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Welcome to this lecture number 34 of the course computational hydraulics. We are in module

3, groundwater hydraulics. And in this particular lecture class I will be covering unsteady two

dimensional flow using finite volume method and specifically the formulation is for confined

aquifer flow and this is unit number 4.
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Learning objective for this particular lecture. At the end of this lecture students will be able to

solve unsteady state two dimensional groundwater flow equation using finite volume method

and specifically confined aquifer flow.
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We have seen that from finite difference formulation we have hx which is one dimensional,

then we have solved the equation for xy, then we have introduced the time component in

formulation. So starting from 1D then 2D in space, then 2D in space and 1D in time we have

formulated  using  finite  difference  formulation.  So  again  that  is  one  kind  of  Eulerian

approach. So starting from our hydraulic system we have mathematically conceptualized the

problem in terms of governing equation.

Then for 1D case we have utilised boundary condition, for 2D case we have utilised both the

boundary condition on four sides for a two dimensional system and this h xyt problem which

is having one temporal dimension, that is two dimensional space and one dimensional time,

we have  utilised  initial  condition,  boundary  condition  both.  And in  this  finite  difference

approach we have utilised this structured grid for all the problems. This is problem number 1,

2 and 3.
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So now we will try to utilise the concept of finite volume to discretize the same equation but

we will try to see what are the differences exists in the solution process. So discretization

obviously up to this we can utilise the same governing equation. Discretization wise if we

consider finite difference method then we need to consider certain number of grid points or

node points. But in case of our finite volume approach we need to consider this cell thing. So,

one dimensional cell will look similar to this.
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But if we have two dimensional case then cell will be similar to this where this will be del y

dimension, on this side this will be del x dimension for the cell. And we will try to utilise the

self centred value for our problem.
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For case of algebraic form again we will try to utilise linear equation because our problem is

linear in nature.
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Problem definition, this is the same problem we have defined for our steady state case and we

have utilised the transient case to solve the steady state problem. Obviously in transient case



we have utilised the time stepping approach and for the consecutive time step if there is not

much change in the h value then we can get equivalent steady state solution from the transient

approach. So this approach is called as Quasi steady state approach.
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So in our case we have left hand boundary as specified boundary, right hand boundary as

specified boundary and this point values are specified at the point A, B, C, D for these four

points. And the bottom and the top boundaries, these boundaries are impermeable boundaries.

Now  we  will  try  to  see  how  we  can  discretize  the  same  problem  using  finite  volume

approach.
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So this is again the same governing equation. Two dimensional in space IBVP that is initial

boundary  value  problem  and  this  equation  is  valid  for  homogeneous  isotropic  confined

aquifer condition. So in this case S is storativity and our T is transmissivity.
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So let us see how we can discretize it. This equation is subject to initial condition which is an

initial distribution in the aquifer. If we have transient problem then we need to exactly specify

the actual initial condition in the field. But if we are solving steady state problem then we can

start with any arbitrary initial guess for the steady state condition. However if the guess value

is close to the actual solution then the number of iteration required will be relatively small.
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Then comes this boundary condition. Left hand boundary obviously h1 which is varying on

the left  side,  this  is  Dirichlet  boundary on the right side,  this  is  Neumann which is  zero

Neumann. That means no flow boundary conditions on top and bottom.
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This is a domain discretization. In case of our finite difference approach we have considered

this point as central point and we have utilised the surrounding nodes for discretization of

space and time derivative. And this is for spatial derivative if we consider another dimension

which is for time then we can consider the time discretization.
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So but as we can see that blue dots are placed at the cell centres which is rectangular in

nature. So these are individual cells. So based on self centred values we will try to solve this

finite volume problem.
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Now there  can  be  different  type  of  cells.  maybe this  particular  cell  which  is  having all

neighbouring cells present. This is the self centred for neighbouring cells.
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So on the northern side this is the cell and this is on the southern side and this is on the

western side and this is on the eastern side of the central cell which is the cell P.
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Now if we consider our left boundary and which is very close to our left boundary. So this is

a cell with black dots, the cells which are adjacent to the boundary.
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Now on the left boundary interestingly in this case there is no west cell present. obviously

this is northern cell,  this is eastern one, this is southern one. But there is no western cell

present here.
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And similarly on the right hand side we do not have any eastern cell. So on this side this is

northern, this is western, this is southern cell. So these are two different conditions on left

boundary and right boundary.
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Now if we consider the situation for the top boundary again we have no northern boundary

present for this case. If this is the central cell then we have western, eastern and southern

cells. On the bottom if this is the central cell then we have western, eastern and northern cell

present. But no southern cell present here.
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Another situation that is very much important for this case if we consider our corner points.

