Computational Hydraulics
Professor Anirban Dhar
Department of Civil Engineering
Indian Institute of Technology Kharagpur
Lecture 33
Unsteady Two-Dimensional Flow using Finite Difference Method

Welcome to this lecture number 33 of the course computational hydraulics. We are in module
3, groundwater hydraulics. And in this particular unit I will be covering unsteady two

dimensional flow using finite difference method.
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In our previous two lecture classes also we have covered this finite difference approach. But
in lecture number 31 I have covered one dimensional flow, steady flow. And lecture number
32 also I have covered steady two dimensional groundwater flow in confined aquifer system
with homogeneous and isotropic condition. In this module also I will be covering the two
dimensional groundwater flow with homogeneous isotropic condition. But it will be unsteady

in nature.

So learning objective, at the end of this unit students will be able to solve unsteady state two

dimensional groundwater flow equation using finite difference method.
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Again let us see our structure. This is problem definition. Again in problem definition for our
lecture 1 to lecture 2 we have considered xy. And now in this lecture we will be considering it

is a function of time. So everything depends on the conceptualization.
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Whether you are considering it as a steady one dimensional, steady two dimensional or
unsteady two dimensional or unsteady three dimensional system. But in this case I will show
only two dimensional case. That will be much easier to understand. So in this case let us see

what will be our approach for this solution.
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Problem definition, like our steady state problem this is the case where I want to utilise the

time dependent formulation for our steady state problem. So if we say that the equation is S

by T, del h by del t and this is del 2 h, this is essentially 2D or homogeneous isotropic

confined aquifer flow system if we consider h as a function of x, y and t only. But again we

can utilise this framework for solving our steady state problem.
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(Fo) We can start with any arbitrary value or arbitrary initial value and we can go up to

certain time and check whether the variation is still there. Obviously for a steady state

problem if you utilise unsteady state framework, you should get the same result. Essentially



what will happen? This del h by del t term, this will become very close to zero and we can

solve this problem.
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So to solve this problem we need certain parameters. So obviously these are the impermeable
boundaries, specified boundaries and specified point head values. Now for our problem this is
two dimensional unsteady problem and in this case S value is 5 into 10 to the power minus 5.
T is let us say 200 metres square per day which is transitivity and SS storativity of the

system.
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These are actually initial boundary condition. Initially we need to specify the variation of h
within the system. This is not the function of t but this is at zero time level. We need to

specify the value.
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This is the domain discretization. You already know from your previous lecture class is that if
this is the discretization approach with del x and del y, so we can utilise our finite difference
framework. Obviously end points are important. End points either you consider it specified

boundary or a Neumann boundary. Depending on that we need to specify the values.
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Explicit time scheme, you already know from your previous lectures that in explicit
discretization we consider only one or central point in time from future and for other points
we consider this i minus 1 j, ij minusl, ij plus 1, i plus 1j points there to solve this explicit

problem.
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So our from lecture number 10 we can get this discretized finite difference equation. So in
this case S by T is constant multiplied here. And in explicit approach obviously your space
derivatives are evaluated at the present time level which is the nth level. And only time

derivative that includes the future and present time levels.
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So this is your future time level, this is present, present, present, present. So all values we

need to use the present time level.
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If we simplify this one, what we can do? We can write it by transferring all known values on
the right hand side. So left hand side, this is unknown at the future time level. Other values h
ij minus 1, i minus 1j, ij, i plus 1j, ij plus 1, these values are known values. So obviously in
this case we need to define this alpha x and alpha y. In our previous case that was 1 by del x
square and 1 by del y square. But we need to multiply T and S here. So T delta t by S delta x
square and this is T delta t by S delta y square.
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From Lecture 10, the discretized finite difference equation can be written as,
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If we see our Neumann boundary condition, Neumann boundary condition we need to write it

like this. Why? Because all values we need to evaluate at the future time level.
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If we see our bottom boundary, this is same.
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Now standard steps for explicit time stepping algorithm, we need to define (del) S, T, del x,
del y, del t, hn at time step n. That means at every time step we should have value available.

