Chemical Principles 1T
Professor Doctor Arnab Mukherjee
Department of Chemistry
Indian Institute of Science Education and Research Pune
Module 07
Lecture 40
Microstates and Distributions

(Refer Slide Time: 00:16)

Last class you have seen that entropy is proportional to the number of microstates. And the
reason behind the increase of entropy with time was discussed as that entropy is nothing but

options. When you have more options you have more entropy.

So in order to show that, I have shown that movie of water in which you could see that every
time instant the number of the configurations of the particles were changing. So therefore at

every instance of time new microstates were being generated.

Now there for a very complicated systems like water in a glass the string of numbers
constituting their position and momentum can be thought of as a microstate. Let us say if we
have one particle, one water molecule then it will have 3 atoms therefore 9 positions and

therefore 9 different momentum.

So this 18 number will constitute one microstate. If you change any of these 18 numbers then
a new microstate will be generated. So today we are going to talk about much simpler system.

And then we will come back to this complicated water systems may be later on.



Water system is also complicated because there are interactions between the water which will

also change the possibility of certain microstate being there or not being there.

So in order to understand what is a microstate we will discuss some simpler problems. Before
that also we will just, you know remind you that we have also discussed about little bit of
probability and we discussed about the and probability, or probability and the combination of

them.

We showed you that when the number is large then only the probability values are coming to
the, the desired value. For example when we toss a coin it becomes point 5 only when you

toss many number of times.

And the distributions of probability mass functions for 2 die throw becomes perfect only
when you do very high number, in our case we have shown 10,000 trials, 100,000 trials

actually gave a right symmetric distributions at the sum equal to 7.

So today we are going to talk about distributions and microstate. So by distribution what we
mean is that, imagine that die throw. So there we could see that there were 11 different

possibilities. Sum as 2, 3,4,5,6,7,8,9, 10, 11 and 12.

So there were these 11 possibilities and by distribution it means that out of 10,000 or 100,000
trials each of these possibilities occurred some number of times. And which means that our

sum of 2 dice got distributed in these numbers between 2 and 12.

So when you talk about distribution and then each distribution had some possibilities, some

probability. So here we talk about much simpler thing. When you talk about cards
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we know
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what distribution is, right.

So typically you know, if you know about playing a card then typically there are games called

bridge where there are 52 cards and you distribute 13 to each of them.

And so that is called distribution, right. So let us say there are 4 players, 1, 2, 3, and 4. |
distribute 4 cards in 4 players. Make it simpler and let us say there are only 2 players. So |

will distribute 1 card, 2 card, another card, another card.



(Refer Slide Time: 04:20)

So I distribute my 4 cards into 2 different people, 2 hands or 2 sets.

Now each hand has some cards. For example here you could see that there is one heart
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and one diamond. By the way these all 4 cards are aces. So they are all A as you can see A
here, and there are only 4 such cards. One from diamond, one from heart and one from club

and one from spade.

They are all distinguishable cards because I know
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distinguishable cards.

But forget about that, they are hearts, spades, clubs and diamonds. Look at their colors. What
do you see? In one hand I saw 2 red, in another hand I see 2 black. Now this is just one
occurrences of my distribution. I can distribute again. I shuffle it and then let me distribute it

again.

What do I see? I see
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1 black and 1 red. And I see in the other hand, of course
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one black and one red. Now what do you think whether this is a better possibility?

Or the other one in which one hand had black card and another hand had red card is the

possibility, higher possibility? So which one will be more probable?

So in order to understand that let us see that all possible combinations of these 4 cards

distributed among 2 hands.
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So here again as you can see, they are all aces; just think about it that they are all aces. I have

not specified that. And now I am going to distribute
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them in the hand 1 and hand 2.

And you can see I distribute heart and diamond to hand 1, and spade and club to hand 2 in
one of the distribution, once when I give. And then I can also give heart and diamond and

club and spade, another possibility.

And if I go on like that
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then as you can see there are 24 possible distribution of this, you know 4 cards into 2 hands.
The reason is that why there is 24 possibilities because they are 4 different cards, hearts,

spade, club and diamond.
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Now when you give the first card, first card I can pick any of the 4 possibilities. This first
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card I do not know, I am not looking at it, therefore it can be, I can choose and pick and I can

actually take any of the 4.
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Once I take any of the 4, I have then, | am left with 3 more cards.

Second one I can take any of the 3.
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So 4 into 3 is 12. Out of the last 2 cards I can také any of
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the 2, 4 into 3 into 2. And then
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I am left with only one choice, into 1. So the number of possibilities as you can see is 4 into 3

into 2 into 1 is equal to 24. And that
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24 is actually given here, that 24 possibilities.
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So now I say that Ok, I have these 24 possible ways of giving this card but I want to

summarize this into 2 main distributions. In one distribution, I say that one hand had both red

cards which we saw the first time.
How many such occurrences are there? Let us see where one hand red card and another hand
black card and hands are independent, that means it is Ok that the first guy gets both the red

or the second guy gets both the red. So let us see such occurrences.

This is 1, 2 and then 3, 4 and then 5, 6, 7 and 8.
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There are 8 possible situations where one hand gets one particular color, red or black. The

other hand gets another particular color, red or black. There are 8§ such situations.

If that is the case
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we can say that the number of microstates corresponding to a particular hand getting one

particular color is only 8. Total number of microstates again is 24.
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Distribution A: one hand has both red
and the other has both black.

Number of microstates

Pu=8/24

Therefore probabilities of this particular distribution which we call distribution A
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is 8 by 24 or basically 1 by 3.

Distribution A: one hand has both red

and the other has both black.

Number of microstates
Py=8/24
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Now let us say,
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I talk about distribution B. I say that each hand has 1 black and 1 red card. So mixed card. So

what is the mass probability that you will get a mixed card?

In that case all other things, all other things, other than the 8 they are all mixed. So there are

16
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possible mixed, situations are there.
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And then the probability of that distribution will be 16 by 24 or 2 by 3.
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So without doing or distributing this, using the probability we can say that when you
distribute the card these 4 ace, 4 cards then the probability that you will get a mixed color
card is much higher, is higher. It is actually double than the probability that you get same

colored cards, even without doing that.

