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Lecture - 41
Ilustration of Regression

Welcome back. Today we shall be looking into some Illustrations on the Regression.
Now, as we have found out in our earlier lecture that, we try to estimate the values of

some variables which are not directly obtained from any tabular chart by interpolation.

Now, many times as we have learnt earlier that we also carry out regression. Now,
difference was that that in case of interpolation we are just concerned with the values of
the variables; on the other hand in case of regression we are also concerned about the
relationship between the various variables. Nonetheless, by getting the regressed
equation we can also find out the values of the missing variables from the given equation
and in that case, we do not really need to go for the charts. And as we have found out in
our earlier lecture that the regression the regressed equation is obtained either from some

experimental data or maybe from some tabulated data, ok.

So, what we shall do to illustrate this point? We shall be considering the same problem as
we have done for the interpolation and only thing is this we shall be getting the value in

terms from the regressed equation.
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Enthalpy of superheated propane vapor

* Determine the enthalpy of superheated propane vapor at 0°C and 0.07 bar from
the given thermodynamic chart. Compare the values obtained using linear and
quadratic regression.



So, here we have the problem that determine the enthalpy of superheated propane vapour
at 0 degree centigrade 0.07 bar from the given thermodynamic chart and compare the

values obtained using linear and quadratic regression.

Now, you see that for here, we are taking the values for regression from the

thermodynamic chart, in reality these values may come from some experimental data.
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Now, for sake of understanding here I have shown the various values of these properties
of superheated propane vapour for the different types of pressure. Here you can see that
it is 0.05 bar, then 0.1 bar, 0.5 bar, then 1 bar and. Here you can also see that for each of
these pressures the T set value is changing. Now, why because as you know that as the

pressure increases.

So, does the T set that means, the boiling point is raised with the pressure. So, what we
find that suppose you take this particular pressure 0.05 bar, so in that case the T set is
minus 93.28 degree centigrade and we are getting these values of the enthalpies etcetera.

So, this is a saturated vapor.

Now, in case of say 0.1 bar you find that the value will start from minus 83.87 degree
centigrade for the saturated vapor. That means what? That here you are getting minus 90
for this part at this pressure which is giving superheated, but in this case, you have to go

above this minus 83 that means, anything below 83 will be sub cooled liquid, ok. So, in



we will or saturated liquid vapor mixture. So, we will now, so in this particular table for
this superheated vapor we will not be getting the values of the enthalpies or any other
thermodynamic properties which is below this temperature. So, you find that here we
have the value of the enthalpy at this that saturated vapor and then it is directly going to

minus 80 degree centigrade, ok.

Similarly, you can see that is 0.5 bar it is minus 56.93, and here you can see that the
value starting from minus 50 onwards. And then for 1 bar you can see the saturated vapor
in values and then the values starting from minus 40 which is more than minus 42. So,
that means, you find that the range of the temperatures will keep on changing depending

on the pressure value we are taking, ok.
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So, here we have also shown some more pressures at 2 bar and 3 bar. Why we are taking
so many pressures? This is because that unlike the interpolation which we generally go
for only 2 or 3 parts the neighbourhood of the actual independent variable value in the in
regression we try to understand the correlation between the independent and dependent
variable and for that the more the experimental values, we have the better will be our
understanding about this kind of interrelationships between the independent and
dependent variables. So, that is why in this particular problem we have taken the values

of the enthalpies at so many different pressures and as per each pressure you are finding



that the temperatures are also changing or rather the ranges of temperatures are also

changing.
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Solution

* Solution Methodology

* Method 1
Step I: Regress the enthalpy with respect to temperature at various pressures

Step II: Regress the coefficients obtained in Step | with respect to pressure

* Method 2
Step I: Regress the enthalpy with respect to pressure at various temperatures
Step II: Regress the coefficients obtained in Step | with respect to temperature

Now, in this case also we may adopt one of the two methodologies, one method is this
first we can regress that enthalpy with respect to temperature at the various pressures and
then the coefficients obtained in step one with respect to pressure we can. That means,
here what we are doing that for various pressures we are regressing for the given

temperature, ok. And then what we do?

From the in that equations we just put the pressure which have been given to us and we
get the value of the enthalpy. In the second one, what we do? We regress first with
respect to the pressures at the various temperatures and then we get the values of the
enthalpy with respect to the given temperature and this I will illustrate with the some

examples.
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Linear Regression (Method 1)

* Regressing enthalpy with respect to temperature at 0.05 bar pressure
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So, first let us drew with the method 1. So, here you see that for just arbitrarily, we go
with the simplest regression that is the linear regression and first we are regressing the
enthalpy with respect to temperature at 0.05 bar pressure, ok. Now, what we are doing?
That here you have see that this is the table 0.05 bar and you can count here the number
of data points here and this will come out to be 13, and this is the kind of equation with

which we are going to regress the enthalpy as a function of temperature.