But initially when n equals to zero that is the initial condition. Then what is the expectation



from this algorithm? Updated value of n plus 1 level. For standard explicit algorithm we will

have one time step. This is our time stepping and within that we will have interior points.
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So in case of explicit algorithm first we need to solve the thing for interior points then we will
apply the boundary conditions. So first we will solve it for interior points and then with all

known values of the interior points we can calculate the boundary point values.
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That is why in our previous case where we have this Neumann boundary condition for top

and bottom, these values are actually internal values or values for interior nodes. So after



calculation from the interior nodes I can directly transfer the values to boundary nodes. So

that is why it is written in this form.
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So now we can proceed towards the programming thing. And interesting point is that we need

to satisfy the stability criteria. We know that explicit scheme is conditionally stable. So

obviously, alpha x and alpha y should be less than half. That we have seen from our stability

analysis steps.
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So if we open our source code which is again from scilab. Okay this is unsteady explicit. And

unsteady explicit, let us start the problem with clc and clear. That means clearing console and

clearing variables. M node is the number of nodes in x direction, n node is the number of

nodes in the y direction. Lx, Ly, T max let us say time maximum is 5 units here, 5 days



maybe. This is hA equals to 90, 89, 85, 87. Epsilon max, this is required for the convergence

of the space loop.
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Delta x, delta y, let us say delta t equals to point 5. We are assuming the delta t value. Then
we have to again recalculate it based on alpha x and alpha y value. Okay. Initially I have
calculated this delta t equals to point 5. Now alpha x can be calculated like this, alpha x and

alpha y based on our definition. So s alpha or sum alpha is alpha x plus alpha y.

Ideally this (alph) s alpha, if this (alph) s alpha is greater than point 5, I should reduce this
delta t value so that we can solve this problem. This criterion should be satisfied otherwise we

cannot solve this explicit problem.
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4 [alphax= (T*delta_t)/ (S*delta_x~2)1 /
5|alphay= (T*delta _t)/ (S*delta_y~2)) /
26
27|salpha~alphax+alphays /
28
29|while salpha
30 delta_t-delta_t 1
31 alphax~ (T*delta_t) / (S*delta_x 2}y
32 alphay= (T*delta_t)/ (S*delta_y~2) J
13 salpha=alphax+alphay)
34 [ond
15
16
37 |ho=hat (mnoda, nnode) ;
38{hn (mnode, nnode) ;
19
40(for 3=1:nnode
41
42 ho (1,9) =hB+ (hA-hB) * (3-1) * (delta_y/Ly) ;
43
4 ho (mnode, 1) “hC+ (hD-KE) * (3-1) * (delta_y/Ly) s
45)end
46
47|count '
48 |rmse-1;
49|t i
50
51 (while t Time_max
5 tet+delta ti {
B L

——

So if delta t equals to delta t by 2, then again I can calculate delta t and calculate s alpha. So
within while loop I can check and assign new delta t value based on the requirement of the

problem. It also depends on the parameter values t, s and other values.
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27|salpha-alphax+alphay |

elta_t)/ (S*delta_x~2) )
a (T*delta_t)/ (S*delta_y~2);
33 salpha=alphax+alphay;

37 |ho=hA* (mnode, nnode) J
38 |hn (mnode , nnode) /

40[for j=1:nnode
42 ho (1,3)=hB+ (hA-hB) * (3-1) * (delta_y/Ly) s

44 ho (mnode, §) “hC+ (AD-hC) * (1-1) * (delta_y/Ly) !
45|end

47|count '
48 |xmse=1/
49|t=0s

s1{while t < Time_max
tet+delta_ts

P

;
—_

So initialisation this ho is the old time level, hn this is a new time level. Ho, let us say we are
starting with the value 90 because we are solving that steady state problem again with the
unsteady state framework. So boundary condition, we need to initially specify the boundary

condition. Ho or initial case or left and right boundaries I have specified, this specified

boundary conditions here.
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42 ho (1, 4) =hB+ (hA-hB) * (3-1) * (delta_y/Ly) /
—————

44 ho (mnode, 1) =hC+ (hD-hC) * (§-1) * (delta_y/Ly) s

57 i & 1 < mnode) then
& § < nnode) then
59 hn (4,9)=alphay*ho (1,9-1) +alphax*ho (1-1,9) + (1-2* (alphax+alphay)) *ho (i,9) +alphax

1phay*ho (1,9+1) 1

60
61

63 end
64
65

Now if I see my general format I have count, rmse equals to 1, t equals to zero here. Now in
this case we need to do certain things. First is our time loop, this while t less than t max. We
have specified that t max value and we are starting from t equals to zero point. Obviously
then the program will be executed within this while loop, t equals to t plus delta t. So this is

the updated time level.
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9

0|tor j=1:nnode

1

42 ho(1,9) =hB+ (hA-hB) * (§-1) * (delta_y/Ly) 1

44 ho (mnode, §) =hC+ (hD-hC) * (§-1) * (delta_y/Ly) ¢

48|rmse=1;