But remember you may get 2 red cards or you may get 2 black cards, you know in one
occurrences. However when you do several times, multiple times, then it will be more

probable that you will get a mixed card.

So microstates are again, we can say that all possible arrangements. What are the possibilities
of distributing these 4 cards is what we can think of as microstates. Remember that if 2
distributions are identical or 2 arrangements are identical then we will count only 1. So we

will not count them twice.

For example when you define that there are black cards and red cards, 2 red or 2 black then
we already define the situations and we count in that all possible, all possible, all possible

variation.

So what do you mean by the distribution? So distribution is that when you distribute either a
card or particle or something into two or more people. So let us say we distribute cards to

people. That is a distribution.



Or distribute particles to different energy levels, that is a distribution. So distribution literally
means that you are giving it, you are dividing it to, you know certain parts. And then number

of microstates will be how many possible ways you can do that for one such distribution.

So for, when you have, you know one hand getting same color that is a distribution. And

number of possibilities is 8. One hand getting mixed color is a distribution. And the number

of possibilities is 16.

So that is what we will distinguish between distribution and microstate. Let us do more about

that.
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Instead of counting all the possible distribution, let’s try to
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So instead of counting all possible distributions like we showed we actually enumerated all
24 and we actually showed you that there are 8 possible situations in which one hand gets

black card and another hand gets completely red card. We can use probability and
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Instead of counting all the possible distribution, let’s try to
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calculate the same thing.

So when I pick up, when I give the first card to somebody
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Instead of counting all the possible distribution, let's try to

Hl  H2 H3  H4 use probability concept
Ve 44 4V 43

\ AR X) (AKX

[X3K] - :
ve ‘: :: :: Probabilty of first card being red = 2/4
vé e LXK

Ve 44 XY}

e Y4 4 ve

te 4V [ XK )

[ X X) d 4 v

te oty 4 by

[ XX 44 Ve

6 VN gL

what is the probability that I am giving a red card? 2 by 4. Because there are 2 red cards out

of 4 cards. So the probability that the first card gets a red is 2 by 4.
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Instead of counting all the possible distribution, let’s try to
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Probability that the second card is red, because there is only 1 more red card left there, right,

out of these 3 cards. It should be 1 by 3.
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Probability that the third card being black, now I have only 2 cards left and I know they are

both black, right.

So the probability that the third card is black is 2 by 2 and
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Instead of counting all the possible distribution, let’s try to
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probability that fourth card is black is 1 by 1, there is only one card and that is also black.

So
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Instead of counting all the possible distribution, let’s try to
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the total probability, now see we are invoking the and probability situation here, that first card
being red and the second card being red and the third card being black and the fourth card
being black, so I am multiplying all of them and I am getting 1 by 6.

But that is not the only situation in which one hand gets red and another hand gets black,

right. Because there is a situation



(Refer Slide Time: 13:56)

Distribution & & ¢ &

Instead of counting all the possible distribution, let’s try to
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in which I can, instead of giving that second guy that red card I can give them black card.

So I also have to count that the first, probability that the first card being black, probability the
second card being black, probability that the third card being red and fourth card being red.

So in that situation that will be same as 1 by 6, right. And I can, and denoting that
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Instead of counting all the possible distribution, let’s try to
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probability as R R B B that is first card red, second card red, third card black, fourth card
black. This will make two hands R R and B B,

And in the second case, first card black, second card black, third card red, fourth card red,
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Instead of counting all the possible distribution, let’s try to
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and I am getting another possibility. You see here that I am not distinguishing between two

hands. I am not saying that hand 1 has to get red and hand 2 has to get black.

That I am not saying here. I am saying any of the hands should get any of the color, but same
color. And that is why I need a or probability. And the or probability, as you know adds. And
because of that my total probability that one hand gets one color, the other hand gets the other

color is 1 by 3.

You see now, without doing, without any (()) (15:12), instead of 4 cards if I had 20 cards, or

20 different colors, should I be enumerating all of them, writing all of them down?

No. I have to use the probability to estimate that what will be the number of possible

microstates and what will be the probability of that distribution.

Why I am talking about probability of the distribution? You have to differentiate between
distribution and its probability. So we will see later on that there are many possible ways of

doing a, performing a distribution.

And in that there is one distribution which will be maximum probable. And you will see that

the situation will go towards those probability.



What I mean by that is that if you keep on shuffling the card, you will see more and more
mixed color card, one hand is getting mixed color card, that is going towards a more probable

situation.

Here there are only 2 possible distribution so that is why you know you go from one to the
other not (()) (16:15) so but where there will be many possible distributions and there we will

see that one possible distribution will be max.

So now
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Instead of counting all the possible distribution, let's try to
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3
let us do the P B the same way. First card black, second card, first card red, second card has to

be black for the hand 1,
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Instead of counting all the possible distribution, let’s try to
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and then the, for the hand 2, it should be red and black.

2
Proar + Pores +Poeae =7

That is one possibility, right. In that case hand 1 and hand 2 will get mix color. Hand 1 and

hand 2 will get mix color when first card red,
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Instead of counting all the possible distribution, let’s try to
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second card black, third card black and fourth card red.

Also the another
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Instead of counting all the possible distribution, let’s try to
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situation will happen when first card black, second card red, third card black and black so

basically if do it in a short notation itis RBR Bor RBBR or BRR Band BR BR, all

3

possible
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Instead of counting all the possible distribution, lef’s try to
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situations will give that. Each of them has 1 by 6 possibilities. When you add them up
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Distribution & & ¢ &

Instead of counting all the possible distribution, let's try to

HI  H2 H3  H4 use probability concept
V 4 0 ‘ ¢4V 44
: (AN X )

: ’ : : : : ; : Probabilty of first card being red = 2/4
RO D i : &
L Yy Y Probability of the second card being red = 1/3
SN e Probabilty of the third card being black = 2/2
LI S O )
[ XIRX) [T Probabilty of the fourth card being black = 1/1
e 4y WY
XX WX
[ XK 'Y 2 2 4.2 : 1

RRBB = XXEXEXI_]E

Py= ere bp + Porfrr R =3

I) = [)RI H o Iyi)(’ +IM W H HR

~fi ]
/ 6 /6 g é 3
you will get 4 by 6 or 2 by 3.