Now, please understand that because this enthalpy is a function of both temperature
pressure the dependence of this a and b on the pressure should also be evident in our
correlation. So, how that can be done we shall see later, ok. So, first we regress with
respect to temperature knowing the total number of data points given to us. So, here

these are the two equations which we obtain of obtain the least square fit, ok.

Now, you have two equations and two unknowns that is a and b and now we can put the
values these summation of all the temperatures, this is the summation of the enthalpies.

So, these all these things we are doing.
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B, | 33562,
500 363.8 8100 32742
80 176.1 6400 -30088]
70 3888 4500 27218
-60] 4019 3600] 24114
50 415.3 2500] -20765)
40 429 1600 -17160
-30) 4432 13195
20 4578 9156

a7

And here is the table where we are putting the values of temperatures, enthalpy, then the
square of the temperature and the product of the temperature and the enthalpy, which are

needed to the this least square fitting method.
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Linear Regression
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(e x13) + (b x -513.28) = 5621.2
N N N

a) Ti+b) TH=) Tk
(ax -513.28) + (b x 37701.16) = ~197378
Solving,

a=488.02
b=1.408

The linear function is
h = 488.02 + 1.408T ki/kg

And after inputting those values that that the values here and what we get these are the
values of the a and b, ok. Now, please understand that this we have done at pressure of
0.05 bar, ok. So, at 0 5 bar this is the enthalpy values. And you can see that, if we change

the pressure this value of the a and b will also going to change, ok.
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Linear Regression

* Regressing enthalpy with respect to temperature at 0.1 bar pressure
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So, next what we do? We go to 0.1 bar why because our pressure given pressure is 0.07
bar, ok. So, now, we go to and this next pressure 0.1 bar. Now, in this 1 bar again we
count the number of data points given to us and it is coming out to be 12. So, N equal to

12. Again, we use the least square in your function fit and these are the equations.
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So, these are the values of the temperature enthalpies the square of temperature the

product of temperature enthalpy and these are the summations of all these things, which



we are needed in this interpolation formulae and we put the values and we get the a and b

value like this.
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Linear Regression
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(ax-413.87) + (b x 27934.18 ) = ~162058
Solving,
a=488.172
b=143
The linear function is
I = 488,172 + 1.43T kfkg

So, we find we get another set of a and b value for a different pressure, ok.
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Linear Regression

* Regressing enthalpy with respect to temperature at 0.5 bar pressure
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Now, this we can carry on, with this now we are going for 0.5 bar, again we are getting

the values of a and b from the least square fit.
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And these are the tables for this temperature enthalpies and other things and ultimately
what we find that this is the regressed equation. And here you find that a and b values are
like this and they have now changed, ok.
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uz;r, + bz;rf - Z;r,n;(a %13) 4 (bx 3.07) = 6367.7

(a%307)+ (bx17841.02 ) = 29816.9

Solving, ]
T o= 48944
b=158
The lingar function is
h = 489,44 + 1.58T kijkg

And this thing we can keep continuing for different pressures.
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Linear Regression

* Regressing enthalpy with respect to temperature at 1 bar pressure
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P LD b 1 MR

. . - [Fg = =429}
Linear function: h = a + bT T s e

* Number of data points: N = 12 0 oann | s | s e
W gk | el | auea | LEss

* Least square linear function fit can be obtained as i e ] W
N N o a0 | amd [ amen | 2om

L EH Y \01.6| 118

ey EIET T TS S T

n~+sz' _zhl L ETS T F RS LY m

=' - 40 dsEN ¥ | W8 ) L1M7

=1 i=1 0 IH:;II‘ :nm M| 131

N N N 6 e | sne| s | 2am

aZTi + bZTf =__ZTlhf
i=1 i=1 %=1

Now, how many pressures you will go up to, that is of course a personal choice. And as I
told you the more data points you take and that will be better for us for understanding of
the problem that is why I have chosen. However, please mind it again if you find that
there is some kind of linear relationship between the dependent and the independent
variable, in that case we need not take so many values or so many different pressures in

this particular case, ok.