49[t=0 P

while t < Time_max
et de]ta 1/

for j=l:nnode
56 for i=1:mnode

57 ir « 4 < mnode
58 irg £
59 hn (4,9) =l
lphay*ho(i,§+1) 2

,4)+(1-2* (alphax+alphay) ) *ho (1,9) +alphax*ho (1+1,9) +a

Now in this case first we need to solve the thing for interior nodes. So j starting from 1 to n

node, i m node, i greater than 1, i less than m node. So for all interior points we can solve



using our standard explicit equation. In this case hn is the new time level value, ho which is

specified on the right hand side, all old time level values.
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) +alphax*ho (i-1,9)+( * (alphax+alphay)) *ho (i, 3) +alphax*ho (1+1,9) +a
-_— -

67 for i=1:mnode
69 ir & j==nnode) then hn(i,3)=hAs end
7 if. (4 & J==1) then hn(i,3)=hBs end

73 if (1=~ mhode & j==1) then hn(i,})=hcs end

& j==nnode) then hn(i,3)=hD; end

79 i « § < nnode) then
80 hn (4, 9) =hB4 (hA-hB) * (3-1) * (delta_y/Ly) s

Now after getting these values we need to update the things. Boundary nodes, these are
specified. We should not worry about the boundary nodes because boundary nodes are
specified values. So for point A, point B, point C, point D we can directly specify. Again for
left boundary, right boundary we can directly specify the things. So for left boundary, right

boundary, including the end points I have specified the values.
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6 for j=1:nnode

U for 4 mnode

o
9 {f (1==1 & j==nnagw) then hn(i,§)=hAs ena

70 7

1 ir & 3==1) then hn(i,3)=hB; end

72 /

73 if (1== mnode & } hen hn(4,9)=hCy end
14 /

75 if (i==mnode & j==nnode) then hn (i s end
76

77

78 Lr (1 ) then

79 irq & § < nnode) then
80 hn (1,9)=hB+ (hA-hB) * (§-1) * (delta_y/Ly) 1
[T and

= — "

84 Lf (4 == mnode) then
85 i & § < nnode) then
86 hin (4, ) =hC+ (hD-hC) * (§-1) * (dedta_y/Ly) s

91 ird & 1 < mnode) then

93 hn(d,3)=(a*hn (4, 3+1) ~hn (4, 34200 /3y

a8 ir (4 & i mnode) then



With this we need to specify the things for Neumann boundary condition. So Neumann
boundary condition, in this case this is bottom boundary. So for bottom boundary we can

directly write our three point case and we can update the solutions.
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75 if (i==mnode & j==nnode) then hn(i,3)=hD; en:
76
&

P ifd ) then
79 ir () & § < nnode) then

80 hn (4, 9) =hB+ (hA-hB) * (3-1) * (delta_y/Ly) 1

93 hn (4, §)=(4*hn (4, 341) =hn (4, 342)) /3

100 hn (L, 3)=(4%hn (4, 3-1) -hn (4, 3-2)) /3

In this case where we have used our interior points we can see that on the left hand side we
have n which is future time level value and ho which is previous time level value on the right

hand side.
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48 |rmse=];

49 [t=07

51 (while t Time_max
tetedelta_ts

r §=1:nnode

56 for i=1:mnode

57 il ¢ 1 < mnode) then

58 ir () “ 3 nnode) then

59 hn (i, 3)=alphay*ho (i,3-1)+alphax*ho (i-1,§)+( * (alphax+alphay) ) *ho (i,) valphaxgpio (4+1,4) +
alphay*ho(i,§+1); - -

60 ond E—

61 ond

62
63 end

67 for i=1:mnode
68
69 it d & j==nnode) then hn(i,})=hAs end
70
71 ir d & 3==1) then hn(i,3)=hB; end

73 if (i== mnode & j then hn(i,3)=hcs end
7% if (i=-mnode & j==nnode) then hn(i,)=hD; en
76
L
78 ird ) then

