Computational Hydraulics
Professor Anirban Dhar
Department of Civil Engineering
Indian Institute of Technology Kharagpur
Lecture 38
Gradually Varied Flow: Implicit Approach

Welcome to this lecture class of the course computational hydraulics. Where are in model 4,

surface water hydraulics. And this is unit number 2, gradually varied flow, implicit approach.
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In our previous lecture class we have discussed about gradually varied flow using explicit
approach. Now learning objective of this particular lecture class. At the end of this lecture
class students will be able to solve gradually varied flow problem for open channels using

implicit method.
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® To solve gradually varied flow problem for open channels using implicit
methods.
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Now this gradually varied flow we are considering for second channels. Problem definition to
solution, this is our general framework. In our previous lecture class we have got solution
which is y as a function of x from the governing equation dy by dx equals to S not minus SF

1 minus Fr square. And this is initial value problem.

So from our definition we do not need boundary condition in this case or initial condition,

one sided condition is there. So this is our first order ODE differential equation.
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Now to solve this with the structure of explicit method we can directly transfer all the known
quantities on the right hand side and only unknown quantities on the left hand side. So
directly we can get the solution using explicit approach. However if we utilise the implicit
approach for the solution of GVF or gradually varied flow, we need to solve it either using

this linear equations or nonlinear equations as per our requirement.

But in this case the term SF which is a function of y and Fr which is again function of y, these
are non linear in nature. Obviously we will be getting non linear equations. So we need the

solution approach for those governing equations or discretized governing equations.
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Now let us consider our basic problem statement. So problem definition is governing
equation for gradually varied flow in prismatic channels can be written as dy by dx equals to
psi xy. With psi xy equals to S not minus SF 1 minus Fr square. And in this case n is
Mannings roughness, Q is discharge. Obviously for a channel maybe it is a specified

discharge.

R to the power 4 by 3, R is hydraulic radius, A is area, T is top width, Q is again discharge, g
is in this case this is acceleration due to gravity, A is area and we have this initial condition on

one side. So these are the expressions that we can directly utilise for our problem.



(Refer Slide Time: 05:00)

[ B B A B e e SR

Implicit Runge-Kutta Mett I.I.T. Kharagpur
Refe

Governing Equation for Gradually Varied Flow in prismatic channel can be written as,

Initial Value Problem

252
dy . So — Sy So — R%?F
e W(x,y) with W(z,y) = Tz = 57E
. = E;’XT
Initial Condition:
Yle=0 = Y0
where
y= depth of flow o= coordinate direction
Sy = friction slope (= 2@ Fr= Froude number (= ‘/Q‘z’"
SF= P& \= Ri7342 - TV gA?
So= bed slope Q= discharge
1T'= top width g= acceleration due to gravity
R= hydraulic radius A= cross-sectional area
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Now what is given and what is required for our problem solution? Given, let us say that we
have a given channel cross section type. Channel cross section type is rectangular. Then y not
which is the initial value at x equals to zero, this is point 8 metres. Then B which is the
bottom width of rectangular channel, this is 15 metres. G is 9 point 81 metres per second
square. Then as not is 0008. N is point not 15. Lx, length of the domain or length of the

problem which we need to consider.

Lx is 200 metres and Q is 20 metres cube per second. Now in this case required is that we

need to identify the type of GVF profile from the problem and plot of the GVF profile.
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Channel Cross-Section Type: Rectangular
Yo = 0.8m

B = 15m

0= 9.81m/s2

So = 0.0008

n = 0.015

L, = 200m

Q = 20m*/s

Required

|dentify the type of GVF Profile: 7
Plot of the GVF Profile.
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So this is for rectangular cross section. In our previous lecture class we have seen that we can
have two different slopes for a trapezoidal cross section. So this is general slope feature. If

this m equals to zero m1 and m2 then we can get rectangular cross section in that case.
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So in this case we have top width equals to bottom width or channel width and y. So this area
is B into y, P is B plus 2y considering depth on both sides. So this is the weighted perimeter

for the channel.
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Now R which is hydraulic radius is A by P. This is By by B plus 2y. Now in this case R is

again function of y. For given B your flow depth can vary. So in this case R is function of y.
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So in this case we can find out the critical depth to define the GVF or gradually varied flow
profiles. We need the level for NDL which is normal depth line and critical depth line.
Critical depth line is corresponding to this Fr equals to 1 and normal depth line we can find

out from Mannings equation.
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So for the first case if Fr equals to 1 then Q square T by gA cube this is 1 and from there we
can get this QC which is Q square gB cube to the power 1 3™,
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Now for rectangular channels if we need this normal depth we can use Mannings equation. In
this case please remember that we are using S not. And rectangular channel case if we

represent yn as normal depth so this is area and this is perimeter.
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Normal depth can be calculated from Manning's equation (uniform flow),
l ‘I
Q=-R332A
-
In case of rectangular channel, A = By,, and P = B + 2y

2
1 Byn T
== - 5S¢ Byn
& n ( B+ 2;!/,.) et

In function form,
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Now for a given discharge slope and n value we can find out unit value of yn. So that is the

normal depth in this case.
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Yn

5 2
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G(yn) = " (B TG ) Yn — Q=0
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So we can write this as general function G yn which is nothing but this quantity minus the

quantity on left hand side and we can equate it with zero.
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Normal depth can be calculated from Manning's equation (uniform flow),

l 1
——R¥s52A
n

Q
In case of rectangular channel, A = By, and P = B + 2y,

2
1 By, L

=—| ———] 5§ Byn

Q_ n ( B+ 2;!/7.) 2 yl

In function form,

" 2
y Sg B3 Yn ¥
\- Glyn) == (B = By,,) Yn —Q =0
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Now this is one non linear equation. Now if you want to solve this problem we need to use
our Newton Raphson technique and from our Newton Raphson technique we can get the
solution by iterative approach. This yn P, P is iteration count in this case. So yn P minus 1,
this is coming from previous iteration. So we can start with yn zero and maybe we can start

from yc value because we have already got the yc.



If we have this yc value or CDL location then either this NDL on the upper side or the lower
side. So it is safe if we start from this yc which is the guess value for the normal depth

iteration process.
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From Newton-Raphson method, G&— ’
Y (»p=1) *“ ¢

S ('U”‘ )

(€% (.‘fnl(p_l))

y“‘(w) _ ’,t/,,|(

where
SR .
G (gn) = S5 B3 yi (58 4+ 6yn)
T \Yn) = —g— — 5
3n (B + 2y.)3
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Now in this case we need to find out what is this G prime? G prime is nothing but this is dG
divided by dYn. Now this quantity we need on this denominator and this should be calculated
based on the previous iteration value and this is our original function value which is capital G

function. Now from this iteration process we can get this y.
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Now if we see this implicit Runge Kutta methods, in our previous (lec) lecture class we have
seen that this counter which is i in case of explicit method this was up to i minus 1. So this

was up to i minus 1.
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The Runge-Kutta method is defined as weighted assembly of increments by,

