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Welcome everyone in this NPTEL course on Biological Process Design for Wastewater 

Treatment. So, in the previous lecture we studied regarding the bacterial growth and it is a 

bacterial growth kinetics. Later on, during that lecture, we studied regarding the Monod 

growth process, et cetera. So, we will continue further.  

In the previous lecture, we studied that there are three aspects during the overall decay of the 

oxidation of the organic matter in the reactor. So, first is that the substrate continuously 

decreases with increase in time, the bacteria first it starts multiplying itself and later on during 

the endogenous respiration is again decays back and oxygen continuously is required for the 

oxidation of the substrate and for the growth of the bacteria. So, today, we will try to 

understand the decay process in much more detail.  
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The decay rate can be expressed as a first-order reaction: 

 

 

The relationship that we discussed earlier with respect to growth, that was more on the 

growth phase. So, now, when substrate actually decreases, we found that the bacteria which 



are in the system, they start using their own cellular materials for their own survival, and thus 

we have endogenous metabolism state which is reached and this implies that the part of 

cellular matter itself is getting destroyed by means of some of the mechanisms active in the 

endogenous respiration state and this is done. So, if we subtract this endogenous decay or 

respiration stage, we can obtain the net growth rate et-cetera.  

So, for accuracy only the biodegradable fraction of the biomass should be considered since 

there is also an inert or non-biodegradable or refractory organic fraction, which is not 

decayed naturally and which is not subjected to bacterial decay, but for the simplicity, we 

considered that that total VSS which is present in the reactor, that is the only biodegradable 

force and the volatile suspended solid which is there, it is considered to be the one which can 

decay.  

Now, the decay rate in the can be expressed as first order reaction. So, if we can depending 

upon x, that dx/dt can be a function of x. So we have minus this Kd which is the called as 

endogenous respiration coefficient. And remember, this section is for the not the growth 

phase we are trying to model is for this phase where that decrease is happening, where the 

death rate is more as compared to the growth rate. So, this is the stage for which we are trying 

to model this particular curve.  
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So under that condition, for typical domestic sewage, the Kd value varies in the range of point 

0.04 to 0.1 milligram VSS per milligram VSS per day based upon the BOD5 and similarly the 

Kd value may be 0.05 to 0.12 depending upon the COD value. For anaerobic treatment, the 



value is further lower 0.02 milligram VSS per milligram VSS per day, and this is based upon 

the COD references have given different values of Kd.  
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The net bacterial growth is obtained by: 

 

 

Now, the net bacterial growth rate can be obtained by using this equation. So, earlier we had 

written that for the growth phase nu x dX/dt is equal to nu x, but in that decay phase we are 

writing that dx/dt is equal to minus Kd X. So if we combine them together, we can write this 

particular equation for net bacterial growth. Now, in the previous lecture, we also gave that 

nu equal to nu max S upon KS plus S because the growth is a function of substrate 

concentration. So, overall, the equation can be written like this combining together both the 

growth equation as well as the decay equation.  
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Growth rate = Y (Substrate removal rate) 

 

Now, this leads to that there will be certain production of biological solids during the 

substrate removal. So, what is the gross solid production? So, bacterial growth that is the 

biomass production can be expressed as a function of the susbstrate used also. So, and this is 

like defining with respect to yield coefficient. So, the yield coefficient is defined and we have 

used the concept of yield coefficient earlier also during the stoichiometry overall growth 

stoichiometry equations. So, yield coefficient is the ratio of biomass production divided by 

the substrate removal rate.  

So, it may be it may be defined as the y is equal to biomass production rate divided by the 

substrate removal rate. So, this can be written and for this overall thus we can write this is 

equal to dX/dt and this is dS/dt. So, if we use this equation, we can write that dX/dt is equal 

to Y dS/dt. So, this is there. So, this equation can be used. So, in this equation that from this 

we can see that the greater is the substrate assimilation that is the whatever if the substrate 

utilization rate higher greater is the bacterial growth rate.  

So, higher will be the bacterial growth rate so, this relationship can be expressed by this and 

already X is the concentration of microorganism, which is generally, we will be using VSS 

and as is the concentration in terms of BOD or COD, so, gram per liter t is the time so, this is 

the equation.  
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When including the endogenous respiration, the net solids production becomes: 

 

Now, previous equation expresses the gross bacterial growth without taking into 

consideration the reduction of the biomass due to endogenous respiration. So, when including 

endogenous respiration, the equation can be written as this. So, now we have the net solid 

production becomes like this. So, we have two different equations now, we have written till 

now for dX/dt and so, going further in a wastewater treatment plant, there is a substrate also 

which is getting utilized.  