So, if we know a priori, the relationship, then it is fine if you do not know then perhaps it
is always good to consider as many data points as possible, ok. So, here we are assuming
that we do not know the nature of the variation of the enthalpy with pressure and
temperature. So, it is get generalized case we are taking and accordingly we are
considering many many pressures. So, here we have again for 1 bar pressure, again we
count the number of data points given to us and in this particular equations we put these

values.
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a0 5519 22076
50 569.7 28485,
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So, these are the tables for your understanding and this you can also check yourself, ok.
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Linear Regression
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Solving,
a = 486.90
b=162
The linear function is
h = 486.90 + 1.62T kifkg

And then we find that these are the a and b values, ok.
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Linear Regression

* Regressing enthalpy with respect to temperature at 2 bar pressure
Linear Regression: p=10b = 200
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Next you go for 2 bar pressure. Again, we find how many data points are there here, and

again we use these regression.
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And we again that this table gives you temperature enthalpy etcetera.
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Linear Regression
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=1 =] 3

(@ x 394.57 ) + (b x 2964668 ) = 2419846
Solving,
a = 481.69
b=175

The lingar function is
h = 481.69 + 1.75T kifkg
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And we find these are the values of the a and b, ok.
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Linear Regression

* Regressing enthalpy with respect to temperature at 3 bar pressure
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And then we go for 3 bar.
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Linear Regression
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14,16 4534 200.5056 6422.98
101 4605 100] 4605
[ 477.1 0
10 494 100] 4940
20 511.2 400 10224
30 528.7 900) 15861
40 5466 1600 21864
50 564.8 28240
[ 5834 35004
0 602.3 42161
30| 6217 49736
a0 6415 57735

: N N

;r,h, = 254737

Again, we repeat the things, and we find that this doing all these calculations we find

these are the values of the a and b.
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N
azmnznf =an (X 12) + (b X 42584) = 64854
=1 =1 =1

(@ x 425.84 ) + (b x 2880051 ) = 254737

Solving,
a=476.69
b=179
The linear function is
= 476.69 4 1.79T kifkg

So, we find that as we take more and more pressures there is some kind of variation in
the values of the a and b. So, here we have listed all the values of a and b with respect to

various pressures.
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Linear Regression

| presreloa) o | b |
0.05 488,02 141

01 48817 143
0.5 489.44 158
1.0 486,90 162
2.0 48169 175
30 476,69 179

@

So, you can see that 0.05 bar we are going 0.1 bar and up to 3 bar. And how you are
seeing this a values which is changing a changing a bit, it is kind of increasing initially
and then decreasing. So, there is no clear trend on this and again we are finding here that

it is also increasing throughout, ok.

So, but the whatever integer decrease if you find the percentage error it is not going to be
much, ok. That anyhow as to illustrate the point of getting the regressed value with
respect to both temperature pressure, what we do? Again we regress this a and b value
with respect to pressure, that means, we put a as a function of pressure and b as a

function of pressure.
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Regressing the coefficient a with respect to

i =
Linear Regression: (bar)
& 005 48802

+ Linear function:a = a' + b'P

01 48817
+ Number of data points: N = 6 05 48944
10 48690

+ Least square linear function fit can be obtained as R
L o 30 47669

ﬂ.'N'l'b’ZP{ = Zﬂ!
i=1 i=1

Z Piay

So, first we do the regression with respect to a. So, here we defining a equal to sum a
prime plus b prime into P and we know that we have 6 data points with us. So, with this

we again apply the least square methods.
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Regressing the coefficient a with respect to

pressure
P (bar) I P} Pia;

0.05 488.02 0.0025 24,401

0.1 488.17 0.01 48.817

0.5 489,44 0.25 244.72

1 486.9 1 486.9

] 481,69 4 963.38

3 476,69 9 1430.07

N N
291091 Zpﬁ = 14265 E.",u[ = 3193.268
inl =i

And this is the table where it is tabulating all the variable values which we need to do the

regression.



(Refer Slide Time: 12:34)

PP RPITL A

Regressing the coefficient a with respect to
pressure

N N N
a'ZP, + b’ZPf =Zna, (@ % 6) + (b x 6.65) = 291091
=1 =1 =1

(n'x 6.65) + (b 14.2625 ) = 3198.268

Solving,
a'=489.64
b=-405 %

The linear function is
a = 489.64 - £.05P

And finally, we get the values of the a prime and b prime and now we are getting that

how a is changing with pressure, ok.
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Regressing the coefficient b with respect to

pressure m-
005 141

Linear Regression:
+ Linear function: b % a” + b"P

01 143
+ Number of data points: N = 6 05 158
+ Least square linear function fit can be obtained as 10 162
20 175
30 179

N N
ﬂ”N‘l‘b"ZPf =] bl
=1 =1

N N N
ﬂ”zpl + b”zpf = Zﬂb;
i=1 i=1 i=1

In the similar fashion we go for b also. Now, we have defined we have taken two more
variables that is a double prime and b double prime and now again we have 6 data points,
and with these 6 data points using this linear square fir formula, and these values of the b

and other variables here.
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Regressing the coefficient b with respect to

pressure
P; (bar) by P} Pib;
0.5 141 0.0025 0.0705
01 143 0.01 0.143
koS5 158 0.25 0.79
1 162 1 162
2 175 4 35