Ynt1 =Un+ > W;K; .
/=2 LI N

-
with i = A2V (o + Az, yn + S LK
J=1
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Now in this case we are going up to i. That means whatever value of this increment Ki is
there on the left hand side, we are also incorporating that Ki value during calculation of psi.
So in a way this increment equation is implicit in nature and we have different weights Wj,
Kj. J is running from 1 to m, m is the number of weights or number of points or number of

increments that are required for calculation of this weight.
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Now in this case we have Ci x or increment for x direction and increment for our y. So Cx
this i is increment corresponding to ith increment parameter. And this C ij y, this is general

increment parameter for ym.
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Now in this case if we consider this Butcher Tableau, this can be expressed in general terms
with this format. So we have let us say m terms or m increments. Now for each increment we
need increment in case of x. So this is corresponding to increment for x or xn and on the right
hand side, this is for x. On this side we have increment for y and the bottom portion we have
different weights. So if we consider the portion which is for y that is one matrix and size is m

by m matrix.
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The Runge-Kutta method is defined as weighted assembly of increments by,

m

Yn41 = Yn + Z W;K;

i=1

i
with K, = AaWl (, + P Az, yn + Zr;fjh',,)
J=1

Complete Butcher Tableau (Butcher, 2008) can be expressed as

Y A
Cm—1,m—1 Cm—1,m
Y .’
C MU
V!'m—l Vin
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So each row is representing the coefficient of the corresponding increments that are required
for the calculation of flow depth y. And the first term in this row, this is corresponding to

increment for x. So this is corresponding to x.

(Refer Slide Time: 16:06)

LR A A TS s WA ]

Backward Evu
Implicit Runge-Kut

I.I.T. Kharagpur
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And these values are corresponding to different coefficients that are required for the

calculation for coefficient here.
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And these weights are related to the final calculation.
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Now if we express it in terms of reduced matrix form, we can write this as column vector.
First one is one column vector and this is a row vector. So in general we can express this as
column vector and we can take this transpose here and capital Cy, this is the a full matrix

here. So this is the general representation of using Butcher Tableau.

(Refer Slide Time: 17:10)

B B R

Problem Definitior
General Structure
Backward EL

4
Implicit Runge-Kut s I.I.T. Kharagpur

The Runge-Kutta method is defined as weighted assembly of increments by,

Unt1 =un+ > W;K;

i=1

with K, = AzW (, + e A, yn + Zr':’,-l{_,)
J=1

Complete Butcher Tableau (Butcher, 2008) can be expressed as

In reduced matrix for
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Now using this tableau we can represent our Runge Kutta methods. And if we start from our
well known basic approach which is backward Euler. In backward Euler let us say that this is
Cx 1 and this is Cy 1-1. That means only one term is there. And on the bottom we have the

W1 which is again equal to 1. So what will be the structure of our increment? Increment will



be K1 equals to del x psi, in this case xn plus, this is one so directly we can add that del x

comma we should have yn.

Again the coefficient is 1, so in this case we can write it as K1 and this is our case and which
is a coefficient of this K1. And finally we can add this yn equals to yn plus W1 which is again
K1 in this case because W1 equals to 1. So from this process we have identified the backward

Euler method.
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So in general terms if we write this is xn plus 1, yn plus 1. This is yn plus 1 but yn plus 1 is
unknown thing. So we cannot solve it using our usual explicit approach. We need to solve

this equation here.
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Order of Backward Euler method: O(Awx)
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Now in this case again we can write a general function because yn plus 1 is unknown so I can
transfer this yn plus 1 and other terms on the left hand side. So yn plus 1, this is coming from
here. This is my second term and the third term which is unknown quantity. So this part is

unknown and this is known quantity in this case.

(Refer Slide Time: 20:38)

L R B e A R v

Problem Definitior
General Structure
Backward Euler Method
Implicit Runge-Kutta Methads ILI.T. Kharagpur

References

Considering Butcher Tableau as

Backward Euler Method

Yntl = Yn + AT (np1, Ynt1)

Order of Backward Euler nigthod: O(Ax)

In function form,

F(yn41 ) = yYn+1 — Azl (.r 1 Yn+1) — Yn =P
S

Dr. Anirban Dhar Computational Hydraulics

So again this is non linear equation and we can solve it to get this yn plus 1. Now in this
process if we write this general equation which is yn plusl P, yn plus 1 P minus 1 which is
again value which is coming from previous iteration. And these are the function values and

derivative of the function value.
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From Newton-Raphsen method,

(»)
Un+1|"" = ynt1

——— - I (!IT!+L|(I,7I)) /

where

= = 2n2Q2 -4
I"’(Hn+1) =1- Az (I - 'JQ : ) { -’: _fv ( Byn i1 ) 3 .
B2y, 44 B2y, 41 B + 2yn41
n2Q? ( Byn41 )'z’i ( B 2Bynia ) ]
.‘{BE,«/;':JH B + 2yn 41 B + 2yn41 (B +2yn+1)?

( 302 ) (I Q2 ) -2 {g n2Q? ( Byn1 >~§ }
— i So — e .
B2gyl B2gy3 B2y, B+ 2yn+1

[I—1
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So initial was yn plus 1 minus del x into psi xn plus 1 comma yn plus 1. Obviously if we

differentiate this one with respect to yn plus 1 which is the unknown quantity here, this is yn

plus 1 and minus yn. So initially this quantity is not significant here because if you

differentiate it with respect to yn plus 1 this will be zero, this is 1. from the second term we

are getting this big expression for rectangular channels.
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From Newton-Raphson method,
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Dr. Anirban Dhar NPTEL Computational Hydraulics 12//°21

Now if we write the code for this one we can get the solution out of this. So in this case if we

start this scilab so we have GVF implicit. In GVF implicit, backward Euler. Now given data

from our problems statement Q is 20 metre cube per second, S not is point 0008, n is point



015, bed width for rectangular channel that is 15 metres, G is 9 point 81, Lx is 200, y is point

8 metres.
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a |
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6 |n ; -—
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8
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g ~
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9 [Lx
10|y0

11 [mnode:

12 ('Q',"so','n',"'B', 'g")

15 [yc=(Q 2/ (g*B2)) ~ (1/3);
16 (ye)

1| function eval=-Gfunc (y)
Gval= (S0~ (1/2) *B* (5/3) /n) * (y* (5/3) / (B+2ry) A{2/3)) -Q
nction

fu

tion Gpval-Gderi (y)
apval= (30" (1/2) *8* (5/3)/(3*n)) * (y* (2/3)/ (Br2ty) ~ (5/3))* (S*Bréy)
3 |endfunction

29|eps_max

30 |aerror=1;

31 |yn=ye;

32|while (aerror) > eps_max

33 aerror=(Gfunc (yn) /Gdexri (yn)):
24 ¥N=Vn-aerror;

Now with this let us say that mnode or nodes in the m or | x direction that is 201 and these
values are global, Q, S not, n, B and g. In this case first step is critical depth calculation. Yc is
Q square g B square and whole to the power 1 3™. We can get the yc value. Then normal

depth calculation Gval and G prime val. So G and G prime, these two values are required.
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A
0[y0=0.5;
1 [mnode=201;
2 (Rl
13

f'n', B, g
14
15|yc=(Q 2/ (g*BA2)) ~(1/3) s
16 (ye)

17 | cm—

19

1 [function Gval=Gfunc(y) ér
2 @val= (S0~ (1/2) *B~ (5/3) /n) * (y~ (5/3) / (B+2%y) ~(2/3)) -Q

3le tio

23 ,
1 f n Gpval=Gderi (y) 2
2 Gpval= (S0~ (1/2) *B~(5/3) / (3*n) ) * (y~ (2/3) / (B+22y) ~ (5/3) ) * (5*B+6ry) G‘
3 |endfunction