So mixed color cards as you can see will have double probability than the same color card.

So now we know that what distribution is? How you are using probability to estimate the

probability of one particular distribution? Why it is important? You will come to know soon

enough.

Why we are talking about cards? Because it is simple enough. We can understand from this

and then we can apply to a realistic situation later on.

So scientists always try to think about think from a very simplistic point of view so that they
understand what happens in simple things. Once they understand that completely then only
they apply to a more complicated systems like a glass of water. Believe me this is extremely

complicated.

Even the theories of that will not be even discussed in this particular course and sometimes
even, you know later courses. We still deal with very simple situations and try to understand

that. Only very complicated situations we will try to deal with, systems like water.
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Distribution of r Balls and n Boxes

So now the situation that I talked about, distributing cards in hands, the similar situations or
most common probabilistic situations is distribution of r balls in n boxes, we can say in n

boxes.

(Refer Slide Time: 18:45)

Distribution of r Balls a;lpj n Boxes

This is, this particular problem, r balls in n boxes is so common that it can be used in many

different situations.

It can be mapped or it can be thought of or projected in many, many different situations
including that of our current discussions of number of microstates of particles and then

chemical systems and things like that.



I will give you some example.
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Distribution of r Balls a;l}rgi n Boxes

Many probability calculations are equivalent to the above description of placing r
balls in n boxes.

So as I said many probability calculations are equivalent to the above description of placing r

balls in n boxes. For example
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Distribution of r Balls a;l}rgi n Boxes

Many probability calculations are equivalent to the above description of placing r
balls in n boxes.

+ Dice throw: The possible outcome of throwing r dice correspond to r balls in
n=6 boxes

we talked about dice throw, right. Dice is what; there are all 6 possibilities, right for one

particular dice.

When I throw the second die, what you say, again 6 possibilities, right? So you can think of
the possible outcome of throwing r dice, let us say, is corresponding to placing r balls in n

equal to 6 boxes.



Why that is a, why we are saying that? For example if you have n equal to 6 boxes means the
box are distinguishable. That means if I get 1 by throwing a dice it means I am putting a ball

in box number 1.

If I get 5 by throwing a dice I will say that [ am putting a ball in box number 5. And my balls

are distinguishable because I throw the first dice, I throw the second dice.

So my dices are distinguishable because I have first dice, | have second dice, I have third dice

and

(Refer Slide Time: 20:33)

¥

Distribution of r Balls a;l}% n Boxes

Many probability calculations are equivalent to the above description of placing r
balls in n boxes.

+ Dice throw: The possible outcome of throwing r dice correspond to r balls in
n=6 boxes E @ @

the boxes are
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Distribution of r Balls a;l}r(\i n Boxes

Many probability calculations are equivalent to the above description of placing r
balls in n boxes.

+ Dice throw: The possible outcome of throwing r dice correspond to r balls in

n=6 boxes E E @ u uu
UQ@A@@@)

denoting, the boxes are denoting what is the outcome of throwing a die?

So in a way you are looking at situations of placing r distinguishable particles, why
distinguishable, because first dice, second dice, third dice we know, in 6 distinguishable

boxes. Why distinguishable boxes because outcomes are distinguishable.

So that means if [ throw 2 dice for example, so if | throw 2 dice then my r equal to 2
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Distribution of r Balls a;l}rgi n Boxes

Many probability calculations are equivalent to the above description of placing r
balls in n boxes.

+ Dice throw: The possible outcome of throwing r dice correspond to r balls in

n=6boxes .9 E E @ UUU
2 5 60

and n equal to 6.
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Distribution of r Balls a;lQ:l n Boxes

Many probability calculations are equivalent to the above description of placing r
balls in n boxes.

+ Dice throw: The possible outcome of throwing r dice correspond to r balls in

n=6 boxes Yiz [ie] E @ u_u
= 5155 560

What are the possibilities that I can get?

I can get any of the 6, I can put in any of the 6, any of the 6 boxes, the outcome is 6. Second

time also I have the outcome of 6. So when I throw 2 dice
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Distribution of r Balls a;lQi n Boxes

Many probability calculations are equivalent to the above description of placing r
balls in n boxes.

+ Dice throw: The possible outcome of throwing r dice correspond to r balls in

n=6boxes . 9 E @
e afd ol L@—J%@t%[@%

it is 6 into 6, or 6 to the power 2.

If I throw it 3 times it is this, 6 to the power 3.
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Distribution of r Balls a;l}rgi n Boxes

Many probability calculations are equivalent to the above description of placing r
balls in n boxes.

+ Dice throw: The possible outcome of throwing r dice correspond to r balls in

n=6boxes . 9 [ie] E @
055 opf s U‘J@J%[@J%

frbxt=(

If T throw it how many times, r times, right it will be 6 to the power r. So in general my

formula of placing r distinguishable ball in n boxes is n to the power r,
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Distribution of r Balls a;lpj n Boxes

Many probability calculations are equivalent to the above description of placing r
balls in n boxes.

+ Dice throw: The possible outcome of’ih'r{owi% r dicDecorrespond tor balls in
n=6boxes .9 e (5t
nch 23 I__J (,J- LJ uu
GXG c% [0) @ @ @
frbxt =t
T T
& S

because....I will come back to that more on this.

Another situation
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Distribution of r Balls a;l}rgi n Boxes

Many probability calculations are equivalent to the above description of placing r
balls in n boxes.

+ Dice throw: The possible outcome of throwing r dice correspond to r balls in
n=b boxes

+ Cointoss: The possible outcome of throwing r coins correspond to r balls in
n=2 boxes

is that of coin toss. Now can you tell me that how the coin toss can be associated with putting

ball in the boxes?

So coin tosses has two outcomes, head or tail. So I can say that 1 box is head, another box is
tail. And my first coin is a, you know one ball, my second coin is another ball, my third coin

is another ball.

