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Significance of Euler, Froude and
Reynolds numbers
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Note that it is not the pressure that appears in the governing equation, but its
gradient, Therefore, all pressures may be measured with p, as the datum, and we can
work with gauge pressure, pg = p = p,.

This is a pressure difference and requires a characteristic pressure difference for

normalization, or that we need to know the pressure at some other point in the flow

fi & However, since no other pressure is specified in this problem, let us assume
he characteristic pressure difference is (Ap),, as yet unknown.

Let us next study the significance of Euler, Froude and Reynolds number introduced earlier.
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Note that it is not the pressure that appears in the governing equations but its gradient.

Therefore, the pressures may be measured with p, as the datum, and we can work with gauge
pressure p, is equal (p — p,). If we do this, the equation is unaffected, this p, is a pressure
difference, and does not require a characteristic pressure, but requires a characteristic

pressure difference for normalization.

To write a characteristic pressure difference, we need pressures at two points. However, in
this problem there is only one pressure p, specified and there is no other pressure specified.
So, let us assume that the characteristic pressure difference is (Ap),, which is as yet

unknown.
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Significance of Euler, Froude and
Reynolds numbers
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and the pressure BC becomes
pg 0 onz'=0as x" =0

If we make the changes the equation that we started with changes into this second equation,
and the pressure boundary condition becomes p; — 0. So, if we do this, then pressure p,

does not occur anywhere in this equation, instead a (Ap) ,has been introduced.
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Significance of Euler, Froude and
Reynolds numbers
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If the pressure forces within a flow field are to be significant, that is, they are not
negligible, the pressure force term in the equation should be of the same order as
the inertial term. Thus, the coefficient of the pressure gradient term should also be
of order 1. This is possible if the characteristic pressure difference (Ap), is of the

; 1
same order as pV,2. 1tis customary to set (Ap)y = gf’Voz.
With this, the governing equation becomes
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If the pressure forces within a flow field are to be significant that, is they are not negligible,
the pressure force term in the equation should be of the same order as the inertial term. Thus,
the coefficient of the pressure gradient term should be of order 1. This should be order 1. This

is possible if the characteristic pressure difference (Ap), is of order pV,2.

And so, we set customarily (Ap), = pV.2. And with this, the equation that governs the fluid

flow becomes this. Now, there are only two parameters there. The Euler number is no longer



relevant. Then we can write V*as a function of x*, the non-dimensional space point, and the

gD u . .
parameters (V—Oz) and VoD’ and the non-dimensionally geometry.
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Significance of Euler, Froude and
Reynolds numbers

Wherever two pressures are specified in the problem, a characteristic pressure
difference is defined by these two, and can no longer be set arbitrarily (at pV?/2).
The values of the modified Euler number, then, need to be matched for the model
and the prototype.

One such case is the flow of liquids with cavitation. Cavitation occurs whenever
the pressure falls below the vapour pressure, p,. Thus, the difference, (p, - p,)
forms an independent characteristic pressure difference and Eu has to be defined
as

=2V

r;\ Po=Pv

"I needs to be matched for the model and the prototype flows.

But this thing breaks down if two pressures are specified in the problem. Because if there are
two specified pressure in the problem then they would determine what a characteristic
pressure difference is. So we can no longer set it arbitrarily at pV,2. In that case, we will use
that pressure difference, the two given pressures, the difference in those pressure would be

the characteristic pressure difference.

One such case is the flow of liquid with cavitation. Cavitation occurs whenever the pressure
falls below the vapor pressure of the liquid. Thus, the difference (p, — p,) forms an

independent characteristic pressure difference, and the Euler number has to be defined as

2
%. And this Euler number needs to be matched in model and the prototype flows.
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Significance of Euler, Froude and
Reynolds numbers

[tis possible in some cases to re-define the problem in such a manner that
Froude number similarity can also be eliminated as a modelling requirement.

We introduce a new variable P defined as P = (p + pgz) = p,. It may be
noted that this P as defined has a constant value throughout a stationary fluid. It
is for this reason that P is called the non-gravitational gauge pressure

. D . . . . .
Next, we consider (‘3—2) It is possible in some cases to redefine the problem in such a manner
o

that the Froude number similarity can also be eliminated as a modelling requirement. We

introduce a new variable, modified pressure written as script P defined as (p + pgz) - Do-
It may be noted that this modified pressure has a constant value throughout a stationary fluid,

and it is for this reason that this is called the non-gravitational gauge pressure.
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Significance of Euler, Froude and
Reynolds numbers
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where P has been normalized to P* using (Ap),.