27

28

29 |eps_max

30|aerror=1;

31|yn=ycs

32|while (aerror) > eps_max

33 aerror=(Gfunc(yn) /Gdexd (yn)):

34 yn=yn-aerror;

3send

36 (yn)

37

38

1 |function dydx = psi (x,y)

2MR._y=B*y;

3 |p_y=B+2vys

4 [R_y=A_y/P_y7

Bl SE=(n"2*Q"2) / ((R_y) " (4/3) *A_y~2):




So using Newton Raphson here we can get the solution and we can get this yn. So after

getting this yn and yc we can comment on the flow condition.
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0[y0=0.5:
1 [mnode=2017
2 ('Q','s0",'n","B', 'g")
13
14
15|yc=(Q"2/ (g*B"2)) " (1/3); c
16 (ye)
17
18
19

1 |function Gval=gfunc(y)

2 Gval= (S0~ (1/2) *B~ (5/3) /n) * (y~(5/3) / (B+2*y) ~(2/3)) =@

3 |endfunction

23

1 |function @pval=gderi (y)

2 apval= (S0~ (1/2) *B~ (5/3) /(3*n) ) * (y~ (2/3) / (B+2*y) ~ (5/3) ) * (5*B+E*y)
3 |endfunction

27

28

29 [eps_max:

30|aerror~1;

31 [yn=yes

32|while (aerror) eps_max

23 aerror= (GLunc (yn) /Gderd tyn)) s

31| yneyn-aerrors h
35|end

36 (Y7 m—

37

38

1 |function dydx = psi(x,y)

2/|A_y=B*y:

3 |p_y=B+2'ys

4 [R_y=A_y/P_y;

5|Sf=(n"27Q"2) / ((R_y) " (4/3) *A_y~2) 1

So obviously if your yn is greater than yc we have mild slope condition. And if yn is less than

yc we have steep slope condition.
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aerror=(Gfunc(yn) /Gdexd (yn)):

R Y Ye
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36
37

38

1 [function dydx = pai (x,y)

2 |A_y-Bry;

3 |P_y=Bi2*y;

4 [R_y=n_y/P_yr

5 [SI=(n"2*Q*2) / ((R_y)* ( Y*A_Y 2 7 y

6 |Frs=(Q~2*B) / (g* (B*y) ~3) } n‘ %
9 |dydx=(50-5£) / (1-Frs) ; ‘
8 |endfunction

47

1 |function Fval-Efunc(y,x,delta x,yp)

2 Fval-y-delta_ x"psi (x,¥) -yp

3 |endfunction

51

1 |function Fpval-Ederi (y,delta_x)

2 trml=(1-Q~2/ (Br2*g*y~2) ) ~(-1)1

3 tam2=(2*nA2%Q"2) / (B2*y"3) 1

4 trm3= (Bry/ (B+27y) )~ (~4/3)

s trmd=(4*n"2%Q"2) / (3*B2*y2) 4

€ trmS= (B*y/ (B+2*y) ) * ( »e

7 trmé= ((B/ (B+2*y)) - (2*B*y/ (B+2'y) 1)

8 trm7=(3%Q"2)/ (Br2*g*y~d) 7

9 trm8=(1-Q~2/ (BA2*g*y~2)) ~(-2)1

10 trm9=50;

11 Erml0= (n"22Q12) / (BA2%y*2) ¢

12 trmll=(B*y/ (B+2*y))~(=4/3)s

13 Fpval-]-delta _x* (trml* (trm2*trm3+trmd*trm5*trm6) -trm?*trms* (trmo-trmlovtrmll));

14|endrunction

Now first case we have dy by dx equals to psi xy, our general governing equation in this case.
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ward_sier.s0 ()
Witz CawLLiULT ~ epe_tian

aerror= (Gfunc (yn) /Gdexd (yn)) s
yneyn-aerrox;
lend

(yn)
function dydx = psi (x,y)

A_y=B*y: -

P_y=Bt2ty; -

R_y=A_y/P_y: u 1

SE=(n"2*Q*2) / ((R_Y)* (4/3) *A_y*2) s

Frs=(Q~2*B) / (§* (B*y) ~3) ;
dydx=(S0-Sf) / (1-Frs);
endfunction

function Fval=Efunc(y,X,delta_x,yp)
Fval=y-delta_x*psi (x,y) -yp
endfunction

UNE e Nn e W e Yy e

51
1 |function Fpval-Fderi (y,delta_x)

2 trml=(1-Q~2/ (B~2*g*y~3) )~ (-1) 3

3 tam2=(2*nA2%Q"2) / (B2*y"3) 1

4 trm3= (B y/ (B+27y) )~ ( '

S trmd=(4*n"2*Q2) / (3*B~ )i

6 trmS= (Bry/ (B+2%y) )~ (=7/3)

7 trmé= ( (B/ (B+27y) )~ (2*B*y/ (B+27y)~2)) ;

a trm7=(3*Q"2) / (BA2¥g*y~4) 7

9 trmg=(1-Q~2/ (B"2*g*y~3)) ~ (-2)

10 trm9=S0;

11 Erml0= (n"2%Q"2) / (B27y"2) ;

12 trmll=(Bry/ (B+2*y))~ (=4/3) 1

13 Fpval=l-delta_x* (trml* (trm2*trm3+trmd*trms*trmé) ~trm?*trme* (trm9-trmlo*trmll));

14|endrunction

So this is By, B plus 2y, R is Ay divided by Py. Now we can calculate this dy by dx.
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aerror= (GLunc (yn) /Gderd tyn)) :
yn=yn-aerror:

end
(yn)

function dydx pad (x,y)
A_y-By;

P_y=B+2%y: 7

R_y=R_y/P_y: /

SE=(n"2*Q"2) / ((R_Y) " (4/3) *A_y"2) 7
Frs=(Q*2*B) / (g* (B*y) *3);
dydx= (S0-Sf) / (1-Frs) 7
endfunction

function Fval=gfunc(y,x,delta_x,yp)
Fval-y-delta_x*psi (x,¥) -yp
endfunction

GRS E e n e WYy .

51
1 |function Fpval=Fderi (y,delta_x)

2 toml=(1-Q~2/ (B 2*g*y~3) )~ (~1)7

3 trm2= (2*nA2%Q"2) / (BA2*y*3) §

4 trm3= (Bry/ (B+22y) )~ (=4/3) 2

5 trmd=(4*n"2%Qn2) / (3*BA2*yA2) 3

6 trmS= (Bry/ (B+22y) )~ (~7/3) ¢

7l trmé=( (B/ (B+2%y) )~ (2*Bry/ (B+2%y)*2));

8 trm7=(3*Q"2) / (B 2*g*y~4)

9 tomB=(1-Q~2/ (B 2*g*y~3)) ~(=2)

10 trm9=50;