So it is putting r balls into 2 boxes. So first box, first ball can be in any of the 2 boxes, so 2
possibilities. Second ball can be in any of the two boxes so 2 possibilities. So like that if I

have r balls it will be 2 to the power r possibilities.
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Distribution of r Balls a;l}rgi n Boxes

Many probability calculations are equivalent to the above description of placing r
balls in n boxes.

+ Dice throw: The possible outcome of throwing r dice correspond to r balls in
n=b boxes

+ Cointoss: The possible outcome of throwing r coins correspond to r balls in
n=2 boxes

+ Birthdays: The possible configurations of birthdays or r people correspond to
the different arrangement of r balls in n=365 days




Birthdays, another example that the possible configurations of the birthdays of r people. So
first person can have birthday any of one 365 days. Second person can have birthday any of
365 days. Third person can have, so here n is 365. So boxes are 365 boxes. You can number

them according to the number of the days.

And people are like balls. So you are putting them on the first day on the calendar, this is a
calendar. And my birthday is let us say, for example 8 August. So I will be on that day, I will

be standing on that day. Somebody else will be standing on some other day.

So you can imagine that birthdays are nothing but putting distinguishing balls like you and

me into distinguishable boxes like that particular day of the calendar.
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Distribution of r Balls aﬁ% n Boxes

Many probability calculations are equivalent to the above description of placing r
balls in n boxes.

+ Dice throw: The possible outcome of throwing r dice correspond to r balls in
n=b boxes

+ Cointoss: The possible outcome of throwing r coins correspond to r balls in
n=2 boxes

+ Birthdays: The possible configurations of birthdays or r people correspond to
the different arrangement of r balls in n=365 days

+ Energy distributions: A certain n unit of energy distributed among r particles

4
Another example, energy distribution. A certain n units of energy distributed among r
particles, that is a possibility, right. So you can say that in this case, you know, of course the
energies are not distinguishable in some sense but you can say, we are talking about balls and

boxes

So we can say that we are putting some, you know definitive energy values, either epsilon, 2

epsilon, 3 epsilon into, you know r particles.
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Distribution of balls in Boxes

A. Distribute 1 ballin 1 cell

So let us first start with very simple system. So we have seen that by working on the
distinguishable, working on this placing balls in boxes we can understand different situations
related to creating new microstates including, you know talking about the cards for example

we had like 4 cards, right.

We saw that there are 4 cards and there are 4 distinct possibilities, heart, spade, club and
diamond. So you can say that there are 4 possibilities and you know in that 4 possibilities if
you have multiple number of cards, for example 52 cards then you will actually get placed

them accordingly, right, anyway.

So let us start with very simple system. Distribute 1 ball in 1 box,
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Distribution of balls in Boxes
A, Distribute 1 ballin 1 cetthox

1 ball in 1 box. How can you do that? You have only 1 ball and 1 box.
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Distribution of balls in Boxes
A, Distribute 1 ballin 1 cetthox

How many possibilities can you imagine? 1 ball and 1 box, just 1 possibilities.

So I will say number of possibilities we are denoting by W, remember? We said that W is

number of microstates; we can say number of possibilities as well.

And since microstate is equivalent to entropy then entropy is equivalent to possibilities or

options, that is what we discussed, right?

So let us call that as W. And that
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Distribution of balls in Boxes

A, Distribute 1 ballin 1 cetthox

can be only 1. We can no other way. If I have to place it I have to place it, but let us say |

have to place it, Ok. I may not choose to place it, that is another possibility.
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Distribution of balls in Boxes

A, Distribute 1 ballin 1 cett o

W

)

It

A. Distribute 2 ballin 1 cell

Distribute 2 balls in 1 box.
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Distribution of balls in Boxes

A, Distribute 1 ballin 1 cetthox

W

"

i

A. Distribute 2 ballin 1 gel %y\

-
-
ﬁ

Cell and box are actually the same thing but just specifying box. These are our box, right,

these are typical box and this is the ball that we are talking about, Ok.
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Distribution of balls in Boxes

A, Distribute 1 ballin 1 cett by
@ W i J-

A. Distribute 2 ballin 1 gell 199):

2 balls in 1 box.
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Distribution of balls in Boxes

A, Distribute 1 ballin 1 cett o
@ W i l

A. Distribute 2 ballin 1 gel 199/\

How many ways you can do that? I have to place 2 balls. Only 1. I do not see any other way.
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Distribution of balls in Boxes

A, Distribute 1 ballin 1 cett o
@ W g l

A. Distribute 2 ballin 1 gel 199)\

So box is important. So you remember [ was saying, imagine the, what is the formula we got?

Number of boxes to the power balls, is not it?
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Distribution of balls in Boxes

A, Distribute 1 ballin 1 cett o

e .

by

A. Distribute 2 ballin 1 gel 199/\

o

So in this case it is 1 to the power 1 equal to 1. In this
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Distribution of balls in Boxes

A, Distribute 1 ballin 1 cett o
@ W=l »)\ |

A. Distribute 2 ballin 1 gel 199/\

o

case it is 1 to the power 2 is also 1.
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Distribution of balls in Boxes

A, Distribute 1 ballin 1 cett o
@ W=l 5\ : |

A. Distribute 2 ballin 1 gel 199/\

Now let us go to little bit more
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Distribution of balls in boxes

A. Distribute 1 ball in 2 cells

complicated situation. One ball in 2 boxes. I have these
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Distribution of balls in boxes

A. Distribute 1 ball in 2 cgts box8

L O

2 box. And I have one ball. I can place it either in the left box or on the right.
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Distribution of balls in boxes

A. Distribute 1 ball in 2 cgts box3

|_|L| £

I can place it on the left box or on the right box. So I am getting
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Distribution of balls in boxes

A. Distribute 1 ball in 2 cgts box8

| @ Lo

W equal to 2.

|

So here what is the situation? Box to the power ball, right, box is 2, ball is 1, is equal to 2.
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Distribution of balls in boxes

A. Distribute 1 ball in 2 cghs boxAs

W=2
L O &

£
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Distribution of balls in boxes

A. Distribute 1 ball in 2 cgts box3

uu 5 uu

A. Distribute 2 ballin 2 cells

n to the power r is the situation where balls and boxes are both distinguishable. That is why I
draw, I drew the boxes are both distinguishable. That is why I draw; I drew the boxes in a

distinguishable fashion.

