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Inter-relationships between scale
factors for dynamic quantities

The prototype and the scaled model are said to have dynamic similarity if the net
forces at homologous points in the two are related by a constant scale factor kp.

However, the force at a point in a system is related to kinematic quantities.
Newton's law of motion relates the net force / on an element to its acceleration
aand its inertia. 1f kg, ky and k, are the scale factors for forces, masses and
accelerations, respectively, we can write

F=Ma - kp=kykg or ﬁ is a pi number

Now, let us move to dynamical quantities.

The prototype and the scaled model are said to have dynamic similarity if the net forces at the

homologous points in the two are related by a constant scale factor k.

However, the force at a point in a system is related to kinematic quantities. Newton's law of
motion relates a net force F on the element to its acceleration a and inertia. If kg, k), and k,
are the scale factors for forces, masses and accelerations, respectively, we can write F = Ma

which gives us ky is equal to ky,k,, or converting into pi number, that F/Ma is a pi number.
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Inter-relationships between scale
factors for dynamic quantities

Lk | =L x| D k= kb2 ’
| I
M=oV kg = ky*/k, 3
b = okt "=

Now, we can manipulate them like this, kg ; gives you kj X k,. But ky, is related to the

density times the volume, mass is p times the volume, so k,, is like kpkf. Similarly, the
acceleration is k,?/k;. How? Recall from Euler acceleration formula, the convective

acceleration was VZ_Z' V scaled by ky, Z—Z is scaled by ky/k; k V. So, that k, becomes

ky?/ky. SO, that kg, is equal to k,k,*k,?, and from this we obtained a pi number. So, pi is

Fi
2

equal to v

L%
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Scale factors and [l-numbers od
Dynamic quantities

Scale factors in terms of | Ilin terms of
. k , k; and k, I k,k,andky | p,Landt '
Force, I k kiik? k kEk Fetfpl'  Flply"
Momentum, P k kilk,  Kiky pt/plt PIpLV &
Torque, 7' k ki/k? k kikf T2 ol T/pL'V?
Work, k ki /K kkiki  Wedpl W/pLV?
Power, W k ki/k} kkikp  WEpL WLV
Pressure, p k"I‘cE/k,2 k k pt'pl? p/pV?

fity —
Quatiy p Land V

She.r stress, k kElkE k kb ' /pl? T/pV?

Here we have listed various dynamic quantities, like force, momentum, torque, work, power,

pressure and shear stress. We have first written the scale factors in terms of k,, k, and k.,



and then in terms of k,, k; and k,. And then from these scale factors relation, we have

developed the pi numbers.
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Obtaining modelling rules

The question that now needs to be answered is how to obtain modelling rules that
will ensure full similarity between the behaviour of a prototype and its
geometrically similar model.

This requires specification of the values of the uniquity parameters (1.¢.. of the
independent parameters) for the model flow, given their values for the prototype
flow

The question that now needs to be answered is, how the modelling rules are obtained? The
modelling rules that will ensure full similarity between the behaviour of the prototype and its
geometrically similar model. This requires specification of the values of all the uniquity
parameters, that is, of all the independent parameters for the model flow, given their values

for the prototype flow.
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Obtaining modelling rules

One approach follows from the recognition that the total force acting on a fluid
element which result in its acceleration 1s the vector sum of the various forces,
namely pressure forces, gravity forces, viscous forces, efc.

Similarity requires that not only the total forees on the prototype and the model
clements be scaled by a unique factor (which depends on the scale factors for mass
and acceleration), but the same factor must scale every component-foree that make
up the total foree vectorially

One approach follows from the recognition that the total force acting on a fluid element

which results in its acceleration is the vector sum of the various forces, such as pressure



force, gravity force, viscous force, etcetera. Similarity requires that not only the total forces
on the prototype and the model be scaled by a unique scale factor, which depends on the scale
factors for mass and acceleration, but the same scale factor must scale every component force

that make up the total force vectorially.
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Obtaining modelling rules

Pressure

force Viscous

force

[otal

force

Gravity

force \

—
Dﬁlmn of each component must be the same, and the magnitude scaled by the
Sagfe scale factor kp

Thus, if the total force in the prototype is the sum of these three forces: pressure force,
viscous force, and gravity force, the vectorial sum of these gives the total force. Then in the
model, every force would be scaled by the same scale factor, their directions remaining the
same. So, it is not only the pressure forces have the same scale factor, but the x component of
the pressure forces also would have same scale factor, the y component of pressure forces,
the direction being the same. Similarly, for all forces. This is the basis on which we construct

the modelling rules.
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Obtaining modelling rules

(i) Identifv the various force components that determine the net force at a point in
the flow field.