11 tIml0=(n~2*Q"2) / (B2*y~2) ¢

12 trmll=(Bry/ (B+2*y))~(=4/3) 1

13 Fpval=l-delta_x* (Lrml* (Lrm2*trm3+Lrmd*trms*teme) ~trm?*trme* (Lrm9-trmlo*trmll)) ;

14|endfunction

N

Next step is Fval because we need that function val. Y is actually yn plus 1. This is delta x
into psi x comma y. And at this step we have this minus yp. Yp is previous time (val) level

value.
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[Eibackwrd_ovlor s (CAUsers Adminieator DTG
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CERE® S w00 &SL| > o X

d_siersa ()|

SE=(n"2Q~2) / ((R_y) " (4/3) *A_y"2)
Frs=(Q2*B) / (g* (B*y) ~3) )
dydx= (S0-Sf) / (1-Frs) 7
8 |endfunction
47 7
1 |function Fval=Efunc(y,x,delta_x,yp)
2 Fralgidelta x'pal (%, ¥)-¥p \’
3 |endfunctIon
51
1 |function Fpval-Fderd (y,delta x)
2 trml=(1-Q"2/ (B~2*g*y~3)) " (-1)}
3 trm2=(2*n"2*Qr2) / (BA2%y"3) ¢
4 trm3= (B*y/ (B+2*y)) ~ (-4/3) 7
5 trmd=(4*Xn"2%Q2) / (3*BA2*y~2) )
6 trmS= (Bry/ (B+27y) )~ (~7/3)
7 trmé=( (B/ (B+2*y)) = (2*B*y/ (B+2*y) ~2))
8 txm?=(3%Q 2) / (BA2*g*y~d) ¢
9 trmB= (1-Q"2/ (B~ 2*g*y~3)) " (-2)
10 trm9=50;
11 trml0=(n"2Q~2) / (BA2*y"2)
12 trmll=(B*y/ (B+2*y))~(=4/3) 2
13 Fpvalel-delta x* (trml* (trm2*tym3+trmd*trms*trmé) —trm?*trmg* (trm9
14 |endfunction
66
67
68 xe=linspace (0, Lx, mnode) 7
69 delta_x=Lx/ (mnode-1) ;
70
71 yv (mnode, 1) ;
72
73 Y (1) =y0;
74 for i=1:mnode
75 W
|76 eps_max

trmlo*trmll))

Now we need to calculate this term by term Fp value

plus 1. Now if we check the first term here so this is

gy cube n plus 1.
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So same thing I have written here to the power minus 1. Then second term 2n square Q

square B square y cube which is the second term here.
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ward_suer0 ()
SE=(n"27Q~2) / ((R_Y)~ (4/3) *A_Yy"2) }
Frs=(Q~2*B) / (g* (B*y) ~3) s
dydx= (50-Sf) / (1-Frs);
8 |endfunction
47
1 |function Fval=Efunc(y,x,delta_x,yp)
2 Fval-y-delta x*psi (x,y)-yp
3 |endfunction
51
1 [function Fpval-fderi (y,delta x)
2 trml=(1-Q"2/ (B~21g*y"3)) ~ (-1); g™
al EIm2= (ZAnA2RQN2) / (BU2NY D) ;e
4 trm3= (B y/ (B+22y) )~ (-4/3) 7
5] trmd=(4*n 2%QA2) / (3*BA2%yA2)
6 trmS= (Bry/ (B+27y)) * (~7/3) 1
7 trmé=( (B/ (B+2*y)) - (2*B*y/ (B+2*y) ~2))J
8 trm7=(34Q12) / (BA2*g*y*d) 1
9 trma= (1-Q"2/ (BA2*g*y"3)) " (-2)7
10 trm9=50;
11 tIml0= (n"2%Q"2) / (B2*y"2) ;
12 trmll=(B*y/ (B+2*y))~(=4/3) 2
13 Fpval=l-delta x* (trml* (trm2*trm3+trmd*trms*trmé) -trm?*trme* (trm9-trmlo*trmil));
14|endfunction
66
67
68 xe=linspace (0, Lx, mnode) 7
69 delta_x=Lx/ (mnode-1) ;
70
71 yv (mnode, 1)
72
73 yv(1)=y0r
74 for i=l:mnode 7
15 =
76 eps max ) - E — B

Third term is B yn plus 1 B plus this 2 yn plus 1. So same thing if I write here this is the
thing. Now like that I have written all the terms in this F prime calculation. 1, 2, 3, 4, 5, 6, 7,
8,9, 10, 11 terms here.
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word_sber s (3
SE=(n"27Q*2) / ((R_y) " (4/3) *A_y"2) 3
6 |Frs=(Q~2*B) / (g* (B*y)~3) s

dydx= (50-Sf) / (1-Frs);

8 |endtunction
47

1 |function Pval-gfunc(y,x,delta x,yp)

2 Fval-y-delta_x*psi(x,y) -yp

3 |endfunction

51

1 |tunction Fpval-Fderi (y,delta x)

2 trml= (1-Q"2/ (BA21gry~3)) " (-1} e ™
El trm2=(2*n*2%Q*2) / (B*2*y~3) s -

4 trm3= (Bry/ (B+21y))~ (-4/7) /el g

5 trmd= (4*0A21Q"2) / (3*BA24Y~2) -

6 trmS= (Bry/ (B+27y))~ (~7/3) -

7 trmé=( (B/ (B+2*y)) - (2*Bry/ (B+2*y)~2)) 1 @
) trm7= (31Q72) / (BA2¥gry~4) -

9 tmB= (1-Q72/ (B127g*y"3)) " (-2)1 o

10 trm9=50; -

11 trml0=(n~22Q~2) / (BA2ry~2); *

12 trmll= (Bry/ (B+27y))~ (-1/3); @2

13 Fpvalel-delta x* (trml® (EXm2*trm3+trmd*trms*trnG) -trm7 trms* (trmd-trmlo*trmll)) ;
14|endfunction

66

67

66 xc=Llinspace (0, Lx, mnode) 7

69 delta_x~Lx/ (mnode-1) ;

70

7 yv (mnode, 1) ;

72

7 YV (1) =y0s

74 for i=1:mnode

15

76 eps max F ﬁ = -

Now after getting this terms we can simply, this is term 1 into term 2 into term 3 plus term 4,

term 5, term 6. So we can get this Fpval or F prime value from this derivative calculation.
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Sf=(n"2°Q~2) / ((R_y) ~ (4/3) *A_y"2) ;
6 |Frs=(Q~2*B) / (g* (B*y) ~3) s
dydx- (S0-S£) / (1-Frs) ;
8 |endtunction
47
1 |function Pval-gfunc(y,x,delta x,yp)
2 Fval-y-delta x*psi (x,y)-yp
3 |endfunction
51 /
1 |function Fpval-pderi (y,delta_x)
2 trml= (1-Q"2/ (BA21gry~3)) " (-1} e ™
El trm2=(2*n"2%Q*2) / (B*2*y~3) s -
4 trm3= (Bry/ (B+21y))~ (-4/7) /el g
5 trmd=(4*n *QA2) /(3B yran -
6 trmS= (Bry/ (B+27y) )~ (~7/3) 2 -
7 trmé=( (B/ (B+2*y) )~ (2*B*y/ (B+2*y)~2)); ®®
8 trm7= (31QA2) / (BA2¥gry~4) - A
9 EImB= (1-Q72/ (B27g*y"3)) " (-2)1 o
10 trm9=50; -
11 trml0=(n~22Q~2) / (BA2ry~2); *
12 trmlle(Bry/ (Be2*y))(-1/3); &
13 Fpval-l-delta_x* (trml* (trm2*trm3+trmd*trms*trmé) -trm7*trme* (trmo-trmlortrmll)) ;
14|endfunction - S ens =P o>
66
67
66 xc=linspace (0, Lx, mnode) 7
69 delta_x~Lx/ (mnode-1) ;
70
7 yv (mnode, 1) ;
72
73 YV (1) =y0s
74 for i=l:mnode
15
76 eps_max