Distribute 2 balls in 2 boxes,
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Distribution of balls in boxes

A. Distribute 1 ball in 2 cgs bordd

uu e

A. Distribute 2 ballin 2 calis box4/

2 balls in 2 boxes. You will see what will be the answer, right? 2 balls, 2 boxes; it should be
4,
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Distribution of balls in boxes

A. Distribute 1 ball in 2 cgts box8

WeZl
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A. Distribute 2 ballin 2 ceis boxs/ 2 =Y

is it not? Let us see,
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Distribution of balls in boxes
A. Distribute 1 ball in 2 cghs boxAs

uu e e

2
A. Distribute 2 balin 2 celis box4/ 2y tf

ol

2 ball on the left box,
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Distribution of balls in boxes

A. Distribute 1 ball in 2 cgts box8

=7
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A Distribute 2 balkin 2 cehs box4f Z =
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2 ball on the right box,
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Distribution of balls in boxes

A. Distribute 1 ball in 2 cgts boxd

uu i uu

A Distribute 2 balkin 2 cehs boxsf Z =

ul ] luals]

2 ball on individual boxes and
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Distribution of balls in boxes

A. Distribute 1 ballin 2 cghs borad

uuﬁiuu

A. Distribute 2 ballin 2 causbm“/ Z

ul ] lufo o]l

2 balls again on the individual boxes.

But sort? So you see because my boxes are distinguishable I can distinguish between this and

this.
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Distribution of balls in boxes

A. Distribute 1 ballin 2 cghs bonas

uuﬁiuu

A. Distribute 2 ballin 2 ceusbm“/ Z

ul ] lule)slisfe

Otherwise I could not have distinguished. If my boxes were identical then this will mean the

same thing.

But here boxes are also distinguishable. And therefore you can see that Ok, my green ball is
in a bigger box, and here my green ball is in a smaller box. There must be 2 different

configurations, not 1.



So here both the balls and the boxes are distinguishable. Otherwise we will not get all the 4

possibilities.
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Distribution of balls in boxes

A. Distribution of 3 distinguishable balls in 3 distinguishable boxes .

So now we are going to little more complex situations, distribution of 3 distinguishable balls

in 3 distinguishable boxes.
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Distribution of balls in boxes

A. Distribution of 3 distinguishable balls in 3 distinguishable boxes .

{abe|—|-}
{[abe|-}
{r|[abe}
{ab ||}
fac|b-|-}
{bel~1)
{2b|—[~q
facl~ |}
{rbe]—[a-}

So here are 3 distinguishable balls, we will make it distinguishable, let us make it red. Now

we have 3 distinguishable
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Distribution of balls in boxes

A. Distribution of 3 distinguishable balls in 3 distinguishable boxes . .

balls and I need to put it in 3

(Refer Slide Time: 28:50)

Distribution of balls in boxes

A. Distribution of 3 distinguishable balls in 3 distinguishable boxes . .

{abc|--|--}
{-[abe|-}
{-[]abc}
{ab |-c|-}
faclb-|-}
{ be|-=|-}
{ab]|<}
facl—|b}
fbel-[a-}

ﬁu _., i

distinguishable boxes. You know the value, right. It will be n to the power 1, 3 to the power 3

equal to 27.

Let us see all those 27 possibilities. I can call them also as a, b and c,



(Refer Slide Time: 29:02)

Distribution of balls in boxes

A. Distribution of 3 distinguishable balls in 3 distinguishable boxes . ?
& b

{abc|--|--}
{-[abe|-}
{-[]abe}
{ab |-c|-}
faclb-|-}
{lbe| ==}
{ab]~|-<}
fac|—|b}
{be|--|a-}

Ok. So here as you can see all a b ¢ are put in the first box. And nothing on the second and
third box.

Here all a b c are put in the second box, nothing on the first or third. Here all a b cs are put on

the third box, nothing on the first or second.

And like that we get
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Distribution of balls in boxes

A. Distribution of 3 distinguishable balls in 3 distinguishable boxes . ?
[N

1 {abe|--|-} 10, | {a—|-bc|—-} .
2 {-|abe|-} 1. |fbrlacl—)

3| fe]|abe} 12 | fclab|-}

4 |fab|-c|-} B |fa ||}

5 fac|-b-|-} 4. |{belac|}

6. |{be]=]=} 5. |{-c|—|ab}

7l {ab|--|--c} 16 |{—(|ab-|-<}

8 |fac~|b} 7. |{faclb

5! {be|--|a-} 18 | {~|-bcja}

18 and



(Refer Slide Time: 29:25)

Distribution of balls in boxes

A. Distribution of 3 distinguishable balls in 3 distinguishable boxes . ?
[N

iy {abe|-=|--} 10. | {a|-bc|--} 19. | {~|a—|-bc} b
2 |{|abe|} 1. | fbrlac|—} 2. | {=|brfad)

3 || =|abc) 12 |f-clab|-} A | f|-clabd

4. {ab |--c|-} 13, |{a=|—|-bc} 2 | {E=RA =

5. | faclb|~} W | fblac)-) 3. |fa-|-c| b}

6. {ibsl=[= 15, |{=¢c|-—[ab} 24, |{bfa-|~c}

7k {ab|--|--c} 16 |{—(ab-|-¢} 25 | {b|cla}

8 |facl—|b} 7. |i=faclb) % |{-cla-]b}

9. |fbe|-la-} 8 |{~|bela-} 7. | fclbrla-)

finally all 27 possibilities. Because I did not have enough, you know space here I could not

really draw the boxes and balls and show the configuration.

So this is the short hand notations by which I am showing all possible combinations of

putting 3 distinguishable balls in 3 distinguishable boxes. How the boxes are distinguished?