For corner points, corner points are represented with red dots. Now if this is the central cell

then we have eastern cell present and northern cell.  There is no western or southern cell

present in this case. So on this boundary also we have western, northern. But no eastern and

no  southern  cell  present  there.  This  is  for  northwest  boundary,  this  is  northeast,  this  is

southeast and south west.
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So in this case we have only southern and western boundary. No eastern and no northern

boundary. Similarly for this case we have southern and eastern boundary cells presents but no



northern or western cell present in this case. So all total considering four corner points plus

four boundary points, this is for CP corner points, BPR boundary points plus 1 for IP or

interior point.

So total 9 cases or 9 situations maybe there for solving this finite volume problem.
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Now from our lecture 15 if we see the discretization of this problem then simply we can

discretize this  temporal term like this. So obviously no del t will  be there.  Del t  will  be

coming from the right hand side. This is simple eastern and western cases. Ideally speaking

we have this kind of formulation on the right hand side and the left hand side we have dS by

dT del h by del t.
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Now we can represent it with del h by del t and del dot this one. So now for this one we can

apply the integration over spatial domain and temporal one t plus del t. And we can apply the

same integration in this case t to t plus del t and from this one and obviously this d terms will

be there. D omega and dt. In this case also d omega dt terms will be there on the right hand

side.
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So from this one this left hand side is very much clear. On the right hand side what we are

getting? We are getting first order derivatives. We have four faces. One is northern, one is

eastern, one is southern, another one is western.
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Now we will consider that area is always outward positive. So if area is always outward

positive then area on this face is nothing but del y into i, on this face this is minus del y into i,

on this face this is del x into j, on this face it is del x into j.
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Now  if  we  consider  that  this  divergence  or  Gauss  divergence  theorem  so  this  will  be

multiplied with area vector or surface vector for this case. This is face. F can be eastern or

northern, southern, western.
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Now if we consider del h, del h we can represent it as del h by del x into i plus del h by del y

into j.
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So if we take this del h dot dA for eastern face so this is nothing but del y multiplied here into

del h by del x.
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So only this term will be there. On western face we are multiplying with minus del y and we

are multiplying it with delta h dot dA vector and F. So obviously in this case we will get a

negative component. So that is why we have del h by del x e L plus 1 and del h by del x L

plus 1 w.
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Now the scheme is explicit or implicit that depends on time index. Now in this case I have

considered that the time index is L plus 1. So obviously if you are considering L plus 1 level

we are considering the implicit discretization in this case. In the northern side similarly we

have del x j. J, ij these are unit vectors in x and y directions. So obviously we will get positive

valued component multiplied with del x in case of northern boundary. Del h by del y L plus 1

n into del x, this is for more than one.
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And for southern boundary,  so this  is for northern and southern we will  get this  and for

eastern and western we are getting these two components.
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So in this case we have discretized the right hand side thing and we can get the discretized

form of that in terms of derivatives. Now we need to see how we can discretize it.
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Time discretization is straight forward. It is starting from L to L plus 1. L corresponds to t. L

plus 1 means we are considering t plus delta t time level.
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Now with this discretization which is our first level discretization using finite volume method

we can use our knowledge from finite difference to discretize individual derivatives on the

eastern, western, northern and southern sides.
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Now this is  our northern side,  this  is  southern,  this  is  eastern,  this  is  western.  So let  us

consider the neighbouring cells. So we have all neighbouring cells for governing equation.

Because governing equation is applicable for interior cells. So in this case this is the central

one, this is western, eastern, northern, southern. So this is cell P, this is E, this is west, this is

north, this is south.
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Now if we want any discretization of the eastern face, this is northern, this is southern, this is

western. If you want any discretization on the eastern face we should consider P and E. So del

h by del x from our knowledge of finite difference we can say that hE minus hP divided by

del x. Del x is the distance between the central nodes E and P.
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Del h by del x at western face. Western face we should consider point P and point W. So hP

minus W divided by del x. Del h by del y at northern face. Northern face we should consider

this P and N. So hN minus hP, this one.
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On the southern face del h by del y this is hP minus hS. So we should consider this h P and S

for southern boundary.
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Now we have got information regarding the face values of these derivatives. I should say

these are face values because at face these derivatives are defined. So individually we have

calculated the discretized form of the derivatives. Now you can utilise these derivatives to

from the final governing equation.
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So if  we substitute those derivatives then we will  get  this  form of discretization.  This is

similar to our finite difference formulation. In finite difference formulation we have seen that

for ij point we have i plus 1j, this is i minus 1j, this is ij minus 1, this is ij plus 1. Now in case

of our finite volume we are considering this one as eastern, this one as western, this one as

northern, this one as southern cell.
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So our cell centre. Now this discretization is equivalent to over finite difference formulation.