Now we need to use this one in our backward Euler method. So first of all we need to have
this grid which is xc. Xc is running from zero to Lx. We have all total mnode, number of
nodes which is 201 in our case. In this case Lx is 200 metres and delta x is Lx divided by
mnode minus 1. So this is individual del x we can calculate. Now in this case yv is our

variable. We need this y value.
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[ mackurard_eutersi (CAUsari\AGRERIG D HRBR: o3
File Edt Format Options Window Execute 1
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wand b 50 (5

CXI= (17N " 27 Q 7]/ (TP 2"y 2} §
6 trmS= (B*y/ (B+27y) )~ (~7/3)

trmé=((B/ (B+2*y)) - (2*Bry/ (B+2*y) ~2)))
a

Crm7=(3%QA2) / (BA2*g*y~d) ¢
9 trmg= (1-Q~2/ (Bo2Agry~3)) ~ (=2) 1 - m
10 trm9=50; -
11 trml0=(n~22Q~2) / (B 2*y"2) 2
13| trmlle(Bry/(Be2ty))(-4/3);
13 Fpval delta x* (trml* (trm2*trm3+trm4*trm5*trmé) -trm7*trm8* (trm9-trmlO*trmll) ) ;
14endfunction
6 »
67 D ~ h
P xe=linspace (0, Lx, mnode) ; —— T ) T ™7
69 delta_x=Lx/ (mnode-1) ;
7 Icn!
71 yv (mnode, 1) ;
T2 e—— ‘lh‘n.‘..
73 yv (1) =y0r

74 sgor i=1:mnode - u'
e 2

76 eps_max ; m

77 aerror=1; T

78 YVl =yv (i) s \M

79 while (aerror) > eps_max "
20 aerror= (Efunc (yv(i+1),xc (1+1),delta_x,yv (1)) /Ederi(yv(i+1),delta_x));
81 yv(i+l)=yv(i+l)-aerror;

82 end
83 end

86 |plot (xc, yv, )

88 set (ggal), " = )
89|plot ([0 1x], [yn yn], ')

i

At the starting we have yv 1 equals to y not. Yv 1 which is specified at the first node, this is y

not.
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swrd_sderisc (30

CEMA= (1N Q) / (GBI 2)
3 trmb= (B*y/ (B+2%y) )~ (=7/3) 7

trmé=( (B/ (B+2*y)) - (2*B*y/ (B+27y)*2))
8

tam?=(34Q~2) / (BA2*gry~d) ¢

9 trmg= (1-Q~2/ (BA2*g*y~3)) A (-2) 1
10 trm9=50;

11 trml0=(n"2%Q"2) / (B~2*y*2)

12 trmll= (Bry/ (B+2*y))~ (~1/3);
13 Fpval-l-delta_x* (trml® (trm2*trm3+trmd*trms*trmé) ~trm?*toms* (trug
14|endfunction

k0" trmil) ) ;

68 xc=linspace (0, Lx, mnede) 7
69 delta_x=Lx/ (mnode-1) ;

71 yv (mnode, 1)/

73 yv (1) =y0r
for i=1:mnode

76 eps_max
7 aerror=1;

78 yviivl)=yv(i);

79 while (aerror) > eps_max

80 aerror= (Efunc (yv(i+1),xc(i+1),delta_x,yv (1)) /Ederi (yv(i+1l),delta_x))7
81 YV(i+1)=yv (i+1) -aerrors

86 |plot (xe, yv, )

88 (gca (), " ) )
89 [plot ((0 Lx], [yn ynl,

Now we can start our calculation for i equals to 1 to m node minus 1. So epsilon max, this is
the iteration parameter 1 into 10 to the power minus 6. Aerror, this is 1 or absolute error in

this case. Now in this case we are starting from the guess value yv i plus 1 equals to yv i.

(Refer Slide Time: 29:57)

2 backvand oo e RN R 7775
Fie Ed Fomat Options Window Execute 1
BLE®maedA00@E0(>T R
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CEMA= (1N Q") / (3B Y 2)
3 trmb= (B*y/ (B+2%y) )~ (=7/3) 7

trmé=( (B/ (B+2*y)) - (2*B*y/ (B+27y)*2))
a

trm7=(3*Q"2) / (BA2*g*y~4)

9 trma= (1-Q~2/ (BA2*g*y~3)) A (-2) 1

10 trm9=s0;

11 trml0=(n"27Q"2)/ (B*2*y"2)

12 trmll=(Bry/ (B+2%y))~ (-4/3) 1

13 Fpval=l-delta x* (trml* (trm2*trm3+trmd*trms*trmé) -trm7*trm8* (trmo-trmlo*trmll));
14 [endfunction

i eps_max
80 aerror= (Efunc (yv(i+1),xc(i+1),delta_x,yv (1)) /Ederi (yv(i+1l),delta_x))7
81 YV(i+1)=yv(i+1)-aerror;

86[plot (xc, yv, y

88 (gea(), " i8] )
89 [plot ((0 Lx), [yn yn],

Now we should iterate if absolute error is greater than epsilon max. So what is this absolute
error? Absolute error is absolute value of aerror. Aerror is f func that means function value at
yn plus 1 for previous iteration divided by F prime yn plus 1. That is also calculated based on
the previous iteration. Now this is minus and this is yn equals to yn plus 1. So from this one

we can get the solution.
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word_sbers0 ()

CYmA= (N2 Q) / (B 2y 2 f
3 trmS=(Bry/ (B+2%y)) * (=7/3) 7

trmé6=( (B/ (B+2*y)) - (2*B*y/ (B+2*y) ~2)) )
8

trm7=(3%Q~2) / (Br2*g*y~4) 7

9 ErmB= (1-Q~2/ (BA2*g*y~3) ) A (-2) §

10 trm9=50;

11 trml0=(n*2%Q"2) / (B2*y*2)

W trmll= (Bry/ (B+2*y))~ (~4/3);

13 Fpval=l-delta_x* (trml* (trm2*trm3+trmd*trms*trmé) ~trm?*toms* (trmo-trmlo*trmil));
14|endfunction

68 xe=linspace (0, Lx, mnede) 7 — “")
6 delta_x=Lx/ (mnode-1);

% }_

71| yv-sazos inade, 12 N

B e Z‘\_ \/1‘ F / (}'». I@\))

76 eps_max
77 aerror=1;

78 yv(iel)=yv(i);

79 whil (aerror) > eps_max

80 aerror=(Efunc (yv(i+1),xc(i+1),delta_x,yv(i)) /Ederi(yv(i+1),delta_x))s
81 YV(i+1)=yv(i+1)-aerror;

82 end

83 end

84

85

86|plot. (xc, yv, y

87

88|set (geal), " "y "off")

895 L ([0 Lx]), [yn yn], )

So in this case we have this yn plus 1 which is coming from iteration P and this is yn plus 1

which is coming from iteration P minus 1 and minus F by F prime and this was yn plus 1, not

yn.
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1

function Fpval=Fderi (y,delta_x)

trml=(1-Q~2/ (BA2*g*y~3) )~ (-1)