The first one, the first box is, let us say you can call it 1, box number 1, second is box number

2 and third is box number 3.
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Distribution of balls in boxes

A Disﬁum3 distinguishable balls in 3 distinguishable boxes . !
| [N

L b= ] [10 [a-lbel= ] [19. [i=la-lbd
2 [l | [ [l | [0 [=lblad
3 |-l | |2 a2 | flclab)
4 @<= | (B [el-lbd | [2 [elvl
5 ol | |4 |Eleckd | |2 | @-lcib)
5 |iEE= 15 |{=c|ab} A, | {bla|}
e 6 |labl=g | [ |Erlclad)
8 lac—1v3 | [ [lacbd | [ [Ecla-bd
9 fbel—fad | |8 |Elbelad | |27 | fclbelard

Once you distinguish the box, then you can automatically get that these should be the

possibilities.



And as you see that here also I have number of, n equal to 3 and r equal to 3
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Distribution of balls in boxes

A. Distyifute 3 distinguishable balls in 3 distinguishable boxes
e

1 [abe = | [10. [ 19, |f~fabe}
2 |{|abe|~} 0| fbe|ac|=) 2. |{=|brfad
3 |f=llabe 12 | fclabe|-} A | f|-clabd
4  |fab|-c|-} 13, |fa=|-|-bc} 2. | {a|br]-c}
5 |faclb) W |{brac|= B | {a-|-c|b}
6. |{be|~I-} B |fec|—|abd) A, | fbrla=|~c)
7. | {ab|-|-c} 16, |{=]ab-|-c} 25| {be|-cla-}
8 |facl—|b} 7. |f-laclb 6. | {=cla-|b}
9. | fbel~[a-} 18 |{=|bcla- 2. | fcbrja-}

and therefore number of possibilities is, as we saw n to the power r or 3 to the power 3 are 27.
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Distribution of balls in boxes

A. Distyifute 3 distinguishable balls in 3 distinguishable boxes
e

L [@bel= | (10, [falbel-) 9. |f=fab)
2 |{|abe|} 1. | fbrlac|~} 2. |{=|brfad
3| {e[abc} 12 |f-clab|-} A | {|-clabd
4 |fab|-c|-} 3. |{a=|—|-bc} 2 |fa|b]-c}
5. [faclb-) W |{brac|= B |fa|-c| b}
6. |{be|=]=} 5. |{-c|—|ab} 24 | fbrla|-g)
7. | {ab|-|-c} 16, |{=]ab-|-c} 25, | {be|-cla-}
8 |fac—|b} 7. |f-lac|b 6. | {=cla-|-b}
9. | {be|-[a-} 18 |{=|bcla- 7. | fc|-b-|a-}

Now think of that as this way.
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Distribution of balls in boxes

A. Distgifute 3 distinguishable balls in 3 distinguishable boxes !
e .9

L [@e= ] (10 [felbel-) 19, [ {-lalb)

C L Ll ) ELE N i) » Place the first ball in any of the
3 |f=llabe 12 | {=clab-|~} 2L |i=|-clak) three box

4 |fab|-c|-} B3 |far|~|-bc} 2 |fa-|b|-c

5. [{aclb|-} U | fbrjac|—} B | fa|-c|b}

6. L el=E= 5. |{=c|—|ab} 24, | {b-]a—|-c}

7 {ab|--=|--c} 16. | {~|ab-|-c} 25 | {b-|-c|a-}

8 |facl—|b} 7. |f-lac|bd 6. | {=cla-|-b}

9. | fbe]~[a-} 18 |{~|bcla-} 7. | fc)br|a-}

A
Place the first ball in any of the boxes. So let us say I have 3 boxes, right. Box number 1, box

number 2 and box number 3,
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Distribution of balls in boxes 'ﬁll Q @

A Dist(kaum3 distinguishable balls in 3 distinguishable boxes . !
JIUE &~ b

@14 | [10 Jelbel-) | [19. [e-la-lbd
Flbe | [ [&lec= | [0 [=lblad)

» Place the first ball in any of the

(| ~[abe) R | fclabl-) A [ flclab) e
il | B [l-lbd | [2 [l
faclbr|~) U | fbrlac)) B |falclb)
{bel~l=) | [ [fcl=lab) | [24 [{brla=l~g)
{abl~|-¢) 16 | ffabrl~c) 5. | fbrlcla)

@cl—|b} 7. [laclb) %, [fclalb)
rbe|—[a-) 8 | {-bela) 7. [clrla)

I can pick up any of the a b, cs and put on the first box.
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Distribution of balls in boxes '_Ql _@_{ @

A. Distgifute 3 distinguishable balls in 3 distinguishable boxes ?
e .9

L fabe[>f 10 |{a-|-be|-} 19. | f=la-|-be}

L il L AT el 21 el v » Place the first ball in any of the
3| fe][abc} 2 |f-clab|-} A | f|-clabd ol

4 |fabl-cl-} 13 |fa|—|be} 2. | fa|br|-c » Then place the second ball in
5. facl|-b-|-} .| {br|ac|} 3. |fa-|-c| b} any of the three box

6. { be|-==[--} 5. |{~c|-~|abs} 24, |{b-|a-|c}

7. |{ab]=|-c} 16. | f=abr|-c} 2. | {b|~c|a}

8 |facl—|b} 7. |f-lac|b 6. | {-cla-|b}

9. | {be|—[a-} 8 |{~|bela-} 7. | felbrla-)

R

And then I can take it out. It is called placement with replacement and then place the second
ball
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Distribution of balls in boxes m Q @

A Dist(kaum3 distinguishable balls in 3 distinguishable boxes . !
JIUE ~ b

of the three box

{ab]—|~¢} 16 |f-fabld) 5. | fbrl-cla)
@cl—|b) 7. [ilaclb) %, [fclalb)
rbe|—[a-) 8 | {-bela) 7. [cltrla)

L @b~ | [10. @-fbe=) | [19. |(la-lbd

2 el L L 2L = laela » Place the first ball in any of the
3| f=llabe 2. |{-clab- |~} A | {|-clab} three box

4 |{abil=e|=) 13 | fa||-be} 2. |{a|-br|-c} » Then place the second ball in
5. |faclbl- e B | fal-clb) any of the three box

i [{ibe| ==} B, | fc|~lab} T » Then place the third ball in any
7

8

9.