Now if we further simplify it using these two parameters. Let us say that alpha x can be

defined in terms of T delta t divided by S delta x square and alpha y is T delta t divided by S



delta y square. Now with these two if we transfer all unknown quantities on the left hand side

we will get hP, hE, hN, hW, hS because all are having L plus 1 as index for time component.
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So  we  have  hS,  hW these  components.  On  the  right  hand  side  we  have  some  known

quantities. In this particular problem we do not have any pumping or injection component.

That is why I have not considered the W here which is usual source sink term.
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Now this is the discretized form of the governing equation.
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Now we need to see how we can discretize our boundary points? So if you consider this as

left, left boundary we have northern, eastern, and southern cells present but no western cell.
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Then we need to calculate this value at western face. So western face if we consider the

derivative del h by del x, so we should use three point calculation. That means the value

which is h BW at face only. Then P, E. So these three points are utilised for calculation of

derivative which is at the western face.
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Otherwise the eastern, northern and southern faces we have same discretization as we have

utilised for our interior points.

(Refer Slide Time: 31:29)

Now if I consider this western boundary then I have this information that at western this is at

P, this is at E. So this is the point where I need to calculate the derivative. So i, i plus half

because distance between these two is del x by 2. So i plus half and this distance is again del

x. So del x plus del x by 2, this is 3 by 2.
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Now if I consider the situation where hi, I am writing it as hi only. Hi plus half, this is hi plus.

We need to consider this del h by del x because another side I am not writing the index for the

j. So del h by del x, this is evaluated at i and we need to multiply this del x by 2 thing.
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Plus there will be del 2 h del x by 2, this is again calculated at ith point and this del x by 2

square plus some terms will be there.
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Then i plus 3 by 2, this is a hi plus del h by del x i. This is 3 delta x by 2 plus this is del 2 h by

del x2 evaluated at i point this is 3 del x by 2 square and there will be 1 by factorial 2 in this

case.
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So now what I will do, I will multiply alpha with the first one, beta with the second one and

gamma with the third one. So if I multiply alpha, beta, gamma with the first, second and third

equation so the first term that is coefficient of hi that will be alpha plus beta plus gamma.

This should be zero because we do not need this hi on the right hand side. But we need this

del x by 2 because del h by del x at i, this component is required.
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So we need beta into del x by 2 plus gamma into 3 del x by 2 and this should be 1 because

coefficient of del h by del x this should be 1.
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And  third  one  which  is  important  because  we  have  three  unknowns  so  we  need  three

equations. Now will consider the third term here.
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So ideally speaking in this case we will get third equation which is beta into del x square by 4

plus this is gamma into 9 del x square by 4. 1 by factorial 2 that will be there but we can

multiply it. This should be zero.
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Now we have reduced the problem to these three equations. Now in this case we need to

solve  these  three  equations.  So  if  we  solve  these  three  equations  we  will  get  these

components because this is h at W this is nothing but we have h BW. Then at P we have h P

and at E we have hE. So alpha multiplied with BW, beta multiplied with hP and gamma

multiplied with hE and we need to add this.
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So we will get the discretization for del h by del x at west face for this problem. So for left

boundary we have defined everything because we cannot directly utilise the face value on the

western boundary directly here. So we will indirectly utilise this derivative or this h value

which is available at this level.
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Now if we see the discretization we need to change only west face. This one needs spatial

treatment. So I have changed this value here.
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Now h BW L plus 1, this is specified value. Obviously this should be transferred to the right

hand side.  So in  this  case we are  getting again  hS.  In this  case we are  also getting the

components which are directly coming from alpha x and alpha y. Because alpha x in our case

this is defined as del t divided by S del x square and alpha y this is defined as del t S del y

square.
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Now if we simplify this we do not have west face. So that is why no w component here. W

component is zero. Now we need to see what is this hP? One hP is coming here, so this 1 is

for this hP.
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Another one which will come here that is 2 alpha y that will come from this second del y

square term. Then we will have this alpha x into 4y. That will be coming from here because

this is 3 and that will be 4 if we add. This is 3 and this is 4.
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So this is okay. And 4 by 3 alpha x hE because we have extra emphasis on hE component so

this is there. And alpha y into hN again it is coming from here.
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And we need to transfer this term to the right hand side because it is a known component. So