9 £ & 3 < nnode) then




But in case of boundary conditions we are specifying both new time level values here on both
sides. That means based on the new time level values only we are calculating the updated

values.
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] ir ) then

b9 £ & } < nnode) then

0 hn(4,9) =hB+ (hA-hB) * (§-1) * (delta_y/Ly) s
1 end

L] ifdl mnode) then

8% i1y ¢ § < nnode) then

06 hn(4,9) =hC+ (hD-hC) * (3-1) * (delta_y/Ly) 1
ond

90 if(J==1) then
91 i1 (4 ¢ & < mnode) then

93 hn (4, 3)=(4*hn (1, 3+1) -hn (4, 3+2)) /%
94 o -— —

97 if (J==nnode) then
98 i ¢ i < mnode) then

100 hn(d, J)=(a*hn(d,3-1)~hn(d, 3-20) /%
==

101 ond - -,
end

106 r j=1:nnode
107 for i=1:mnode

rmse~rmse+ (hn (1, §) -ho(1,9)) . ~2r
109 ho (4, 9)=hn (4, 4) 1

\ IR r‘- 4

—

So obviously after getting all information about the future time level we can calculate the
rmse for that one. So rmse equals to zero and rmse equals to rmse h new minus h old square.
That means I am checking whether the previous time level value and future time level value,
both are same or not. That means for a steady state problem if you are utilising unsteady state

framework, these two values should be same and you should get rmse value close to zero.

(Refer Slide Time: 19:39)

93 hn (i, 9)=(a*hn (4, 3+1) -hn(d,3+2)) /0

97 if (J==nnode) then
98 £ (4 & 4 < mnode) then

99
100 hn(4,9)=(a*hn (4, 3-1) -hn (4, 9-2)) /3

112 rmse (rmse/ (mnode*nnode) ) §

114 ([t rmse))

But this step will not be required for our time dependent problems. Time dependent problems
only this specification n, n plus 1. What it means? That whatever value is available for nth or

future time level, that will transfer to h not or ho.
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93 hn (4, 3)=(4*hn (L, 3+1) ~hn(d, J+200 /5
94 ond
95 end

97 if (J==nnode) then
98 i1 (4 ¢ i < mnode) then

100 hn (4, 3)=(4*hn (4, 3=1) =hn (4, 3-2)) /%

107 f i mnode

108 rmsa=rmse+ (oL, §) -nold,3)) "2, %

109 ho (du4) =pn (ie ) m‘—n f
g el

111 end h

112 rmae (rmse/ (mnode*nnode) ) 7 * “
{1t mmsel) N

.

So this means that for the next time level when we will be calculating the next time level
value then this n plus 1 level value will be the present time level value for the next step. So

that is why we need to transfer these values.
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93 hn (i, 3)=(a*hn (4, 3+1)~hn (i, J+20) /0
94 and
95 end

97 if (J==nnode) then
98 ir(d ¢ i < mnode) then

100 hn (4, 3)=(4*hn (1, 3=1) =hn (4, 3-2)1 /2

108 rmae=07, -
106 for j=1:nnode

107 for i mnode
108 rmse=rmset (h 13)-hald, 9)) . A2,
109 no (dy ) = (L) ¢ -f m —

110 end

111 ond -
112 rmae (rmse/ (mnode*nnode) ) 7 *
([t rmsel)

'
123 [plot ([ 1ol 1y
124 |plot.(( e 1.

And this is rmse calculation. We can directly specify rmse and t. And for steady state
problem, condition for steady state, I have clearly mentioned this. This is not required for
temporal problems. If you have a time dependent problem, obviously you can avoid this

steps. You don't need to calculate rmse here. And finally if this rmse is less than epsilon max



which is the specified range or which is the specified value for rmse below which your rmse

value should be, we should break. Break means it will come out of this while loop.
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hn(d, )= a*hn (4, 3+1) ~hnd, J+20) /34
o5 end

97 if (J==nnode) then
98 £ & i < mnode) then

100 hn(d, ) =a*hn(d, 3=1) =hn(d,3-2)) /34

107 for 1 mnode

108 rmse=rmse+ thn (4, 9)-ho (4,9)) .27
109 ho(4,3) =hn%, 3) 1

110 end

112 rmae (rmse/ (mnode*nnode) ) ¢

114 ([t rmse])

>
-~
115 .
116 {f (rmse <eps_max) then ‘l
117
118 end |\

120
121 contour (x,y,hn,20)
o™

123 (plot (( ol 1y
124 (plot ([ i 1

And finally we need to draw this X, y, and hn. Hn means variation at future time level. So at
this level we have seen in explicit algorithm two things are important. We have one time
loop. Then in space loop we need to solve interior points first, then boundary points, then
only we can get the solution and finally we need to transfer this n plus 1 values to nth level so

that we can use it for future time level as previous time level value.