179 ] 5.37

3
N N N N
ZP, = 665 Eb, =958 Zpﬁ = 142625 Zm,, = 114935
i ini fui i=i

What we get here?
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Regressing the coefficient b with respect to
pressure

N N
AN+ b‘*zh - Z by

i=1 =1

N N N
n"ZPI w"Zp} =Zﬁb. (a" X 6) + (b" X 6:65) = 958
=] I= =

(a" x 6,65) + (b" x 14.2625) = 114935

Solving,
a" = 1.4558
b 0.1270

The linear function is
b= 1.4558 + 0.1270P

These values of the a double prime and b double prime and now, we find another

expression for b as a function of the pressure.
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Regressed function

h=a+bT
a=f(P)andb = f(P)

h = (489.64 - 4.05P) + (1.4558 + 0.1270P )T

Now, after obtaining these a and b as function of pressure. Now, we can write the total
expression and we will something like this that we put here for the P dependency of a
and here we put the P dependency of b and the temperatures coming. So, now, you can

see in this whole enthalpy we have both the temperature and pressure dependencies, ok.
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Quadratic Regression
* Regressing enthalpy with respect to temperature at 0,05 bar pressure
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Now, just sake of testing what we do we go for quadratic regression. In quadratic as you

know that we have this kind of formula that h equal to a plus bT plus cT square, and now,



we apply the same formula as before. So, this is the, these that equations you will get

after the linear quadratics least square feet, ok.
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And we are constraining this data which are given 0.05 bar and here you find that the if
you go for higher degree regression then your mathematics also get more involved, you

the time of computation also goes up.
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Quadratic Regression

N N N
aN+b )Y Ti+c ) Ti=) b
Bihic)

(ax13) 4 (bx =513.28) + (c » 37701.16) = 5621.2

N N N N
HZT! +bZT3 +CZT? = Zrlh‘
= =l [
(ax—513.28) + (b % 37701.16) + (c X 2827644 ) = ~197378

Zn HJZT“HZT‘ Z‘nh,

(ax37701.16) + [b % -2827644 ) + (¢ % 229210158) 14448957

So, ultimately by putting all those values over here from the earlier chart we get the

values of abc like this, ok.
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Quadratic Regression
Solving,
a=1488.28,b=1.56c=197x10"°

The quadratic functiorfis
h = 488.28 +1.56T + 1.97 x 10T ki/kg

So, these are quadratic.
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Quadratic Regression

* Regressing enthalpy with respect to temperature at 0.1 bar pressure
Quadratic Regression: T
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Now, similar way we also take some other pressures like 0.1 bar.
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And here we put these values of this various coefficients.
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Quadratic Regression

N N N
aN + b T, +c 1‘} = h;
{ax12) + (bx -413.87 ) + (c x 27934.18) = 5265.7

uZmer} +chf=Zr,m

=1 i=1 i=1

=
(ax-413.87 ) + (b % 27934.18) + (c x ~1876956 ) = ~162058

N N N N
3 = 2
azn +bzlr§ +chf anh

=1 ta i=1 i=1
(@ % 27934.18) + (b x ~1876956 ) + (c x 137369644.7) = 10972403

Then we find that we are getting the values of the abc like this.
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Quadratic Regression

Solving,
a=488.13,b=156,c=197x1073
The quadratic function is

h=488.13 + 1.56T + 1.97 x 10T ki/kg
b

So, we find that there is slight change in the value of the abc.
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Quadratic Regression

* Regressing enthalpy with respect to temperature at 0.5 bar pressure
Quadratic Regression: = YT -
 Linear function: h = a + bT + €72 O

(e = -~3637)
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* Number of data points: N = 13
+ Least square quadratic function fit can be obtained as
[ N N
aN + bZr, +ch}= Zn,
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We go for another higher pressure 0.5 bar again we repeat the same things.
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And we find that these are the values of the various variables.
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Quadratic Regression

nN+bZT'+cZTI Zhl

(ax13)+(bx307)+(cx!7341£|2) 6367.7

ET'”ZT‘HZT‘ Z'rih,

(ax3.07) ; (bx 17s41az)+ (c X 31488, 45) 29816.9

nZTfMZT{nZTf:ETEh;

i=1 i=1 i=1 i=1
(% 17841.02) + (b x 31488.45) + (¢ x 43044242.4 ) = 8819429

And these are the equations in which were plugging in the variable values.
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Quadratic Regression

Solving,
a=486.69,b=1588c=200x10"?