8 by 3 alpha x h BW, I have transferred it on the right hand side.
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Now on the left hand side we have all unknown terms except hW L plus 1. We do not have

any component hW L plus 1 for left boundary.
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Now if we have right boundary similar to this we can again define the problem. We can

define it as i, this one as i minus half and this one at i minus 3 by 2. This is corresponding to

E, this P, this is W. and the corresponding values this is BE, this is hP, this is hW. So with this

information we can discretize the first order derivative of h with respect to x at the face E

using these three points, eastern face value, self centred point P and self centered point W.
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And other derivatives are similar to our interior points. Now in this case I have changed only

the eastern face value because we are considering right boundary. In right boundary we need

to change this eastern face thing.
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Now if we change this eastern face derivative with spatial terms that we have utilised for

derivation. Now in this case we are getting hS, hW, spatial emphasis on W, hP and alpha y.

But there is no eastern term E L plus 1 in this case. Obviously we need to transfer this first

term which is specified term and we need to transfer it to the right hand side. And this is our

right hand side which is again specified boundary condition.
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Now if we see the similar thing for top boundary, so top boundary there is no northern cell.

But in this case the situation is different because this boundary is impermeable boundary.

Obviously del h by del y is zero.
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In case of our left hand and right hand boundary we have not considered this term as zero but

in this case we have a zero Neumann condition. And other derivatives are same but again h

BN value we can write in terms of hP and hS. So we need to utilise this zero value in our

formulation.  But  this  expression will  be required for  calculation  of  boundary value after

calculation of all  internal self  centred values from our solution process because we need

complete information at boundary also.

So to get this green cross value or boundary value which is h BN, we cannot get this h BN or

this value is not specified.
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So after getting hP and hS we can calculate h BN based on this secondary condition which is

zero. So from this condition we can get the value but that is after the solution process.
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Now approach is  same.  In  this  case  we have  used  northern  boundary  as  zero.  We have

directly specified as zero. Now corresponding equation we can get there is no hN L plus 1

term. In this case hW, hS, hP is there but we do not need to transfer any spatial term on the

right hand side.
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Now this is (bo) bottom boundary condition. Bottom boundary condition again we can write

this zero condition and for other faces we have same condition like (con) interior conditions.
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Now in this case we have put this as zero because this is zero. We do not have S term.

Western, P, eastern, northern and the right hand side again specified term is there.
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Now spatial treatment for northwest corner. So northwest corner, now we need to combine

the impermeable boundary condition and specified boundary condition because northern side

you have impermeable boundary condition, on the western side we have specified boundary



condition. So western side we can directly utilise this derivative that we have derived for our

left boundary or western boundary. And on the right hand side we can directly use this zero

value.
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So if you directly use these values, this is for western boundary, this is for northern boundary,

so we can get the corresponding equation. But in this case there will be no hN L plus 1 term

and hS or hW L plus 1 term, hN L plus 1 term. So there will be no such term in this case.
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Now if  we  discretize  our  northeast  corner,  northeast  corner  or  top  side  is  impermeable

boundary, eastern side we have specified boundary. So this is for specified boundary, this is

for again northern boundary which is zero boundary.
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Now we can use the same concept here. This is for eastern boundary, this is for northern

boundary and we can get the corresponding equation here.
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And in this case we can get the equation. So another one is southeast corner, southeast corner

this is impermeable, this is specified.
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So obviously we can get the boundaries which is, this is specified, this is zero boundary.
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So corresponding to that  we can get  the governing equation.  This  is  specified boundary,

eastern face and southern boundary we have zero boundary condition. So this is again our

condition.
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Now on southwest corner, southwest corner this is zero. Southern boundary impermeable,

this is specified. So specified and zero boundary conditions. We can directly use this concept.
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So this is for western and this is for southern. So we will get corresponding equation here.
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Now  in  general  format  we  can  write  this  equation  including  the  boundary  condition.

Obviously a particular term, let us say W is not present. Then we will write aW is equal to

zero and coefficient is zero in this case. So we have this thing. On the left hand side we have

this penta diagonal structure. On the right hand side we have known quantity.
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So we can solve this using our Gauss Seidel iterative technique. In Gauss Seidel iterative

technique we can calculate this hP L plus 1 at P which is equals to hP L plus 1, this is at P

minus 1 plus omega into residual which is right hand side minus left hand side divided by ap.