(Refer Slide Time: 7:36) 

 

The substrate removal rate can be expressed as: 



 

So, we should understand what is the substrate removal rate, which was here defined as dS by 

dt. So, we can viceversa write using this equation that dS/dt is equal to to 1 by Y into dX/dt, 

so, the greater is the rate lower is the required volume. So, if the substrate removal rate which 

is the actually the pollutants or the organic matter which is present in the water, if its rate of 

removal is good or very high, that means the volume which will be required for the reactor, 

which will be lower, so, greater is the rate, lower is the required volume.  

So, in a way we want to have the dS/dt to be high and if dS/dt is to be high, the dX/dt also has 

to be high. So, this is there and this equation is only the rearrange equation of the earlier 

equation.  
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We obtain: 

 

 

Now, the substrate removal rate is associated with the gross biomass growth also. So, in place 

of dX/dt, we can substitute dX/dt for nu X. So, earlier we had studied that this dX/dt is equal 

to nu X. So, this dX/dt was nu X. So, in place that is why we have written that dX/dt is equal 

to nu X is replaced here and if we replace like this and further replace nu is equal to nu max 

the Monod equation S upon KS plus S. So, the equation becomes like this. So, we have this 



particular equation. Now, this is the equation which can be used for finding out the substrate 

removal layer.  
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The term μ_max∕Y in the below equation can be replaced by k which denotes the maximum 

substrate utilization rate per unit of time. 

 

 

Going further we will try to understand that treatment can it takes in a reactor. So, already we 

have the term nu max by Y this nu max by Y which is there in the equation can be replaced 

by another term which is called as K. So, this K is defined for various value so, can we 

replace by K which denote the maximum substrate utilization rate per unit time. So, this nu 

max by Y is defined and we have nu term which is called as K which is the maximum 

substrate utilization rate and its typical value is around K 8 per day on BOD, ultimate BOD or 

COD basis. So, this is there.  
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When 𝑺≫𝑲S 

 

When 𝑺≪𝑲S 

 

 

Now, this K value depending upon whether S is greater than KS or what is the value 

relationship between S and KS the substrate removal rate will vary. So, when S is very very 

much greater than KS so, under that condition dS/dt becomes kX here thus the removal is 

independent upon the substrate concentration and it is zero order reaction and the removal 

rate is only dependent upon the mass of microbial solids present in the system. So, this is 

there. So, we have dS/dt which is fastest and it is dependent upon the X value.  

When the concentration is much lower than the KS value. So, under that condition this 

equation will be reduced. So, will be KS will be at there in the denominator and then we can 

write K by KS as a new type of constant which is called at the specific substrate utilization 

rate and its unit is a milligram per liter per unit time and time per raise to per unit time.  

So, this is inverse of both, so, we have 1 upon milligram per liter and per unit time, so, this is 

the unit which is there for K dash. So, this can be used further and here we can see this is a 

first order reaction. So, we have a first order reaction under one condition and we have zero-

order reaction under one condition when the substrate utilization rate is fastest.  
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The typical values of constants in that treating waste are written here for different like 

depending upon the type of basis in various authors have reported various values of Y, the 

yield coefficients so, we can see the yield coefficient is varying from around 0.3 to 0.7 or 

0.75, this is the highest value. The Kd value the endogenous decomposition rate is from 0.05 

to 0.098 or 0.1. So, this is the highest value which is reported similarly, nu max value, KS 

value K value and K dash value are reported in the literature in different books, et cetera.  
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Now, going further overall BOD removal rates for different sewage treatment processes this 

is given in the book of Arceivala. So, the different processes like extended aeration 

facultative aerated lagoon process fully aerobic lagoon process et cetera. The values are 



overall K values at 20 degrees centigrade depending upon the filtered effluent basis or 

unfiltered effluent basis they are given. So, different values of K et cetera are reported 

depending upon the SS concentration which is in the wastewater. So, depending upon this 

these values are reported and they can be used.  
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Now, during the treatment biological treatment process a lot of solids get generated because 

we have the growth of a microbial biomass and the process listed for suspended growth type 

there are we have lot of like this reactor which is their aerator and we have a which is having 

volume V and solid concentration is X1 and here the inlet is having a flow rate of Q and the 

initial substrate concentration is S0 and then we are finding that there will be certain 

conditions in the facultative process the concentration of bio-solids will be much lower than 

in the reactor. Whereas, in the case of flow through without recycling reactor, this X2 

concentration will be same as X2 here.  