The quadratic function is
h=486.69 + 1.58T + 2.00 x 10737 ki/kg

And here, here we have the another enthalpy function, with respect to temperature.
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Quadratic Regression

* Regressing enthalpy with respect to temperature at 1 bar pressure
Quadratic Regression: o b '
T omYhg Mg Wy WK
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Then we go for 1 bar pressure here.
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Similarly, repeating the same procedure we get the this quadratic function for enthalpy

for another pressure.
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Quadratic Regression

¥ v [
aN+bZTI +cZT§:Zh,

i=1 =1 0=
(@x12) + (b 67.62) + (b 13896.06 ) = 5952.9

N N N N
an,+bZT}+cZT?=Znh'

I=1 i=1 i=1 I=1
(ax 67.62) + (b x 13896.06) + (c ¥ 264882.8) = 55544.69

N N N N
ay Theby THee) TH= ) Thh

=1 i1 =1 =1
(@ % 13896.06) + (b x 264882.8) + (¢ x 295156847.33 ) = 7218016
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Quadratic Regression

Solving,
a=484.82,b=1.60,c=1.91x1073

The quadratic function is
hy= 484.82 + 1.60T + 1.91 x 1073T% ki/kg
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Quadratic Regression

* Regressing enthalpy with respect to temperature at 2 bar pressure
Quadratic Regression:
+ Linear function: h = a + bT + ¢T?

* Number of data points: N = 13
* Least square quadratic function fit can be obtained as
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So, if we keep repeating this for different pressures you will find that these similar

calculations are there and we are getting the values of abc, ok.
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Quadratic Regression

N N N
n~+b2r.+cET}=Zh,

i=1 i=1 i=1
(ax13)+ (bx 394, 57) + (cx 2964&68) =6953.1

Zr,uZn +cZTi Zr,m
=1

(a % 394.57) ' (b X 29646 68) + (c X 1999555) 241984.6

Zr' +bZr’+cZT‘ ZT,hi

(@ x 29646.68) + {b X 1999555) i (c x 153918201 4) = 17815900
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Quadratic Regression

Solving,
a=480.0,b=163c=186x10"°

The quadratic function is
h=480.0+1.63T +1.86 x 107T? ki/kg
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Now, next we go for 3 bar pressure.
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Quadratic Regression

N N N
aN +b chrf

(ax12)+(bx425 M)+(cx2880l).51) 6485.4

Emb Pic Zﬁm

(@ x 425, 34) + (bx zsaousn i (r X zomm ) = 254737

Zr, ”’Zr' +|:Z?" Zr,n,

i=1 i=1i i=1
(a x 28800.51) + (h % 2021161) + (¢ x 1533802025 ) = 17379809

And again, we do all these calculations and we find this is the value of the, this is the

regressed equation for enthalpy with respect to temperature and at 3 bar pressure.
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Quadratic Regression

Solving,
a=477.02,b=1.66,c=1.734x 107}

The quadratic function is
h=477.02 +1.66T + 1.73 x 10°T% ki/kg
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Regressing the coefficients with respect to

pressure
| peswrea)| @ b
005 48828 156 197
01 48813 1.56 197
05 186,69 158 200
10 18482 160 191
20 480.00 163 186

30 ano * 166 173

Now, summarizing what we are doing now, that will for the quadratic interpolation we
put the values of abc over here and we find that for each of them there is slight change,
ok. And anyway to for illustration purpose we again fit this abc with respect to pressure

independently.

One thing you must notice that in going from the linear fit to the quadratic fit, we are

hardly getting any change in the values of a and b, that means, for that ¢ does not play



much of a role that means, quadratic x term it does not play a significant role in this

particular interpolation, but this is in this particular case it may not be so, far other cases.
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Regressing the coefficient a with respect to

pressure | Pressurebar)| 0|
Quadratic Regression: 0.05 488,28
+ Quadratic function:a = a' + b'P + ¢'P? 01 488.13
05 486,60

* Number of data points: N = 6

+ Least square quadratic function fit can be obtained as
N ¥ ¥
a‘N+b'ZPﬁc’ZP?=Za, 30
=1 =1 i

10 484.82

N N N &
a'Zmb'ZPHc'ZP? =Y P,
i=1 i=1 i=1 i=1

N N N N
aY By Y P ) p=) Pl
=1 i=1 i=1

=1

So, again we assume that a to be a quadratic function of P, ok. So, here we have this
expression and again we know the number of data points with us. These are the equations

we get after the least square fit.
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Regressing the coefficient a with respect to
pressure
Pl o P Pa, B P P

0.05 488.28 0.0025 24414 0000125 0.00000625 12207
01 488.13 001 48,813 0.001 0.0001 4.8813

0.5 48669 0.25 243,345 0125 0.0625 1216725
1 484,82 1 484,82 1 1 48482
1 480 4 960 8 16 1520
3 477.02 9 1431-05;' 7 81 4293.18
N N N i N i