Now based on this calculation we can iterate and we can get the solution for a particular time

level.
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So we will have time level and within space level, within at particular time we need to iterate

using Gauss Seidel iterative technique and we can formulate it using unsteady or we can

solve  it  using  this  Gauss  Seidel  approach.  Unsteady  2D finite  volume confined  implicit

iterative dot SCI. So this is for confined aquifer using finite volume, 2D in space, unsteady,

implicit and iterative technique.
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Now let us see how can we solve it using our scilab because we are coding everything in

scilab. So let us open it. Okay, open file. So we can start our thing with this one. So in this

case we have this code. So first line starts with clc clear. So clc is clear console, then clear in

the variables. M node is nodes in x direction. So we can get number of cells. So obviously

number of cells will be one number less than the number of nodes, so m node minus 1.

N node 21.  Ncell,  cell  on  y  direction  that  is  n  node minus  1.  Lx  is  300,  Ly 300,  time

maximum is 5. We can write it as 50 also because we are solving steady state problem. So

that is not important. HA this 90, hB 89, hC 85, hD 87, epsilon max 1 into 10 to the power

minus 3, this is required for Gauss Seidel. S is 5 into 10 to the power minus 5, T is 200,

omega this is for Gauss Seidel, we can use as 1. So delta x, obviously this should be mesh

size or cell size, Lx divided by m node minus 1. And delta y, this is Ly divided by n node

minus 1.
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Now we can run this x which is our total covered our covered coordinate. This is running

from del x by 2 because self centered on the x direction that is starting from del x by 2. And

on the other side it is starting from del y by 2. So this is del y by 2 and with del y or delta y as

distance between two points we can calculate everything. So that will be running from delta x

by 2 to Lx minus delta x by 2 and Ly minus delta y by 2. And delta t is point 5.
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Now alpha x we can calculate, alpha y we can calculate. HAm, hAm should be modified

because hA and hB, these two are defined at self centres or corners.
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Now in this case these are defined at corners hA, hB. So hA, hB, hC, hD these four points are

actually define for our interior case because hA is defined at corner. So we need to consider

the intermediate value here. So hA is basically modified value here, hB is modified value

here, again hC is a modified value here, hD is a modified value here.
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Now with this we can proceed and we need to start this time loop. So obviously if we use this

time loop, time loop start with t is less than time max. T equals to t plus delta t.  We are

advancing in time. So let us start with t equals to zero.
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Now count and rmse, these two are zero for space loop and space loop is Gauss Seidel loop.

If rmse is greater than epsilon max, we should iterate. And rmse equals to zero. So ncell to

mcell, this is for internal nodes. We need to write these coefficient of aS, aW, aP, aE, aN and

rP on the right hand side.
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So we can calculate the residual. Now based on this and nodes A or cell A, this is not node

directly, this is cell A. We need to consider which is on the northwest corner. Again there is

no aW term and aN term.
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For cell B we have no southern term or southern cell or western cell. We can define aP, aE, 



aN and aS is zero, aE is zero for C at cell which is corner cell which is near to the C point.
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And corner cell which is near to D point, this is aE, aN. Now on the left hand boundary we

have  the  specified  hvl  which  is  left  hand  value  on  the  left  hand  boundary  which  is

intermediate value between A and B and rP. And this is the residual value.
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And the right hand side we have right hand boundary condition. Again we do not have E in

this case.
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Then Neumann bottom boundary we do not have S.
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Then we have this  boundary which is top boundary condition.  This is aS but there is no

northern boundary on top boundary.
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And finally we can update this hn equals to hn. We are storing the same value in the same

matrix because we can get the updated value. Residual by aP and rmse equals to omega, we

can calculate rmse. And outside we can calculate rmse divided by mcell into ncell.
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So these are the number of cells required. Now this is outside rmse which is required for or

time calculation because within a time if things are not advancing then we can skip and we

can calculate the thing. That means the steady state value.
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And for boundary condition we need to consider two more cells because boundaries are not

included. So mcell plus 2 and ncell plus 2. That means on both side we need to consider

points so that we can include the boundary. So for internal cells we can directly transfer the

internal values.
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For external or for h data at corner we can transfer the values and left boundary and right

boundary we can transfer by interpolating the specified values. And the bottom boundary we

can calculate from our derivatives available.





(Refer Slide Time: 01:04:04)

Now if we run it again we will get solution. Obviously we need a number of iterations. And

again we are getting the solution which is consistent with our finite difference method. For

corners we are getting the values and this is the finite volume discretization. 
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So we have got this same kind of results like our finite volume discretization. But in this case

we  have  used  the  cell  concept.  And  now in  the  next  class  we  will  try  to  consider  our

unconfined aquifer system flow. Thank you.