In the third case, when recycling is held the X3 this concentration is much lower than the X3. 

So, the inlet we have the solid is not going to the biomass solid is not going and actually it is 

being wasted via this sludge process. So, here the sludge is being wasted and some amount of 

sludge is recycled back so as to maintain the solid concentration at the limit of X3. So, we 

have three systems.  

So, in the facultative system the solids are uncontrolled and they may settle, they may go out 

with their effluent, the power input level may be 0 as in the case of waste stabilization pond 

are very low that means, we have no power from outside and therefore not enough to keep all 



solids in the suspension. So, some amount of solids they settle down and the concentration 

which is going outside is lower than the X1.  
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In the second case in which the systems is in the system having flow through without 

recycling, the solids are partially controlled in that the power input level is sufficient to keep 

them in the suspension, but no settlement is possible that mean the solids go out with the 

effluent and fully aerobic flow through lagoons are of this type. So, here we can see the 

concentration is same as X2 because no settling is happening.  

In the third case, where the system incorporating flow through with recycle, the solids are 

fully controlled, they are neither being able to settle they are not allowed to settle because we 

have high power input and also they are not allowed to pass out with the effluent. The reactor 

effluent is settled after the treatment and the solids are generally retained in the system 

through recycling arrangement and the excess solids are withdrawn or they are wasted. So, as 

a waste treatment process its and more cells are produced by conversion of substrate.  

A steady state is finally reached when the solids produce are equal to solids leaving this 

occurs naturally in the facultative and flow through systems while in the systems with 

recycling, it is the sludge withdrawal that determines the steady state. So, this happens 

differently.  
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The hydraulic retention time t=V/Q 

The sludge age or the mean cell residence time, 𝜽_𝑪, can be estimated as follows: 

 

 

Now, what is the different amount of sludge age, how it is defined, what is the age of sludge 

which is there in the reactor? Similarly, with respect to what is the hydraulic detention time 

of the wastewater inside the reactor, these are very important terms with respect to design of 

any system. So, the hydraulic retention time is the same for each of the three above methods 

and it was t is equal to V by Q.  

So, this is how, but the time for which cells remains in the system can be different. So, the 

sludge age or the mean cell residence time theta C. So, this is estimated using this particular 

definition. So, we should try to remember that definition as compared to the formula. So, the 

sludge age is defined as the ratio of mass of solid in the system divided by mass of solid 

leaving the system per day.  

So, this is how we define the sludge age. We can use this formula for finding out for some 

particular cases like if the system volume is given the mass of solid in the system is x into V 

where x is the concentration of the solid inside the reactor. Now, x dash is the concentration 

of solid leaving the system and if Q is the flow rate, so, we can find out x dash Q. So, this 

will be the mass of solid leaving system per day. So, we can use this formula for calculating 

the sludge age or mean cell residence time.  
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In flow through systems where like the x dash is equal to x the solid concentration like here 

we saw that the x dash which is leaving is same as this. So, in this flow through system hence 

theta is equal to this the hydraulic retention time is same as sludge age.  

In flow through system with recycling such as extended aeration, the consultation in the 

system the concentration in the stream which is leaving the system is much less of the solids 

and thus the sludge age is much greater than the hydraulic detention time. In extended 

aeration system, for example, the hydraulic time may be around 1 to 2 days, while the theta C 

may range from 20 to 30 days owing to recycling.  

In facultative aerated lagoons also that theta C is value is much greater than t. So, that means, 

overall, the mean cell residence time can be equal to or greater than the hydraulic HRT. So, 



this is very important to remember. And there is another term which is very important for any 

other system where the bacterial growth is happening.  
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The food/micro-organism (F/M) ratio: 

 

 

And that is called food to microorganism ratio. The food to microorganism ratio gives the 

substrate removal rate per unit solid in the system and it can be computed from this. So, food 

to microorganism ratio this is being defined here. So, the food which is in the reactor system, 

like the initial system, which was given where volume was this and the concentration inside 

the biomass was this and the flow was coming like this at concentration is zero and it was 

leaving after treatment at S.  