;p, ’E‘ ;Ff ;P,u, ﬁ;r? ;r: ;p;a‘

665 290494 14262 3192452 36.126 98.062 6825775

And this is the for table which is giving the values of various types of coefficients we

need for the regression.
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Regressing the coefficient a with respect to
pressure

N N N
aN+b'y P+c ) PP=) g
)
(a'x6)+ (b % 6.65) + (¢ x 14.262 ) = 2904.94
N N i N N
ﬂ' P1+b' Pf"‘f’ P? = P[ﬂt
(a' % 6.65) + (b' x 14.262 ) + (c' x 36.126) = 3192.452
N N N N
a) Pitb' ) P +c ) Pl=) Plg
D Asv) ptee) =)

=1 =1 - =1
(a'x14.262) + (b x 36.126) + (¢' x 98.062) = 6825.775

And here we have those equations where we have plugged in the values of the various

coefficients.

(Refer Slide Time: 17:28)

Regressing the coefficient a with respect to

pressure
Solving,

a' =488.71,b' = -4.568,c' = 0.211

The quadratic function is
a=488.71-4.568P + 0.211P?

And here we have the a as a function of P and now, we see that we have put a quadratic

functionality of a with respect to P.
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Regressing the coefficient b with respect to
pressure pressure(bar) b |

Quadratic Regression: 0.05 156

+ Quadratic function: b = a" + b"P + ¢"P? (! 136
* Number of data points: N = 6 03 138
10 1.60

+ Least square quadratic function fit can be obtained as
20 163

N N N
a'N+ b"z Pt c"z P = Z b 30
=1

=1 i=1

N N N N
a"z P4+ b"Z Pty c”ZPi = ZP,b‘
=1 =1

i=1 =1

N N N N
a“z Pi+ b"z P} + c"ZPf = z Pl

i=1 i=1 i=1 =1

Similarly, we go for b. Again, we have this expression for b with respect to pressure.
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Regressing the coefficient b with respect to
pressure
Pilbar) by P} Pib; P P Pib;

0.05 156 0.0025 § 0078 0.000125 0.00000625 0.0039
01 1.56 on 0.156 0.001 0.0001 00156
0.5 158 0.25 0.79 0125 0.0625 0.395
1 16 1 16 1 3 16
1 163 4 3.6 B 16 652
3 1.66 9 498 7 81 1434

N N N N N N N

F b P! Z’M P} Z:F' Z’P’t

6.65 959 14.2625 10864 3612613 98.0626063 234745

These are the various values, we need to regress.
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Regressing the coefficient b with respect to

pressure
N N N
a'N+b"y Pi+c" ) PP=) by

(@"x6)+(b"x6.65) +(c" x 14262) 9.59

ZP +b"ZP2+c”ZP[ Zp,b,

(a" x 6. 55) i (b" x n 252) + {c” X 36. 126) 10.864

ZP2 b"ZPsﬂ”ZP‘ Zp‘b'

(a"x14. 262) +(b" % 126) + (c” X 98, ooz) 23.4745

And here we plug in those values in the from the table and ultimately, we get a quadratic

variation of b with respect to pressure, ok.
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Regressing the coefficient b w1th respect to
pressure

&%
Solving,
a'=1.55b"=0.043,¢c" =-3.30 x 1073

The quadratic function is
b =1.55+0.043P - 3.30 x 10P?

@

Now, with these two expressions of a and b with respect to pressure, what we do that we

can figure out that how this will be changing.



(Refer Slide Time: 18:03)

Regressing the coefﬁclent c w1th respect to
pressure | pressure(oa) ¢

=3
Quadratic Regression: 005 197x10

=3
+ Quadratic function: ¢ = "' + b"'P + ¢""'P? 01 197x10
=3
+ Number of data points: N = 6 05 200x10
10 191x107
+ Least square quadratic function it can be obtained as
N N 20 186x107°
N Pt c’"ZPf Y 30 173x10°
=1 =1

N N N' N
a Zp +h‘"z +c‘"Zp,3 Zp,q
=1 I=1 i=]1 =1
N N
a' ZP? b"z
= i=1
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Regressing the coefficient ¢ with respect to
pressure
Pilbar) ¢ P} Pig; P Pt Pic;

0.05 0.00197 0.0025 0003881  0.000125 0.00000625 0.000004525
01 0.00197 001 0003881 0.001 0.0001  0.0000197