(Refer Slide Time: 22:09)

54
55 nnode

56 r i=1:mnode

57 ra 1 mnod then

58 if (3 & 3 < nnode) then

59 hn (1, ) =alphay*ho (1, 9-1) +alphax*ho (11, 1) + * (alphax+alphay)) *ho(4,) +alphax*ho (1+1,9)+

! & j==nnode) then hn(i,j)~hA; end

(§ “ 3 ) then hn(i,J)~hB; end

if (i== mnode & j==1) then hn(i,j)=hcs end

if (i==mnode & j==nnode) then hn(i,3)=hD; end




Now I can run it, just evaluate it. So on the left hand side you can see these are time levels, on
the right hand side we have values. Now it is interesting part is this is somewhat different
contours we are getting. But the solutions are matching because this side we have specified
with 90, this is 89, this is 89, this is 87, this is 85. So more or less again in this case dh by dy,

this is satisfied. This is dh by dy equals to zero. These two are satisfied here.
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So we can say that you have got almost a steady state solution from your unsteady state
framework. Now if we see the standard implicit algorithm. In implicit algorithm for central
point only we are using the previous time level value, ij point. For other points we can have,
this is ij plus 1, i plus 1j, this is i minus 1j, ij minus 1, ij. For these points we can get the

implicit formulation.
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From our lecture number 10 we can discretize it. And interesting point is that, these all are
future time level values. That means spatial derivatives are evaluated at future time level.

That is a basic thing for implicit discretization. That is from discretization point of view.
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From Lecture 10, the discretized finite difference equation can be written as,
e o — - -— - s
y 11 n net-1 o 1 net1 nt1 apntl nt1
g hnr h’./ I 1 .!/r,./ 1 l'zll.,, : h,./ . ..hh/ } I'r.nl
T Al Ag? Ay?

Dr. Anirban Dhar Computational Hydraulics

Now we can see what is the solution approach here? Again we can write everything in
simplified format and we can transfer this thing on the right hand side. So we will get
everything in terms of alpha y, alpha x, alpha x alpha y. And this is on the right hand side as

negative because this is there.
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In simplified form, this can be written as

1 1 v 1 1 1
agh? ¥+ aeh? s — (14 2(cw +ay)| AP + acht + oy b7 = —hT

Fa W iyJ
- o — _— =
with o, .J.Sr_\_‘,’z and oy, ,;-J;;\:,'z ,
Dr. Anirban Dhar Computational Hydraullcs

And alpha x and alpha y, these are defined like our previous explicit algorithm.
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From Lecture 10, the discretized finite difference equation can be written as,

nf 1 r n+1 n+1 n+1 I ni1 n 1
hiZy; —2hyi + Ry | hiioy —2hi " +hii

Ax? Ay?

In simplified form, this can be written as

1 1 . 1 1 1
aph? ¥l + aph? L — (14 2(cw + ay)| AP + achh + ayh? T b2,
-— @ -— —_— =
with av, L.'I.;\,'! and o, J;I'Q,
—_—
-— N
“
Dr. Anirban Dhar Computational Hydraulics

It should be noted that implicit algorithm is unconditionally stable. So we don't need that kind
of criteria we have utilised for our previous case. Now we can use our Gauss Seidel approach
to solve this one. If we use our Gauss Seidel thing, this is same, this is your right hand side

and rest of the things, this is left hand side.
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P
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The Gauss-Seidel step can be written as, m ws
emm—
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Now right hand side minus left hand side, that is the basic things for Gauss Seidel algorithm.
So we have this residual thing. So residual ij divided by the central coefficient here. So now

with this format we need to iterate.
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From Lecture 20, iteration starts with the guess value
T
f1((0) n+41((0) n41(0) n+1 (0) n+1 1(0)
het ll'l,l | L S DR [ Vi v Pl ]
The Gauss-Seidel step can be written as,

nd1)(P) _ pntl|(p=1) 1 i ntl ((p) n+1 (0
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v

=1

L+ 2(er + oy AP P 4o hZHL =D 4 o, w2t L | ”)}
In compact form
AP Al (r=1) l @ , Y@, |
| o | == e ] (i,4) p =
b /