So, in this case, the S0 minus S, so, this is the its unit will be in milligram per liter something 

like this, with respect to solid or BOD, COD et cetera and the mass of the solid inside their 

system is already the concentration is x so, again this is in milligram per liter. And so, this is 

X by t, the ratio should be detailed along with this basis and F/M ratio for facultative aerated 

lagoons and the stabilization pond as a part of microbial solid settle at the bottom. So, we try 

to find out by F/M ratio. So, this is this.  
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The net solid production rate can be written as: 

 

At steady state, 

 

 

 

Solving for X, we get: 

 

 

The net solid production can be using, because we have endogenous decay phase also and 

this overall can be written like this that delta X/delta t is equal to the growth rate phase 

because we have the substrate utilization rate is given by ds by dt. So, in place of ds/dt we are 

writing S0 minus S upon t where t is the HRT and why is the yield coefficient, already 

defined and since, there is a decay also so, we can write like this.  

So, at the steady state when the condition is at the steady state we can easily solve this 

equation. So, overall the theta C, theta C can be written as X upon dX/dt as per definition it 



was given like this is per definition mass of solid in the system divided by mass of solids 

leaving the system per day.  

So, we have theta C is equal to mass of solid in the system and mass of solid leaving the 

system per day. So, this is theta C is equal to X upon dX/dt. So, using this equation, we can 

write that dX/dt 1 upon X and this dX/dt can be written as 1 upon theta C. So, in this equation 

if we divide by X, so, this equation can be if we divide by X, so, X will come here and Y by 

X. So, we have Y by X minus Kd and in place of 1 upon X dX/dt we are writing 1 upon theta 

C. So, this is cell means cell residence time and this S0 minus S upon t divided by X is 

actually the food to microorganism ratio.  

So, we have a equation where we can write with respect to a sludge age food to 

microorganism ratio and Kd. So, this is the equation and this equation can be easily solved for 

other form also with respect to X, also we can solve, but here right now, we can concentrate 

this equation or this equation can be used further.  
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Substituting, t = V/Q and writing in concentration terms, the equation becomes: 

 

 

So, we will try to solve some equation. The previous equation can be simplified for flow-

through system since, the theta C is equal to t and in recycling system that term theta C by t 

has a multiplication factor of X. Hence, the extended aeration system have a much higher 



value of X, than the flow through lagoons. Substituting the value of t which is the hydraulic 

retention time is equal to V by Q.  

So, there is another equation which can be written if we solve we will be getting this equation 

YQ, where Q is the flow rate, theta C is the meantime residence time S0 minus S1 plus Kd 

theta C. So, we can easily get this equation also for one relationship where the theta C value 

is related to with respect to concentration of X volume of the reactor, the substrate utilization 

rate, etcetera.  
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From equation at steady state, one can write, 

 



 

And overall, the substrate removal efficiency the previous equation which was written here 

this particular equation can also be written like this. So, this is the same equation which was 

given and here the dS/dt actually upon x has been written in terms of kS plus S. So, it was 

earlier given and if you solve for S this particular equation will get any of these three 

equations easily and solving we can get this equation.  

So, any of these two equations can be used for finding out the substrate removal efficiency or 

the final substrate concentration outside the treatment system. So, we can use any of these 

equation. So, we will be using these equations a little bit for solving some of the problems.  
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So, in this question the first question it is given that calculate the biological solid production 

in a treatment system assuming that the operation is at a steady state and some data is given 

here and the coefficients so, the reactor volume is 9000 meter cube, the hydraulic detention 

time is three day the system has to be operated. The influent substrate concentration is 350 

milligram per liter. And it is found that in that after treatment the substrate concentration is 

only 9.1 milligram per liter. The biomass in the reactor VSS has been found out 

experimentally and it is found that it is 173.3 milligram per liter.  

Now, for solving we are using that the yield coefficient is taken from the literature and it is 

0.6 milligram VSS per milligram BOD5 and the endogenous respiration coefficient is 0.06 

per day. So, this is the value which is given. Now, we have to use this all data to find out the 

biological solid production in the treatment system. So, what is the net amount of solid which 

is getting produced per day that we have to find out.  
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d

dX dS
 = Y K ×X

dt dt
−

 

 

The global net production is:  

 

 

Now, assuming that this is finite time condition with the steady state conditions we are 

assuming so, equation this equation can be has to be used. Now, this equation can further be 

written as we have Y which is given 0.6 gram VSS per gram BOD5 dS/dt. So, dS actually by 

dt is from 350 to 9.1 gram BOD5 per meter cube and in place of dt we are writing the 

hydraulic detention time which is 3 day, 3 day is written and Kd is already given 0.06. And 

the X value is 173.3.  