= trm2=(2*n"2*Q"2) / (B2 y"3) ¢
4 trm3=(B*y/ (B+2%y) )~ (=4/3) 7
5 trmd=(4*n"2*Q"2) / (3*B 2*y"2) 1
6 trmS=(B*y/ (B+2*%y) )~ ( /3)e
7 trmé= ( (B/ (B+2%y)) - (2*B*y/ (B+2%y) *2)) ;
8 tom?=(3*Q"2) / (Bo2*g*y~d) 1
) trmB=(1-Q~2/ (BA2*g*y~3) )~ (-2) 7
10 trm9=507
11 trml0=(n"2%Q"2) / (B*2%y~2) 7
12 trmll= (Bry/ (B+2*y)) ~ (-4/3)7
13 Fpval=l-delta_x* (txml* (trm2*trm3+trmd *trm5*trmé) ~tzm7*trme* (trmo-trmlo*t ) ;
14 |endfunction b-.)
66 }
67 -
68 xe=linspace (0, Lx, mnode) ; 7“ - .
€9 delta_x=Lx/(mnode-1); — )
70
71 yv (mnode, 1)/
72 — —
73 yv (1) =y0r I
74 for i=1:mnode F
75
16 eps_max: ']
77 aerror=1;
78 yv i+l =yv(i)
79 while (aerror) > eps_max
80 aerror=(Efunc (yv(i+l),xc(i+l),delta_x,yv(i))/Fderi(yv(i+l),delta_x));
81 YVi{i+1) =yv (i+1)-aerroxs
82 end
83 end
84
Line 4, Column 13.

So we can use this for calculation of Newton Raphson. Now this is minus error, this is xc, y.
Now if you run it, similar to our explicit method we are getting M2 curve in this case. This is

NDL or normal depth line. This is CDL or critical depth line.
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From our calculation point of view this yn is point 8478 and yc is point 5658. Now if we try
to utilise the higher level methods or higher order methods in this case then if we have
implicit Runge Kutta in this case, please remember that we have this Ki and i is there. That is

why it is implicit.
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Increments can be written as

K; = Az (.r,, + cf Az, yn + ; l“:/‘},\'»,)
=1

J=1

i1 A
= Azl (, +cF Ax,yn + 3l K + e, 1\',)

j=1
= Az (J'n t Oy tin + 0y + ‘.ffll\")
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Now what we can do, we can split it into explicit part plus some increment. This C ii y K i,
this is the increment part. So we can write this quantity, this is again explicit in nature. So this

is explicit, this is explicit, only implicit is this quantity. This is C y ii.
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Increments can be written as

K; = Az¥ (m + cf Az, yn + L Y I\,)

= Ax +¢ TAZ, Yn +Z K; +rf.’\
s
= Az (zy + Oz, yn + 0y + ¢; 1\
(Endt 5 y )

‘4
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Now in this case we have this delta x which is only Ci del x and delta y which is our j equals

to 1 to i minus 1 C ij Kj. This is explicit quantity.
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Ref

Increments can be written as

K; = AaW (_r,, + e Az yn + Z .“’.f‘ K_,)

i=1
i=1
= AxzT (.r,, + ¢ Az, yn + Z !"G Ky + r';‘f' .’\’,)
i=1
= Ax¥ (xn + Oz, yn + Oy + c% K;)
i=1

with 0, =g c?Ax and 8, = ¢ ,,AJ

F=1

The the multivariate function W() can be expanded as

U (zn + 8z, yn + 8y + e Ki) =V (zn + 8z, yn + 8y) + 5V (Tn + 8, yn +

Dr. Anirban Dhar Computational Hydraulics

Now in this case we have this psi xn plus delta x yn delta y C ii y Ki. So this is increment
part. So we can expand it with Taylor series and this is a first order expansion. So, on the
right hand side we have xn plus delta x yn plus delta y and C y ii3. This is xn delta x yn delta

y and this quantity is multiplied there and we are differentiating with respect to y here.
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Increments can be written as

K; = Az (.r,, + Az, yn + Z .'ff‘.’\'_,)

i=1
i—1

= Axl (.r,, + cf Az, yn + Z ",f_, K; +cf; "\")
j=1

= Az (wn + 8oy yn + 8y + ¥ Ki)

i—1

with 5, = g cf Az and &, = > VK

j=1

The the multivariate function W() can be expanded as

U (zn + 8z, yn + Oy + ¢ Ki) =W (zn + 8z, yn + 8y) + LV (@n + Oa, 1
- LV o Al
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So in this case if we combine the terms so this is Ki delta x into psi which is our known

quantity and this Ki is unknown.
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By combining all the expressions
Ki = Az [V (an + 8, yn + 8y) + XU (wn + 8z, yn + 84) Ki] w
pr— —_— C_]
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Now if I transfer this thing on the left hand side so I can write this as 1 minus C ii and y. This
is delta x pi plus prime into Ki in this case and this is delta x into psi xn delta x yn plus delta

y. So I can transfer this on the right hand side. This is inverse term del x.
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By combining all the expressions

Ki = Az [¥ (on + e, yn I 8y) + iU (zn + Bz, yn + 8y) Ki]

In implicit gmpact form ) %tmel K - a? (ﬁ"& L]

Ki = Az [1 = Y A0 (@ + 8oy tn +0y)] ¥ (@n + Go yn + 8y)

where
2n2( By \~3
¥ (z,y) = n2Q* g ) s
B qy? B2y3 B+ 2y

(.»1”%32) ( By )*% ( B 2By ”7
3B%y2 ) \B+2y B+2y  (B+2u)?

(220-5%) - (22) (25)"
B2gyt b’ gy o B2y2 B+ 2y
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Now from this case we have this psi prime. Psi prime value we can calculate and we can

directly get the Ki value here. So Ki value we can get in terms of known values because xn

del x yn del y and psi and psi prime, these quantities are known. And for a given Runge Kutta

method C ii y, this quantity or this parameter is known and del x is fixed for a particular

problem.

(Refer Slide Time: 37:14)

&9

Problem Definitior
General Structure

Backward Euler Method
implicit Runge-Kutta Methods
References

By combining all the expressions

K; = Ax [‘l’ 2 + 0z + dy) + ¢ /\Ifl( t+ 8z, Yn + r\',,)[\’,]

In implicit gmpact form gr.'ﬁetmel Kﬁ — “-" ('q'."l .

K; = Ax [I'A, 1‘%&.:"111 (zn + 8z, yn + r‘iy)} “ly (&n + 82, Yn + 6y)
=

where
Q2 \“l[ [ 2n2q? By \~#
¥ (a,y) = (1= — ) el ) T
B2gy3 B2Zys B+ 2y

(4”%32) ( By )-f‘z ( B 2By ”7
3B%y? B +2y B+2y (B+2y)?

( 307 (1 7 >—~’ ” (;HQ‘-’) ( By )—‘5
B2gyt ) B2gy -0 B2y? B+ 2y
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Now in this case if we utilise it for second order RK method or RK2 then considering the

Butcher tableau we have half, half. That means coefficient of x is half, coefficient of y is half.



So this is nothing but K1 equals to del x and we have psi xn plus half del x comma yn plus

half K1. And final thing is yn plus 1 equals to yn plus K1.
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So if we utilise this, this is second order method. Now what should be our approach? We can
expand this and expansion is in terms of our known quantities. Now in this case we can
expand this part using Taylor series as psi this is xn plus half del x. This quantity is yn which
is known, plus we can write psi prime and we can multiply our half into K1 in this case. If we

multiply again del x outside and equate it with K1 we can get this particular format.