Dr. Anirban Dhar Computational Hydraulics

So, how it is different from our previous explicit algorithm? Algorithm wise there is again
time loop but there is no space loop iteration available for explicit. Explicit is one step
method. But in case of our implicit algorithm we need to iterate on the space loop also. For

top boundary and bottom boundary, these are the conditions that we need to implement.
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Now standard steps, like our explicit algorithm we have similar kind of steps. But in this case
we need to solve this simultaneously. In our explicit algorithm we have seen that first you

need to solve the interior points then you need to update the boundary points based on interior



values. So here outside is one time loop and inside we have a space loop. This is time loop,

this is space loop. In space we need to solve this problem.
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Data: S, 7', Az, Ay, At, h" at time-step n
Result: Updated /"t at time-step n + 1
while t <end time do
or interior and boundary points: Solve governing equation and
boundary conditions in discretized form.
n 4—n -+ 1
end

Dr. Anirban Dhar Computational Hydraulics

So let us say how we can solve it using our iterative approach. So these parameters are same.
M node, n node, 300, 100, this is 5, 98, 89, 85, 87, epsilon max is 10 to the power minus 5, S

is 5 into 10 to the power minus 5, T is 200, omega is 1. We are considering Gauss Seidel here.
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8 [Time_max —
9 [ha=00y

10 [hB:

16|omaga=1;

18|delta_x~Lx/ (mnode-1)7

Ly/ (nnode-1) 7 A
delta_x:Lx7

21|y=0 delta_y: Ly,

23|delta_t

25 [alphax= (T*delta_t)/ (S*delta_x"2)1
26|alphay= (T*delta_t)/ (S*delta_y"2);

30 |ho=ha* (mnode, nnode) J
31 |hn=ha* (mnode, nnode) ;




Calculative parameter values delta x, x, delta t again we don't need any update for delta t
values. We can directly specify because we don't need to satisfy any condition here. So we

can avoid that step.
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L VAN

1l

mnode: !
%5 [nnode /]
6 |Lx I
7 Ly ;
o [Time_max
9 [hA I
10 |hB:
11 |h¢ ]
12|hD ']
13|eps_max
14[s=50-5,
15(T 7
16|omegas=1;
17

18|delta_x~Lx/ (mnode-1)7
19|delta_y=Ly/ (nnode-1} s
20(x=0:delta_x:Lxs
21|y=0:delta_y:Lys

o 2

25 [alphax= (T*delta_t)/ (§*delta_x"2)y
26 |alphay= (T*delta_t)/ (S*delta_y~2)1

30 [ho=hA* (mnode, nnode) /
31 [hn=hA* (mnodae, nnoda) ;

33[tor §=1:nnode

Now initialization, ho and hn we can initialise.

condition. And there starts the time loop.
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wnateady_20_onphitna (]| o

tomy
21[y-0 delta_y Ly’

TR vt
3[delta_t
4
5 [alphax=(T*delta_t)/ (S*delta_x"2)1

26|alphay= (T*delta_t) / (S*delta_y~ )1

33|for 3j=1:nnode
35 ho (1,3)=hB+ (hA-hB) * (3-1) * (delta_y/Ly)

37 ho (mnode, §) =hC+ (AD-hE) * (§-1) * (delta_y/Ly) 1
38 [ond

19| cm—

41|t=01
42|while t < Time_max
43 tet+delta_ts

45|count

L i < mnode) then
53 i & < nnode) then

54 cencoeff=-(1+2* (alphax+talphay) )

So in this case this is my time loop and again within this time loop I have a space loop. It is
clearly written. So time loop starts with t equals to zero. In this case t equals to t plus delta t.

Again I am starting this space loop to get correct value at the particular time level.