(i1) Obfain the scale factors for each of these force components using the physical
laws that govern the phenomena.

(iii) Equate the scale factors so obtained to the net-force scale factor £, obtained
from Newton's law of mertia. This 1s termed as the mertial foree factor.

(iv) Obtaining the non-dimensional [T-numbers in terms of the characteristic
7 independent quantities from the relations established in step (ii). These give
_‘:‘_-_ Finvariants that establish the modelling rules

So, the method consists of: identify the various force components that determine the net force

at a point in the flow field. Obtain the scale factor for each of these force components using

the physical laws that govern the phenomena. Then equate the scale factors so obtained to the

net-force scale factor kr obtained from Newton's law of inertia. This last is termed as a

inertial force factor. And then, obtaining the non-dimensional pi numbers in terms of the

characteristic independent quantities from the relations established in the step above. These

give invariants, the Pi numbers, that establish the modelling rules.
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Example: Scale factor for viscous
forces

Shear Shear . -
Foree _’ Stress X | Asea IZD ke = kukvky
= udv/dy J Lku=k?] @

T
ke = kyky/k, M= Ey
T vl

Let us do an example, let us find out the scale factor for viscous forces. Viscous forces are

shear forces, which will be shear stress times the area. The shear stress T varies like uj—;, the



Newton's law of viscosity, so k, would be k,ky/k;, and k4., We have discussed earlier is
k.2

So, from this we get the scale factor for the viscous forces, kg, = k,kyk;. And from this, we
obtain a pi number u% where the characteristic nature of the quantities is understood. Then

the value in the prototype must be the same as that in the model.
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Obtaining modelling rules

Relations among | /T-number
scale factors

Total (Inertia), F, Fi~mass X a ke, = k kK

Unsteady, F, Fomass x%! ke, = kpkiky/k(
t
Viscous, F, dv ke, = kykiky Fu Vi
Firu (d_x) area v
Gravity, F Fy~mass X g ke, = kkakq Fy
pgl’
Pressure, F, Fy~(8p) x area kr, = k(mkf _FP
(ap)L*

Obtaining modelling rules

Relations among | [I-number
scale factors

Surface tension, F, Fo~ax L ke, = kqky fg

al

Compressibility, F. Fo~E, X area ky, = ke K} Fe
EL*

Centrifugal force, F, F,~mass X w'r kFu = kpktkf) Fo
pliw?

)

NPTEL

We obtained modelling rule like in this table. For the inertial force we already obtained the pi
F
pL?

; . av . .
number as — For unsteady force F, is mass X e the unsteady acceleration, and this

gives you F,. The scale factor of F, is kpkfkv/kt. And so, this gives a Pi number ﬁ . We

had just obtained the scale factor or the pi number for the viscous forces. Similarly, for



gravity force, pressure force, surface tension, compressibility, and for the centrifugal force.

You are advised to verify these pi numbers.
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Obtaining modelling rules

We equate the scale factors of various component forces (o obtain modelling rules
ke = ke

kok kel = kykyky

- VL . ¢ .
kpkl'.k'r" = k,!l E> £ 1S an invariant
1

Now, we equate the scale factors for the various component forces to obtain the modelling
rules. For example, when we equate the total force scale factor to viscous force scale factor,
kp; is k,kfky, kp, as shown was k, k k. Simplifying this gives you k,k ky =k, or

kpkpky

= 1. And from this | get rho V L by mu as an invariant, that if the two flows are to be
u

similar the value of this parameter pTVL should be identical in the model as its value in the

prototype.
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Named Pi numbers

Re(vnolds)  inertial force and viscous force pVL/ i ' Re
Fr{oude) inertial force and gravity force R / g_L R Fi?
Eu(ler) inertial force and pressure force . Tzlﬂlp ‘ I'Eu
We(ber) mertial foree and surface-tension foree . pViL/a j\\‘c
Ca(uchy) mertial foree and compressibility foree pV2/E, IL'.'ll
Ma(ch) VE/c? Ma?

i 1
St(rouhal) centrifugal force and inertial force Vr/L or V/fL | 'St
i’_nf)

From the various components of forces, we obtain these pi numbers which are often used.