and the third ball.
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Distribution of balls in boxes @l _@ @\

A. Distyifuge 3 distinguishable balls in 3 distinguishable boxes ?
e .9

L [abel= | (10, [falbel-) 19, | {-lalbe)
2 /il L o e IS AERS) » Place the first ball in any of the
3! {==-=-|abc} 12 {-c|ab-|-} 2 | {=|-c|ab} three box
4, {ab [-c|-} B [Has 5l 5bek 2. |{a=|b-|-c} » Then place the second ball in
5, {ac|-b-|—} U | {brjac|—} B | fa|-c|b} $ny of the three box

R T » Then place the third ball in any
6. { be|--|-} 15, | {=c|-ab} 24, | {b-|a-|-c} e rrah b
74 {ab|--|--c} 16. | {~|ab-|-c} 25 | {b-|-c|a-}
8. fac|—|b7} 17, |{—|ac|b} 2. |{-cla-|-b} + Total possibility = = 3* = 27
9. {-be|--|a~} 18. {===|-bcla-} 27 | {=c|-b-|a}

So here, place the first ball in any of the 3 boxes.

Then place, then you can take it out

(Refer Slide Time: 31:10)

Distribution of balls in boxes 'lll _@l @

A. Distyibug 3 distinguishable balls in 3 distinguishable boxes !
W .0

L [Ged | [0 et | (19 [Elalbd
2 |label= Al ) I i » Place the first ball in any of the
3| llabd) 2| fclab |-} A | f—|-clabd three box, Take ¢ 0wk
4 |fab|-c|-} B3 | fa=|—|be) 2. |fa-|br|~d » Then place the second ball in
5. fac|-b-|-} 4. | {br|ac|-) 23 |fa|c| b} iny of the three box

DR T » Then place the third ball in any
6. {ibe|=|=} B |{=c|—[ab} 24, | {b|a-|-<} e
Tl {ab|-—|-c} 16. | {~|ab-|-c} 25. | {br|cla}
8 |facl—|b} 7. |{—la<|b} 6. | {-cla-|-b} + Total possibility = = 3 = 27
9. {bc|---|a-} 18 | {~[|-bcla-} 2. | {clb-la}

and then place the second ball in any of the, this thing and take it out,
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Distribution of balls in boxes @l _@l @

A. Distyifute 3 distinguishable balls in 3 distinguishable boxes 9
e .9

L [@e= ] 10 [falbel-) . | f-falbe}

2 2t} . {GHEs =) iSRS » Place the first ball in any of the

3 | Jabe} 2| tclar|-} A | {-|-clabd three box, Take ¢+ ok

4 |fabl~c|~} B3 |fa—|be} 2. |fa|brl-d) » Then place the second ballin

5 |faclb) .| fbrlac|-} B |fa|-c| b any of the three box  Take(t
ST TR » Then place the third ball in any

6. {ibs| =[] 50 |li=el =) 24. | {b-|a—|-c} DG N b

7 {ab|--|--c} 16 |{—(ab-|-<} 25 | {b|cla}

8 |fac|-—|-b} . |{—|eeln) 26. | fcla-]b) 4 Total possibility = = 3* = 27

9. | {bel-[a-} B8 |{~|bela-} 7. | fc|br|a-}

and place is a third ball in any of the boxes and take it out.

So this is called placement with replacement. Because once you placed your first ball, you

will be left with only 2 more, right.
But distribution with replacement allows us to have 3 balls back again. So this particular
situation of distinguishable balls in distinguishable boxes is placement with replacement. So

this is called with replacement.

(Refer Slide Time: 31:54)

Distribution of balls in boxes @l _@ @

A. Distyifute 3 distinguishable balls in 3 distinguishable boxes 9
e ' 0

fac|-|-b} 7. |flaclb) 26. | {-c|a~|-b} o Total possibility = = 3* = 27
{be|-|a~} 18 |{~|-bc|a-} 2. | {=c|b-|a} ('r\h'”\ 'wrblmw»l‘)

L @] (10 [@rbel-t | [19 [efa-lbd

2 |l L [thrlei ) B i » Place the first ball in any of the

3| {rl—labe) 2| tclar|-} A | {-|-clabd three box, Take ¢+ ok

4 |fabl-cl—} B |{a]|be} 2. | fa|br|-c » Then place the second ball in

5. el U |{beacl—) B |fa-|-c| ) any of the three box Tkt
s T » Then place the third ball in any

6. { be|-[-} 5 EE 24 | {b-|a|-c} T

7. {ab|---|--c} 16 |{—(ab-|-} 25 | {b|cla}

8.

9.




Otherwise if you put a, you do not have a. You have only b and c. But this situations I put a
and then take it back again. I still have a b c¢. Then I can choose any of that. Again I may

choose a and put it back. Again I can choose a and put it back.

So this is, this is the situation in which we call that placement with replacement. And there is

some situations where we can do without replacement also. We are coming to that.

So therefore if you have r balls in n boxes

(Refer Slide Time: 32:23)

Distribution of balls in boxes 'ﬁll ’_@J @

A Disﬁum3 distinguishable balls in 3 distinguishable boxes . ?
DI E) N

facl-|b} 7. | f=lac|b) 26. | {~cla=|-b} + Total possibility = = 3% = 27
{-bel]a-} 18 | {~|bela-} 2. | | brla) (‘m'ﬂ\ nf’lﬂwwl‘)

L b= ] [10 [a-lbel=t ] [19. [i=la-lbd

R Ll le) = e ki) » Place the first ball in any of the

3 [flabe) 2| {eclabr|-} A | flclab) three bor Tk ¢ 0wl

4 {ab |-~} 13 (a5 ilibe) 2. |fa<|b|~c} » Then place the second ball i'n

5. |faclb|~ W | fblac|-) 3. |fa|-cl ) $Ey of Ihe thr:ee Eog B’TI?“'*
T TR » Then place the third ball in any

g (LA BB 2Ll of the three box

7 {ab|---|--c} 16. | {~|ab-|--c} 25 | {b|-cla}

8.