(Refer Slide Time: 29:47)

B IR B T LR A SR VAN

ho (mnode, 1) =hC+ (hD-hC) * (3~ 1) * (delta_y/Ly) 1

ralphay) ) s

)-alphax*hn(i-1,3)+ (1+2* (alphax+alphay)) *hn (4,3) -alphax*hn (4
) ~alphay*hn(i,9+1) 7
il nn (4, ) =fn (1, ) +ome ncoeff)
5 rmse~rfise+ (omega* res/cencoeff) ;
5 end
3 ir (4 & J==nnode) then hn(i,j)~hAr end
3 “ b ) then hn(i,3))=hB7 end
65 if (i== mnode & J==1) then hn(i,})=hCs end
if (i==mnode & j==nnode) then hn(i,3)=hD; end

Now in this case first I have interior points within this space loop, implemented the boundary

points, these are the four corner points.
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e s (3] uatendy._20 modcn wratvesa (3
7
B|while rmse > eps_max
o rmae=0
0 for j=1:nnode
51 for i=1:mnode

it oA mnode) then
( £

»3) 4 (1427 (alphax+alphay)) *hn (4, ) -alphax*hn (i+
+9)-alphayf@n (i, 441}

56 hn(4,3)=hn(d,9) 4
57 rmse~rmse+ (omega‘res/cencoet )

61 it (4 & j==nnode) then hn(i,})=hAs end
63 i & 3==1) then hn(i,3)=hB; end
65 if (i== mnode & j==1) then hn(i,J)=hcs end

67 if (i=~mnode & j==nnode) then hn(i,3)=hDs end

Then like our previous case, left boundary, right boundary, all are at hn level. This should be
clear that in case of our interior case also whatever residual we calculating, this is right hand
side minus left hand side. This right hand side obviously that is a specified value or previous

time level value and this is present time value. All are at hn level.
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ateady 20, L
while ]

rde
4% [count L I‘
46 [xmse=1;
47
48 (while rmscll> eps_max
49 rmse
50 for j-fl:nnode

c L. 9

node)  the

canc v
rga=-ho(i,4)-alphay*hn(i,j-1)-alphax*hn (i l"l‘ *(alphax+alphav)) “hn (i, 4) -alphax*hn(i+
*hn(d, 4+ * -

+3) ~alpha )
56 “res/cencoeff;

57 rmse~rmse + (omeg: ’

58 anc

59 end

61 it & j==nnode) then hn(i,))=hAr end

63 ir d & J==1) then hn(i,3)=hB; end

65 L if (i== mnode & j==1) then hn(i,3)=hcs end

67 if (i=-mnode & j==nnoc fo) then hn(i,))=hD; enc

So we can directly get the rmse from here. Now in this case we can specify A, B, C, D values.

Then specified left boundary, specified right boundary condition.
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e pndow brecute 1 {
0 X 1] b | ¥
- ) watendy_20 o r
] anc
7 rmase~rmse+ (omega*res/cencoeff) .~y
] ond
59 end

61 i & j==nnode) then hn(i,})=hAs end

L VRN

63 ir & J==1) then hn(i,3)=hBs en
65 if (i== mnode & j==1) then hn(i,§)=hc; end

67 if (i==mnode & j==nnode) then hnii,y)=hD; enc

7 iry & § < nnode) then
72 hn (4, 9) =hB+ (hA-hB) * (§-1) * (delta_y/Ly) s

76 if (1 == mnode) then
77 if (3 & ) < nnode) then
7 hn (4, 3)=hC+ (hD-hC) * (§~1) * (dedta_y/Ly) s

83 if(d & & < mnode) then

as res=(hn(i, J+1)-hn(i, 3)) 7
86 hn (4, 9)=hn (1, ) romega*res;

And Neumann boundary condition. In implementation of Neumann boundary condition I
have used this two point thing. Two point thing means this is first order thing. Again I can

calculate this residual and get the values here.
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71 if () & § < nnode) then
b2 hn (4, §) =hB+ (hA-hB) * (3-1) * (delta_y/Ly) s
on

76 ifd mnode) then
77 L1 () & 3 < nnode) then
] hn (1,3)=hC+ (hD-hC) * (3-1) * (delta_y/Ly)

on:
0l
82 if(j==1) then
83 ird 61 mnode) then
84
85 rea=(hn(i,3+1)-hn(i,3)) 7
86 hn(4,9)=hn(i,}) romega*ress .
89 rmae-rmse+ (omega‘res) ." 21
90 end
onc

93 if (J==nnode) then

94 i1 (4 & 4 < mnode) then

o8
96 res=(hn(i,3-1)-hn(i,9)) 1
97 hn(4,9)=hn (i, 9) +omega*res;

100 Fmse-rmse + (OMogatres) .42 /
101 ond
onc

Qo

Now this is the end of my loop. Now I need to calculate this rmse. Based on rmse this space
loop will be executed because if rmse is greater than epsilon maximum obviously we need
iterations. So after convergence from this space loop again we need to calculate this rmse.
But this rmse is related to steady state condition. So whether your steady state value and your

previous and present time values are converging or not.
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then
4 AL ‘4 r0de) then
13 res=(hn(i,9-1)-hn(d,9)) 1

97 hn(4,9)=hn(4,9) +omega*ress
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100 rmse~rmse+ (omega‘res) . 21
101 ond

108 rmse (rmse/ (mnode*nnode) ) #

106 count count + 1
107 ([count rmse))
108 |ond gu®
109 rmse-0; o ﬁ
fe nnode .