So, on the right hand side we have all known quantities. Psi, psi prime, these are known

quantities on the right hand side. So we can get this K1 value.
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Considering Butcher Tableau as

RK2

Ynt1 = yn + K1

with K, = AzW (:n:“ + %A:L‘,y" + %]\’1
Order of RK2 method: O(Aa?) k* ar‘ +!* k'
Semi-Implicit Equatiog fan e * L » 3

Ep

Yy, -1
I Ky = Az [l - ;A.,-\Iﬂ (.r,, + éA.l'._A/,,):l ' (.J',, + ; Az, y,,) ,
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Now if we see the code for this one, this is RK2 implicit. First portion is same. In this case
we have RK2 method. We need grid data in this case also. Xx, delta x, yv, this is yv 1 equals
to y not. And then we are calculating the K1. Now K1 in this case this is coming from this

known quantity. This is 1 minus half delta x, psi or psi derivative, these are known quantities.

This is psi derivative, this is Psi value directly. And we are considering inverse of that value

and we are adding this K1 with our previous time value to get the final plot.
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trm3= (B Y/ (BY27y) )~ (-4/3) 7

trmd=(4*n"2%Q"2) / (3*BA2*y 2) 5
3 trmS= (Bry/ (B+2*y))~ (-7/3) 7
7 trmé=( (B/ (B+2%y)) - (2*BYy/ (B+2*y)*2));
8 trm7=(3*Q"2) / (BA2*gry~4) ¢
9 trm8=(1-Q"2/ (B 2*g*y~3))~(-2);
10 trm9=50;
11 trml0=(n~27Q~2) / (Br2*y~2) 2
12 trmll=(Bry/ (B+2*y))~(-4/3) 3
13 psipval-trml* (Lrm2*trm3+trmd* trms*trmé) -trm7* txms* (Lrm9-trml0* trmll) 7
14|endfunction
62
63
64 xe=linspace (0, Lx, mnode) (g
65 delta_x=Lx/ (mnode-1);
66
67 yv (mnode, 1)/
e -
69 yvi(l) yu,-/
70 for i=1:mnode
71 Kl=delta x* (1-(1/2) *delta_x*paideri (xc(i)+(1/2)*delta_x,yv(i))) A (-1) *pai(xc (i) +(1/2) *delta_x, yv(i))
72 1) =yv (1) +KL; L
73 end —_—
74
15
76 [plot (xc, yv, y
77
78 (geal)," e )
79|plot ([0 1x], [yn ynl, )
80 (gea ), " )
81[plot ((0 Lx), lye yel, )
82 [ o e W ¥
83 e S P
84

Now in this case we have RK2 method. Now let us try to plot this thing on top of our

previous solution. So this is with red colour. Now if I compel this, so it is coming here. Now



it is interesting to see that red line which is RK2 method is somewhat on the upper side. That

is it is giving higher value compared to the blue line which is our backward Euler method.
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Now if we further increase the order of RK, second order RK approach we have this thing.
Now considering the fourth order RK method which considers these many points that means
we have two entries here and 2 by 2 matrix for Cy. This is for Cx, this is for Cy and this is for

W1 and W2.
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Now with this if I write this RK4, this is RK4 in this case. So RK4 is half-half because this is
W1, this is W2 and we have these terms. This K1 is equal to del x into C1 which is coming
from here, the first quantity. This C2 is coming here, then C 1-1, this is the first one, C 1-2,
then this quantity is C 2-1 and last one this is C 2-2.
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Now with this if we try our method or approach we can get the solution. This is fourth order
RK. Now in this case we have K1 and K2. Now for K1 and K2 for both the cases we can
expand it. Now expansion is in terms of both the terms. Only yn is known, K1 and K2 both
are unknown. So this is our increment, increment. So psi prime, psi these are known

quantities now. Now this is coming from Taylor series.
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Expanded form of the increment equations can be written as

[\1 Az [ \t(p,, + T Az, yn) + (¥ K1 + oK)V (20 + ¢ Az, yn)]
-
1\, Ax [ \xu(, +cSAz, S )+(( 21 K1+ cha Ko )U (w0 + ¢ Az, yn)]
<7
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Our next step is calculation of K1, K2. Now K1, K2 can be calculated by solving this system

where we have 2 by 2 matrix which is the coefficient matrix. On right hand side also we have



known quantities. Now we can solve it using our standard approach and utilise it for the

solution of fourth order RK.
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Expanded form of the increment equations can be written as

Ki = Az [¥ (xn + f Az, yn) + (] K1 4 Yo K2)V (20 + of Az, yn)]
Ko = Az [V (&n + c§Az, yn) + (i1 K1 + i K2) V' (en + c§ Az, yn)]

By rearranging the expressions
1- A.i'r"‘]/l ¥ (zn + Az, _!f,,) 7A:n'4";’._,\l/' (_l',, + cf Az, yn) Ky
7A.r'(‘::l A (.a:,, + 3 Az, y,,) 1— A.r‘(‘:gdlli' (xn + 5 Az, y,,) K>

Az (xn + cF Az, yn
T A% T (wn + cE AT, yn
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Now if I open this fourth order RK, the first portion is same. Now in this case this is RK4
method. Now I have created this AK which is coefficient a or coefficient matrix for K, this is

2 by 2 zeros.
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File Edit Format Options Window Execute 7

=L A AO0*REL(>To(X @
overdevlers_ (3] | Az mobatso [36)| Rt mosatsa (36
trma= (41*n"21Q"2) / (3*BA2*y"2) §
3 trmS=(B*y/ (B+27y)) ~ (~7/3) 2
trmé=( (B/ (B+2%y) )~ (2*B*y/ (B+27y)*2)) s

) trm7=(3*Q"2) / (B 2*gry~4) 7

9 trmB= (1-Q~2/ (B 2*g*y*3)) ~(-2) ;7
10 trm9=s0;
11 tImlO=(n~2*Q"2) / (B~2*y"2) 7
12 trmll= (Bry/ (B+2y))~ (~4/3);
13 psipval-trml* (Lrm2*trm3+trmd*trms*trmé) -trm7*trme* (trmd-trml0*trmil)
14 [endfunction
62
63
64 xe=linspace (0, Lk, mnode) »
65 delta_x=Lx/(mnode-1);
66
67 yv- (mnode, 1) ;
68 AK: - ¢
69
70 cx (1) =1/ (3)/6;
ki ex (2)=1/2+ (3)/61
72 ey (1,1)=1/4s
73 ey (1,2) (3) /611
74 ey (2,1) (3) /611
75 ey (2,2)=1/41
76 yv (1) =y0r
” for i=1:mnode
78 AK(1,1)=1-delta_x*cy(1,1)*paideri (xc(i)+cx (1) *delta_x,yv(i))s
79 AK(1,2)=-delta_x*cy(l,2) *paidexd (xc(i)+cx (1) *delta_x,yvi(i));
80 AK(2,1)=-delta_x*cy(2,1) *paideri (xc (i) +cx (2) *delta_x,yv(i));
81 AK(2,2) delta_x*cy(2,2) *psideri (xc(i)+cx(2) *delta_x,yv(i)) s
82 rK(1)= delta_x*pai (xc(i)+cx(1)*delta_x,yv(i));
83 rK(2)= delta_x*pai (xc(i)+cx (2) *delta_x,yv(i)) s
84 Kv=RK\rK;

