,, and 7, ).

7z

(1 v —v 0 0 0 |
-v 1 -v 0 0 0
1|-v -v 1 0 0 0 . ) )
So, — is known as the compliance matrix.
E 0 0 201+v) 0 0
0 o0 0 21+v) 0
i 0 o0 0 0 21+v)|

So, here, the strains are represented in terms of stress. Similarly, the stress vector can be

represented by the strain vector using the constitutive matrix.

Thus, we can get the stress vector by multiplying the constitutive matrix with the strain
vector. Similarly, the stain vector can be achieved by multiplying the compliance matrix with
the stress vector.

14
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Stress-Strain Relationship (contd...)

J

.k 0 0 0
(I+v)(1-2v)

v is Poisson’s ratio

N = ~ 9 a 9

Stress-Strain Relationship

7 Insimplest analysis of a rock mass, it is often considered that rock mass behaves as a linear isotropic

elastic material. The matrix of generalised Hook's law can be expressed as

- -V 0 0 0 &'l

Ean !
E“ v | =V 0 0 0 61;
£ w v o o O |{0

|
b Efo o o) o ol
% 0 0 60 o 2@“’) ©
o 0 o Xw

ol

>
o
o

1-v v 0 0 0
T 1-v 0 0 0 |[&m
Ty 1-v 0 0 0 yy
Ou | _ E o o o &2 0 |4
7y [ @+v)a-2v) e . 2 a2, |7
Ty 2 Yy
f o 0 0 0 o =) _ZZV) Vo

So, this is the stress strain relationship for the 3D case.

15
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Stress-Strain Relationship (contd..)

//
‘/Eta - J\
‘\ag =0
\/Yq%'.o z

Gez F0V

" For plane strain condition

Now, for the long structures, like embankment, tunnel, strip footing or a dam, the length in

out of plane direction (i.e., in the z direction as per the figure) is too long.

Thus, if in one direction, the dimension is very large and the loading also remains same
throughout that direction (i.e., in the out of plane direction), the change in dimension in that
direction is very negligible. If we refer to the figure, we can see that the dimension in the z
direction is very large as compared to the dimensions in x and y directions.

Thus, we can say that the strains in z direction (i.e., ¢,, 7,,, and y,,) are equal to zero as the

dimension in z direction is very large and the load is not changing throughout the length.

So, this condition is generally known as the plane strain condition. In the geotechnical
engineering (i.e., in soil and rock mechanics), we generally deal with these type of structures

like embankment, tunnel, strip footing.

Since in the out of plane direction (i.e., in z direction), the strain is zero, the analysis can be
done in the x-y plane only. Thus, the problem domain becomes very simple. So, we can

convert the 3D problem into a 2D plane strain problem. Hence, we can write, &, =0,

7. =0,and y,, =0,but o, 0.

Epy 1 -v 0 —V |0y
. . .. Eyy 1|-v 1 0 -vijoy,
Hence, the stress-strain relationship will be ==
Yy E/I0O 0 2(+v) O ||z,
£ -v -V 0 1l ||lo



Now, for the plane strain problem, &,, =0, but o,, #0.

So, the aforesaid stress-strain relationship can be written as
E 1 —v 0 —V||oy
eyl 1|-v 1 0 -vllo,
7ol E| O 0 20+v) 0 ||z,
0 -V -V 0 1l ||lo

2z

From, the above relationship, we can get o, =v(o, +0,,).
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