So, if we solve it, and we can see that this unit is going off, similarly, so, we get gram per 

meter cube per day, which is the unit here, then similarly, for the second case also this goes 

up. So, we have gram per unit day per unit meter cube. So, this is the overall if you find it 

was 57.4 or 0.58 kg per meter cube per day. So, this is the amount of net production of solid 

per day. So, this is per meter cube, since the reactor volume is 9000 meter cube. So, if you 



multiply by 9000 the global net production is 522 kg VSS per day this is what we obtain with 

respect to the net production of solid per day.  
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Therefore, the net production of solid biological solid in the system is 522 kg VSS per day 

and in the calculation above it is can be seen that 68.2 gram per meter cube is the gross 

production and 10.4 is the destruction of due to the endogenous respiration. So, in this 

problem the net production is approximately 85 percent of the gross production. So, we can 

go further.  
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Some other problems also we can solve for the same question, it is being asked that calculate 

the hydraulic detention time and the sludge age in the sewage treatment system without the 



settling tank and solid recirculation, the volume is this the input variables are Q is equal to 

3000 meter cube per day the data given. The solid reduction the substrate reduction is from 

350 to 9.1.  

The maximum specific growth rate is given 3 per day and the half saturation coefficient is 60 

and endogenous decay respiration coefficient is 0.6 per day. So, if we have to find out we 

have to find out the hydraulic detention time.  
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The value of μ is given by Equation 

-1

max

s

S 9.1
μ = μ ×  = 3 ×  = 0.395 d

K + S 60+9.1  

The sludge age is given by following Equation: 

c

d

1 1
θ  =  =  = 3 d

μ  K 0.395  0.06− −  

 

So, in this case, because volume is given and the flow rate is given it is very easy, 3 and 

which was the earlier one. The value of nu can be calculated using this particular equation nu 

max is equal to this and it is 0.395 per day and the sludge age can be calculated this equation 

was derived earlier. So, using this it is coming as 3 day. So, as expected in the present 

example, that 3 day it is same the system has no solids recirculation, because.  
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o
v -1

d

Y × (S S) 0.6 × (350  9.1) mg/L
X  =  =  = 173.3 mg/L

1 + K × t 1 + 0.06d  × 3d

− −

 

 

Now going further, we can we calculate the suspended solid concentration to be reached 

under steady state condition. The data is same as earlier. Most of the data are same. So, for 

finding out this we can calculate from the yield coefficient and all these values are given that 

is 173.3 which was given actually in the question in the first part. So, this was given but we 

can calculate the same using this value. So, we can see easily that 173.3 is correct value 

which was found out or given in the problem earlier the cell wash-out time. 
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s c d

max c d

K  × [(1/θ ) + K ] 60 × [(1/3) + 0.06]
S =  =  = 9.1 mg/L

μ  [(1/θ ) + K ] 3.0  [(1/3) + 0.06]− −  

 

Similarly, the effluence or state which was given as 9.1 we can change the values and we can 

solve it to under this condition and the equation that we have derived earlier we can use the 

equation and all the values if we are using the same value as in the previous questions, the 

answer will come out to be 9.1 milligram per liter.  

So, this was given earlier but we can calculate depending upon the sludge age, the hydraulic 

detention time and all other nu max KS values et cetera. So, we can see easily that we can 

solve any problem if the system is at a steady state, we know the parameters and then we can 

solve.  
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3 3
3o 5

3

v 5

Q × (S S) 5000m /d × (340  5)BOD /m
V =  =  = 3988 m

X × U 3500gVSS/m  × 0.12kgBOD /kgVSS×d

− −

 

 

Similarly, the loading rate can also be calculated for the same data. Here the data a little bit 

changed as compared to earlier and here the U is given this is then the Q value flow rate is 

different, the substrate is changing from 350 to 5 milligram per liter whereas, the X3 value is 

this under this condition, this is the volume of the reactor that will come out.  
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So, with this we have come to the end of this lecture. We use these references for preparation 

of this slide. You can refer to these for further studying. Thank you very much. 