There are more pi numbers which occur, but we have taken only a sample that commonly
occur. These pi numbers are named in honour of the great scientists who have contributed to

fluid mechanics, and they are denoted by the first two letters of the names of the scientists.

For example, the pi number that is obtained by equating the scale factors of inertial forces

and viscous forces is called the Reynolds number, written as pTVL, and is abbreviated as Re.

Froude number is equating the scale factors for the inertial forces and the gravity forces, and

we get V2/gL, the square root of which is termed as the Froude number, so V2 /gL is Fr’.

By equating the scale factors of the inertial forces and pressure forces, we get pV?/Ap, which
is inverse of what is called the Euler number. the Euler number is defined as Ap/pV 2.

Similarly, the other numbers. Weber number relates inertial forces with the surface tension
forces. Cauchy and Mach numbers relate initial forces with the compressibility forces. The
Strouhal number relates inertial forces with the centrifugal forces and the unsteady forces.
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Example: Froude number matching

Aseaplane is being designed for a take-off speed of 100 kmph. Model tests are to
be made on a one-tenth scale model.

At what speed should the model be towed to simulate the take-off condition?

Determine the thrust needed by the prototype at take-ofl if the force required to
drag the model seaplane to take-off is 9 N

)

NPTEL

Let us do an example in which we need to match Froude number. A seaplane is being
designed for a take-off speed of 100 kmph. The model tests are to be made on one-tenth scale
model. At what speed should the model be towed to simulate the take-off conditions? And to
determine the thrust needed by the prototype at the take-off, if the force required to drag the
model seaplane to take-off is 9 N. When the aircraft is taking off, it is experiencing the forces

in water.
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Governing pi number

Governing
law
Inertia: Sl J
~ma '
Gravitation;
Fy~mg

Scale-factor relation |  Similarity rule

2
ViV

Modelling rule:

L ml"" HV P
Ve =V,(0)"2 = 100(km/hr) x V0.1 = 31.6 kmph
)

NPTEL

Here gravitational forces and inertial forces are important. The inertial force scale factor was

determined earlier as this, which is nothing but kpkfk]%. The gravitational force scale factor



was the scale factor of mass which is kpkf times k,. And by equating these two, we get a

ky

similarity rule as
kpkg

2
= 1. And from this, we form a pi number %, which is nothing but Fr2.

2 2
So, the modelling rule is & in the model should be equal to % in the prototype, where the

characteristic nature of these parameters are understood. So, V,, = V,(0.1)*/? = 100(km/hr) X

/0.1 = 31.6 kmph, instead of 100 kmph for the prototype. We need to drag the model aircraft

as 31.6 kmph. So, we will need the force required to accelerate this to 31.6 kmph.
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Prediction rule

We need to determine the thrust

G e 21,2 AN fiea ; . Thrust
Keruse = ke = k,,kl,kv Converting it to a pi-number: priT

pLAY?

() 2 o (100 MPH)2
Thrust, = Thrust,, X WL = 9N x (10)° x (_3,.(, Mp,,) =9kN

m

)

(Refer Slide Time: 17:16)

Next Presentation

Learning outcomes:

+ More application of similitude
* Method of dimensional analysis

0




The force required, the thrust should is a force, so it should have the same scale factor:

kpkfk‘%. Converting it to a Pi number, % must have the same value in the model as in the

prototype. So from this thrust for the prototype is determined as 9 kN compared to 9 N, for
the thrust in the model. Thus, we have been able to use the scale factor for developing both

the modelling rule as well as the prediction rule.

Thank you.