9.

B. Therefore, if you have r balls and n boxes then
» First ball can be in any of the n boxes: ways =n

then the first ball can be any of the n boxes n ways,
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Distribution of balls in boxes m Q l@\,

A Disﬁum3 distinguishable balls in 3 distinguishable boxes . !
DI E) N

fac|—|b} 7. |{—laclb) %. | fcla-|b) < Total possibility = = 32 = 27
{-be-]a-} 18 |{—|-beja-} 2. | fc|brlar) (‘m'ﬂ\ nf’muwl’)

L b= ] [10 [a-lbel= ] [19. [i=la-lbd

ot ek el i) » Place the first ball in any of the

3 [ f|~]abe) 2| {clabr|-} A | flclab) three box, Take. ¢ 0wk

4 {ab [-~c|-} 13, |{a|—|-bc} 2. |fa|b|~c} » Then place the second ball i'n

5 |faclb|~ W | fblac|-) 3. |fa|-cl ) $Ey of Ihe thlzee Eog B’TI?“'*
TG TN » Then place the third ball in any

d ol T eleb et e of the three box

7 {ab|---|--c} 16. | {~|ab-|--c} 25, | {b|-cla}

8.

9.

B. Therefore, if you have r balls and n boxes then
» First ball can be in any of the n boxes: ways =n
» Second ball can be in any of the n boxes: ways =n xn




the second ball can be any of the n boxes so n into n, the third ball
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Distribution of balls in boxes m _@_[ @

A. Distgifute 3 distinguishable balls in 3 distinguishable boxes 9
e 4

fac|-|-b} 7. | flaclb} 26. | {-cla~|-b} o Total possibility = = 3* = 27
frbe|—[a-) 8 | (~|bela) 7 |eelbrlad (Wit vn,f’muwk )

L @ | [10 [@lbel-t | [18 [efa-lbd

L i) L | e i » Place the first ball in any of the

3 | Jabe} 2 | tclabr|-} A | {-|-clabd three box, Take ¢+ ok

4 |fab|—c|-} 13 | {a|~|-bc 2. |fa|br|-c} » Then place the second ball in

5. |faclb]-1 WU |{beacl—) B |fa-|-c| b} any of the three box  Take(t
T T » Then place the third ball in any

6 |{bcl—|-} 5. |fclfab) A |tbrlal-o) Mans

s {ab|---|--c} 16 |{—(ab-|-<} 25 | {b|cla}

8

9!

B. Therefore, if you have r balls and n boxes then

» First ball can be in any of the n boxes: ways =n

» Second ball can be in any of the n boxes: ways =n x n

» Continuing that, the r balls can be placed as =nxnxn... r terms = n*

in any of the n boxes, continuing that I have r balls that can be placed in n into n into n like r

times. And it would be n to the power r as we explained before.
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Distribution of balls in boxes m _@_[ l@

A. Distgifute 3 distinguishable balls in 3 distinguishable boxes ?
e .0

of the three box

{ab]-~|~c} 16, | {~|ab-|-c} 25, | fbr|-cla-}
fac|-|-b} 7 | {=|a-c|-b} 26. | {~cla~|-b} o Total possibility = = 3* = 27
{-be]a-} 8 | f~|be|a-} 7. | fc|b|a-} (‘m% 'rof’muwl‘

L [@e= ] 10 [felbel-) 1. | f-fa-lbe}

L (el i | AL 20 it 2 » Place the first ball in any of the
3. | {=|-|abc} 12 | f-clabr|} 2. | {=|~c|ab} three box, Tale t owA™

4 |fab|—c|-} 13 | {a|—|-be} 2. | fa|br|-c » Then place the second ball in
5 |faclb) .| fbrlac|-} B |fa|-c| b} ~ any of the three box .’Talf-u"r
B {be|—| 5. | fc|—]ab} T » Then place the third ball in any
T

8.

el

B. Therefore, if you have r balls and n boxes then

» First ball can be in any of the n boxes: ways =n

» Second ball can be in any of the n boxes: ways =n x n

» Continuing that, the r balls can be placed as =nxnxn... r terms = n*
Drawing n distinguishable balls r times with replacement gives the same result.

Now as I said already that drawing n distinguishable balls r times with replacement gives the
same result. So let us say you have 3 color balls in a box. Now you want to pick up one of

them. There are 3 ways to do that. And you put it back again.

Again you pick up, again 3 ways. You put it back again. Again you pick up. So every time
you pick up you have 3 choices. So because you are replacing the ball, right, so it is called

replacement distinguishable ball with, picking up r times with replacement.



So this result with replacement is very important.
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Distribution of balls in boxes @l _@ @

A. Distgifute 3 distinguishable balls in 3 distinguishable boxes ?
0ce L.”fj

Label= | (10, el (190 [eefalba

fac|-|-b} 7. |{laclb) 26. | {-cla-|-b} o Total possibility = = 3* = 27
frbe|—[a-) 8 | t~|bela) 7 |telblad (Wit w*muwr )

1

R L |t~ R e ) » Place the first ball in any of the

3 | Jabe} 2 | tclabr|-} A | t-|-clabd three box, Take ¢+ ok

4 |fab|-c|-} 13 |fa|—|be} 2. |fa|br|-c » Then place the second ballin

5 |faclb) .| fbrlac|-} 3. |fa|-c| b any of the three box Take(t
Ty TR » Then place the third ball in any

6. {{be|=|=} 15, |{=c|-—|ab} 24, | {bfa-|—c} feme

7. |{ab]—|~c} 16, |{~[ab-|-c} 2. | {br]-cla}

8.

9.

B. Therefore, if you have r balls and n boxes then

» First ball can be in any of the n boxes: ways =n

» Second ball can be in any of the n boxes: ways =n x n

» Continuing that, the r balls can be placed as =nxnxn... r terms = n*

Drawing n distinguishable balls r times with replacement gives the same result.
il oo licl

Because you are replacing the ball back again you are getting the same result, Ok. Now you

will see if you do not replace it what will be the situation?
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Permutation (Order)

That situation is called permutation.