Now we have this cx1, cx2, cy 1-1, cy 1-2, cy 2-1, cy 2-2 and y1 equals to y not. These

values are available.
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EXmd= (4*n"2%Q"2) / (3*BA2*yN2) ¢

3 trmS= (B*y/ (B+2%y) )~ (=7/3) 7

/] trmé=( (B/ (B+2*y)) - (2*B*y/ (B+27y)~2))

8 trm7=(3*Q~2) / (B 2*g*y~4) 7

9 ErmB= (1-Q~2/ (BA20g*y~3) ) A (-2) §
10 trm9=507
11 trml0=(n"2%Q"2)/ (B*2*y
12 trmll= (Bry/ (B+2*y))~ (-1/3);
13 psipval-trml* (trm2*trm3+trmd*trmS*trmé) ~trm?* trm8* (trm9-trml0*trmll) s
14|endfunction
62
63
64 xe=linspace (0, Lx, mnede) 7
65 delta_x=Lx/ (mnode-1)
66
67 yv (mnode, 1) ;
68 AK (2,21
69 /
70 ex (1) (31763 /
7 ex(2)=1/2+ (3) /61
72 ey (1, 1)=1/43 —-— -
73 ey (1,2) (3) /611
74 ey (z,1) + (3) /7637 /
75 cy(2,2)=1/4; o
76 yv (1) =y0s 3

77 for i=1:mnode
78 AK(l,1)=1-delta_x*cy(l,1)*paideri (xc(i)+cx (1) *delta_x,yv(i))s
79 AK(1,2)=-delta_x*cy(l,2)*paidexi (xc(i)+cx (1) *delta_x,yvii));
80 AK(2,1)=-delta_x*cy(2,1) *paideri (xc(i X (2) *delta_x,yvi(i)) s
81 AK(2,2) delta_x*cy(2,2)*paideri (xc(i)+cx(2)*delta_x,yvi(i));
82 TK(1)= delta_x*pai (xc(i)+cx (1) *delta_x,yv(i));
83 rK(2)= delta_x*pad (xc(i)+cx (2) *delta_x,yv(i))/ 4
84 Kv-RK\rK; .

Now within this calculation process starting from y equals to 1 to mnode minus 1, we can
create that AK or coefficient matrix then calculate this K and RK which is on the right hand
side. So AK is coefficient matrix. So in this case we can solve it using internal function this
KV which is K value. K value we are directly getting from this backslash, this RK. Now from
this one we have K1 and K2. So half of K1 and half of K2 if we add with the previous section

value then we can get y i plus 1 in this case.
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4 xc=linspace (0, Lx, mnode)
65 delta_x=Lx/(mnode-1)

67 yv (mnode, 1) /
68 AK: (2,21

70 cx(1)=1/ (31763
71 ax(2)=1/2+ (3)/6;
72 ey (1,1) 1

73 ey (1,2)
74 cy(2,1)
75 ey (2,2)
76 yv(1l)=y0s
77 for i=1:mnode-1|

78 AK(L,1) delta_x*cy(l,1)*paidexi (xc(i)+cx (1) *delta_x,yvi(i));

79 AK(1,2)=-delta_x*cy(l,2) *paideri (xc(i)+cx (1) *delta_x,yv(i))s

80 AK(Z,1)=-delta_x*cy(2,1)*ps idexri (xc (i) +ex( J'ch-l\..l_x,yvﬁl:;

81 AK(2,2)=1-delta_x*cy(2,2) *paideri (xc (i) +cx (2) *delta_x,yv(i)): w :'- 'k
82 rK(1)= delta_x*pai (xc (i) +cx (1) *delta_x,yv(1)) s

83 1K slta_x*pai (xc (i) +cx (2) *delta_x,yv(i))/

84 $ Kv=aK\rk;
85 YV (I+T) =yv (1) +( ) *Kv (1) +( )*Kv(2) 2
—

86 end

(3) /651
/ (3) /671
14z

ﬂ!’r: YK

89|plot (xe, yv, y

91 (g 0, '] )
92|k Lt ((0 1x], [yn yn], )
93|set (geal), " )
94|; L(( Lx], [yc yel, )

=

Similarly this approach is our RK4 approach. Now I can plot this one, this is again red one or

magenta. I can change the colour in this case.
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63
64 xe=linspace (0, Lx, mnode) ;
65 delta_x=Lx/(mnode-1);

66
67 yv (mnode, 1)/
68 AR (2,2);

69
70 ex(1)=1/ (3)/6;
71 ox (2)=1/24 (3)/6:
72 cy(1,1) '

73 ey (1,2)

74 ey (2,1)

75 ey (2,2)

76 yv (1) =y0r
77 for i=1:mnode

78 AK(1,1)=1-delta_x*cy(l,1)*paideri (xc(i)+cx (1) *delta_x,yv(i));
79 AK(1,2)=-delta_x*cy(l,?)*paiderd (xc(i)+cx(1)*delta_x,yvi(i));
80 AK(2,1)=-delta_x*cy (2, 1) *paideri (xc (i) +cx (2) *delta_x,yv(i));
81 AK(2,2) delta_x*cy(2,2)*paidexi (xc(i)+cx (2)*delta_x,yv(i));
82 TK(1)= delta_x*pai (xc(i)+cx (1) *delta_x,yv(i));

83 IK(2)= delta_x*pai (xc(i)+cx (2) *delta_x,yv(i));

84 Kv-RK\rK;

85 yV ity =yv (i) +( YXKV (1) + (1/2) *Kv (2)

86 end

87
88
89 [plot (xc, yv, y

90

91 (geat) " k )

92[plot ([0 Lx], (yn ynl, )

93 (gca (), "™ e, ) £ ]
94|plot ([0 1x], [yc yel, )

P Q= cicard Euler method il ) ¥ g .
rETH

5, Column 9. ~——

(3) /651
/ (3) /611
izr

And if T run it, again it is coinciding with our second order or it is near about value of our

second order method. If we zoom it, obviously we will get some difference for this one.

(Refer Slide Time: 47:26)
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Now in this case we have seen that using backward Euler second order RK and RK4 we can
solve our GVF profile equation that is the first order initial value problem with implicit

equations.



(Refer Slide Time: 47:55)
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Expanded form of the increment equations can be written as

K, = Az [\I’ (zn +cTAz,yn) + ((-!{l]\'| + t"]'zf\';)‘[f’ (zn + cf Az, _tfu)]
Ko = Az [V (zn + c5 Az, yn) + (i K1 + iy Ko) V' (2n + c5 Az, yn)]

By rearranging the expressions
1-— A::'r"‘]/l W’ (.r',, + cf Az, .1/,,) 7A:|'4';’._,\U’ (_1',, + cf A, y,,) Ky
7A"""Z\ ! (.i:,, + e Az, rlu-) 1- A.rr(‘.’gzll-" (.1:,, + 5 Az, '.flu) K3

_ [Aaz¥ (zn + T Az, yn
T Az (J:,L + cEAZ, Yn
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And we have discussed this backward Euler approach, RK2 approach, RK4 approach. Now
you can utilise these codes for running and creating the GVF profiles. And you can change

different values and get different kind of GVF profiles out of this.

(Refer Slide Time: 48:22)
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Gradually Varied Flow-Implicit Approach

® Backward Euler approach

e backward _euler.sci
® RK2 approach

e RK2_implicit.sci
® RK4 approach

e RK4 _implicit.sci

o
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Thank you.