110 r g
111 for i=1:mnode

112 rmse=rmse+ (hnld 4 ~ho (1,9)% *27
113

ho(d,3) =hn (1,3) 1

Now we need to specify this thing, that future time level value will be transferred here. So

this is the essential part of your time loop. Now again we can use this steady state condition



to get the solution. That means we can check whether rmse is less than 10 to the power minus

5 here.
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dow Execute
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3 i nnode) then
4 ] 3 mnode) then
o6 res=(hn(i,9-1)-hn(i,3))7

97 hn(4,9) =hn (i, ) romega*ress

100 rmse~rmse+ (omega*res)

104 end
108 rmae (rmse/ (mnode*nnode) ) §

106 count = count + 1

107 ([count rmse])

108 [on

109 0 - “ ’
ode

110 for j=1:nn
111 for i=1:mr

112 rmse-rmses (hnld) -ho (1,9)) .~27
113 ho(d,J)=hn(d, ) h
114 end

115 ond

116
117 {f (rmse <eps_max) then
118
119 and
\

121 [contour (x,y,hn, 30}
.

Lol ol 1, ' ="}
Lol 1.1 1" ="}

Both the rmse I have considered as this upper limit is same. So it should be clear that this
part, rmse is for steady state condition. If it is a purely time dependent problem we should
avoid or we should delete this rmse related lines from your time loop. But if you are

considering steady state problem we need to include this.
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E
unstendy, 20 oot 3
if (J==nnode) then
4 ir (4 « i < mnode) then
o6 res=thn(i,3-1)-hn(i,9))7

97 hn(4,9)=hn(i,9) +omega*ress

100 rmse-rmse+ (omega‘res) "2y
101 ond
102 ond

104 end 9
105 rmae (rmse/ (mnode *nnode) ) 7

106 count = count + 1)

107 ([count rmse))

108 |end

109 rmae=07

110 for 3§ nnode

111 for 4

node
112 rmse~rmse+ (hn (i, §)-ho(d,3)).~2r
113 ho(d,9)=hn(i,9) ¢
114 end
118 and
116
117 if (rmse <eps_max) then




But this rmse is essential because you need convergence for your (sa) space loop. So your

time loop ends here. Now we can plot our xy based on hn values.
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", (3¢)| unatedy_10_mokct eratrve
3 Lf (J==nnode) then
) if (4 & i < mnode) then
5
6 res=(hn(i,J-1)-hn(i,3))

97 hn (4, 9)=hn (i, ) romega*res:

e =g PO <0

105 rmse

106 count

nse
!
or 9
112 v+ (hn (4, 3) -ho (1,3)) . ~2r
113 ho(i, ) =hn(i,§) ¢
114 end
118 and
116
117 if (rmse <eps_max) then

So if you run it and select it and evaluate it, so some number of iterations will be required for
this case. Again interesting part is that we are quickly getting convergence. Because del t
criteria is not there so our time step is larger compared to that used in our explicit case. So we
are getting solution which is similar to our steady state case. You can see the variation here.
90, 89, this 85, obviously this implicit scheme is much better compared to our explicit

scheme and that we can see from the solution approach.
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And our algorithm also, this is much faster in this case. Because you don't need that time

restriction or your time discretization restriction for your implicit case. So in this particular



lecture I have covered unsteady two dimensional flow. And explicit algorithm I have covered
in this code is unsteady 2D explicit and this unsteady 2D implicit iterative. So you can use

these codes to get different solutions either for steady state or unsteady state problems.
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Unsteady Two Dimensional Groundwater Flow

® Explicit approach
e unsteady 2D explicit.sci
® implicit approach

e unsteady 2D implicit_iterative.sci

Dr. Anirban Dhar Computational Hydraulics

Next lecture class I will be covering the finite volume solution approach for this groundwater

flow problems. Thank you.