0.5 0,002 0.25 0,004 0.125 0.0625 0.0005
1 0.00191 1 0003648 1 1 0.00191
2 000186 4 000346 3 16 000744
3 0.00173 9 0002993 u 81 0.01557
N N N N N N N
2": Zfl zpf ZPm Zﬁ’ Zﬂ' z"fff
=1 i=1 =1 i=1 i=1 i= i=1
6,65 0.01144 14,2625 0021862 36.126125 98.06260625 0025444625

And we can figure out that how we are going to get the expression for the enthalpies, ok.
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Regressing the coefficient c w1th respect to
pressure

N N N
a’N+ b”‘z c'”Z B= ZCI

i=1 = =
(a"x6)+(b ><665)+(c x14262} 0.01144

Zmb ZP‘H’ pr Zp,c,

(a"><665)+(b' X 14 262)+{c”x36126) 0.021862

ZP}H: ZPH:’ zp‘ qu

(a" x 14, 262 ) +(b" x 36 126) + (c x 98. 062) 0.025444
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Regressing the coefficient c w1th respect to

pressure
Solving,

" =-5.6064 x1073,b" = 0.02131,¢" = -6.776 x 1073

The quadratic function is
€=-5.6064 x 107 +0.02131P - 6.776 x 1073P?

So, here the for the c.
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Regressed function
h=a+bT +cT?
a=f(P),b=f(P)andc= f(P)
h = (488.71 - 4.568P + 0.211P?)
+(1.55 + 0.043P - 3.30 x 1073P*)T

+(~5.6064 x 10~ + 0.02131P - 6,776 x 10~3p?)T*

(

And here we have the final expression that h equal to a plus bT plus cT square that we
assumed, ok. And then for a we put this expression, for b we put this expression, and ¢
we put this expression and this way we are able to get the expression for enthalpy which

depends on both pressure and temperature, ok.

So now, you see that unlike the interpolation we have got some kind of functionality of
the enthalpy with the temperature and pressure, ok. Of course, in this case we have
assumed the functionality and in real life that when this functionality will be assumed as
per either the theory or the experimental data. So, here as I told you in my earlier lecture
that either you can take some algebraic expression, you can also go for transcendental
expression that means, that will be involving logarithm or some got hyperbolic functions

or exponential function that also you can assume, ok.
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Enthalpy at 0°C and 0.07 bar

Method Function Value

Linear Regression 489.36 kl/kg
h = (489.64 - 4,05P) + (1.4558 + 0.1270P )T
Quadratic Regression | 488.39 kifkg
= (488.71 - 4.568P + 0.211P%)
4 (1.55 4+ 0,043P - 3.30 x 107 P*)T
+(~5.6064 x 107 + 0.02131P - 6.776 x 10~*P*)1*

Now, here we have these two expressions of regressed enthalpy, one is h for the linear
regression this is the thing we are getting and this is the one we have got for the
quadratic regression. And here what we do now, we find the value of the enthalpy at this
given temperature and pressure simply by plugging in the values over in this two
equations. And what we find here is this that these two values are coming almost quite

nearby each other.

Now, you see that how to decide that which kind of regression we should do. Suppose,
we do not have the exact values available to us, in that case what we generally do is this
we kind of apply this various regression formulae and we get this kind of values and
check these values if they are coming, if their variations are not great then we choose the
one which is simpler to adopt, ok. So, this is how we have performed the regression to

get the values of the enthalpy at the given pressure and temperature.
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Development of correlation

* Estimation of heat transfer coefficient or mass transfer coefficient

+ Consider Dittus-Boelter type correlation
Nu = ARe’Pr¢
Sh = ARe’Sc¢

Nu: Nusselt number, Re: Reynold number, Pr: Prandtl number, Sh: Sherwood
number, Sc: Schmidt number

* Given:
(Nuy, Rey, Pry), (Nug, Rey, Pry), (Nus, Reg, Pry)........ (Nuy, Rey, Pry)
* Develop correlation (determine 4, b, ¢)

Now, this same thing can be adopted to develop the various correlations, ok. You come
across many correlations and especially for example, in heat transfer mass transfer
problem we obtain this heat transfer coefficient or mass transfer coefficient and many a

times they are obtained from various correlations.

For your understanding I have just considered one of the very common ways of a
estimating these heat transfer coefficient and the mass transfer coefficient. Here we have
what we call Dittus Boelter type equation, and here we have put a generalized form that
Nusselt number is equal to some constant a, then Reynolds number to the power b and
Prandtl number to the power c. In similar fashion I we can also write Sherwood number
equal to some constant a, Reynolds number to the power b, a Schmidt number to the

power c.

Now, as you know that this Nusselt number involves the heat transfer coefficient and that
is kl by d, k is the heat transfer coefficient, | is the some characteristic length and d is the
say thermal diffusivity, ok. So, this way you can find this. In case Sherwood number it
will be again similar expression, but in case in the heat transfer coefficient will be
replaced by the mass transfer coefficient and the thermal diffusivity will be replaced by
the mass diffusivity or simply diffusion coefficient, ok. And the Prandtl number as you
learnt earlier its simply gives us the ratio of the thermal diffusivity to momentum

diffusivity and the Schmidt number is giving us the momentum sorry the Prandtl number



gives you the momentum diffusivity to thermal diffusivity as Schmidt number gives us a

momentum diffusivity to the mass diffusivity, ok.

Now, when you want to develop such kind of correlations I will not go into specific
examples, I will simply tell you the methodology. That suppose you are carrying out
some experiment, and from those experiments you get the values of Nusselt number
Reynolds number and Prandtl number, and you will find that you will be given a set of
these values, ok. So, you see that you are given I have put in the parenthesis that for
some Nusselt number Nu 1 we have with respect to Re 1 and Pr 1, ok. So, we you get

such kind of sets of values, ok.

Now, in this case our problem is to find out the value of a, b and c. So, let us see how we

do it.
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Methodology

* Nu = ARePr*

* Taking natural logarithm on both sides of the equation,
InNu=1InAd+bInRe+cinPr

Let,

InNu=Y,InA=a,InRe=BandInPr=_C
=2¥=a+bB+cC

Normal equations for a least square linear it may be written as,

r T B oy a )
So, as earlier we saw that whenever we have a power law kind of equation, we take a
logarithm. So, here we take a logarithm, and here we have to logarithm take a logarithm

we get this expression. Now, what we do? We replace this log Nu by Y, log capital A by

small a, log Re by capital B and log Pr by capital C. So, here we have those expressions.
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Methodology

Normal equations for a least square linear fit may be written as,
N N N

aN+bZB;+cZC,=Z}’,
N :f? ‘N

1 i=1 i=
aZBﬁbZB,zHiB,C, =Zr, B,
= =1 i=1

1 i=1
N N N

N
ﬂzcl‘l'bZBlc!‘l‘CXC?z: YEC[
=1 I=

i=1 1 i=1

Now, you can now, apply the least square fit. So, here you have all these expressions
which you get by the least square fit and then you can put these expression, these

expressions what you obtain here in a matrix form.
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Methodology

The equations may be written in matrix form as,

Now, when you put in a matrix form you see that this matrix is coming out to be
symmetric, and this is generally the case in these kind of correlations. So, we get many a

times this kind of symmetric matrix. Now, when we get symmetric matrix then we have



to solve for this coefficients here abc we adopt some special methods matrix methods for

this symmetric matrix. And one of these methods is the Cholesky method, ok.
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N N N
The Matrix, ZB, ZBIE Z B,C;|is symmetric

Li=1 =1
We can employ a special case of the LU Decnmp methnd (Cholesky
decomposition) to solve this set of equations

And this Cholesky method is based on the LU decomposition, that is lower triangle and

upper triangle decomposition.
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+ Cholesky decomposition
#For a symmetric matrix[4],
(4] = [L][L)

Where, L] is a lower triangular matrix such that,

@y Gy Ay ly 0 0
[A]= Gz Gy @y3(and [L]: !21 [zz !23
a3 ay Ay byl s

So, here we see that for symmetric matrix we find that the L and U matrices are
transpose of each other that means, whenever you are writing L, L that means, a U

matrix is transpose of L matrix, ok. So, here that means, what, that we need to only find



the 1 matrix, ok. So, this is the kind of matrix we shall have. So, it will be L matrix it will

be 0, ok. So, this kind of a matrix system we should get.
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Methodology

The elements of [L] may be found using the recuraing formulae,
For the k th row,
Oy - Tzl ly n

li
ly

ri=12,..k-1

Now, to get this L matrix in the literature or in any standard numerical techniques book
you will find that this is the recurring formula to obtain the values of the various

coefficients in the lower triangular matrix, ok.
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The equation now becomes, N
X
i=1

iy 9 0ffa N
by by 0 H= ZTW[

by Iy ls)led iR
Y G

i=1

The values of a, b and ¢ may be obtained by back-substitution
A=e"

So, these this formula you use to get the L matrix and now, once you get these values of

this elements then it is very easy for you. You can just do a forward swap that is you can



start with the first row to get the value of a and then with this value of a you can get the
value of b from the second row and then you get the third row to get the value of ¢ from
the values you obtained from a and b, ok. And then after that what you know that this a
can give you the value of the capital A, which is there in the original equation and with

this now you have the total correlation with you.
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Now, you see that the same method, here we have shown one method, but this similar
way you can also do it with other methods of regression. And you can obtain the similar
expressions for this Nusselt number and maybe for other kind of correlations. So, these

are the references you can refer to get some more idea about these methods.

Thank you.