The pressure condition is now changed to P* — 0 onz* =0 as x* — ~

Thus, it is seen that Fr does not occur in the problem statement at all, and

only Re = pV/ L /uand Eu = pV *p, have to be matched. If; in addition,

the flow conditions are such that only one pressure p, is specified, one
(;)111 use pV,? /2 as the characteristic pressure difference.
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And if we introduce this, the first two terms of the governing equation combine into a single
term. The pressure condition has now changed to the non-dimensional modified pressure P*
— 0 on z* = 0 as xX* — —oo. Only Reynolds number and the modified Euler number pV,2/

(Ap), have to be matched.



If, in addition, the flow conditions are such that only one pressure p,, is specified, we can take
(Ap),is equal to pV2as the characteristic pressure difference, and then only Reynolds

number needs to be matched.
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Significance of Euler, Froude and
Reynolds numbers

However, this simplification is not always possible. For example, in problems
involving a free surface of a liquid, the shape of which changes with the motion.

At the free surface, z = 2y (x), the pressure is specified as atmospheric. Thus, the

pressure boundary condition is replaced by p = p atz = z(x)
2 SRR T B
When the non-gravitational gauge pressure

Py = (p + pgz) = p, is introduced, the pressure
boundary condition modifies to

Fy= pgz az=1z,
which, on non-dimensionalization gives

pgl . . .
=—z Az =12
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However, this simplification is not always possible. For example in problems involving a free

surface of the liquid, like shown here. And this shape changes with motion. The free surface
specified as z = z; (x) and the pressure at this point is p, everywhere. So, the boundary

condition is replaced by p = p, atz = z¢(x).

When the non-gravitational gauge pressure 7, is introduced, the pressure boundary condition

in this case is modified as P, = pgz; at z = z¢, which on non-dimensionalization gives

this. Now, notice that g, which does not appear in the equation of motion, has now appeared

in the boundary condition. Thus, gravity effects are important in problems with free surface.
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Significance of Euler, Froude and
Reynolds numbers

This can be recast as
Vi gl
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Thus, though it vanishes in the equation of motion, the Froude number Fr appears in
the boundary conditions, and needs to be matched

Such conditions oceur for example in the motion of ships and other vessels close

10 the surface of oceans. Similarly, Fr in the models must be the same as Fr in the
{peoptvpes in flows over dams, weirs and in open channels, However. Fr may be
Jdenred as a similarity requirement for a submarine operating at large depths

Such conditions occur, for example, in the motion of ships and other vessels close to the
surface of ocean. Similarly, Froude number in the models must be same as the Froude
number in the prototype in flows over dams, weirs and in open channels. However, Froude
number may be ignored as a similarity requirement for submarines operating its large depths
far away from the free surface.
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Example: Cavitation on torpedo fins

Decreasing liquid speed B3
Increasing liquid pressure

Let us do one example, cavitation on torpedo fins. You see when a torpedo is moving under
sea what happens is that on fins the velocity increases and so the pressure decreases, as the

pressure decreases below the vapor pressure at that temperature, then a vapor bubble is
formed.



The vapor bubbles have a tendency that as the pressure increases back if the fluid slows
down, they move away from the fin, the pressure increases the vapor bubbles the diameter of
the vapour bubbles decreases. Then the vapour bubble splits, and suddenly a jet impinge on
the surface. And this jet can cause erosion and pitting on the surfaces of fin surfaces, which

will decrease the control of the vehicle, so we need to avoid cavitation.
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Cavitation on torpedo fins

Atorpedo (of diameter 20 cm) is seen to be on the verge of cavitation at a speed of
30 m's when running 10 m below the ocean surface (temperature 20 °C). At what

depth must it run if it is to travel at 50 m's?

As 10 mis fairly large compared to the torpedo size, the Froude number Fr
does not need to be matched if we replace pby: P = p + pgz—p
- be 0

But since cavitation is involved, the Euler number Eu (with P, = P, taken
as the characteristic modified pressure) is now to be matched.
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A torpedo of diameter 20 cm is seen to be on the verge of cavitation at a speed of 30 m/s

when running 10 m below the ocean surface, the temperature is 20 °C. From this temperature

I can find out the vapour pressure, and it is about 3.4 kPa.

At what depth must the torpedo run if it is to travel at 50 m/s? If you want to run it faster,
then the pressure difference would be larger so if cavitation does not have to occur the
ambient pressure should be larger, so depth of the torpedo run must be more. As 10 m is

fairly large compared to torpedo size, the Froude number does not need to be matched, and

we replace p by, ? = p + pgz — p,, the non-gravitational pressure difference.

But since cavitation is involved, the Euler number with with £, — 2, taken as the
characteristic modified pressure is now to be matched. So, we have to match these two for
prototype and model.
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Cavitation on torpedo fins

(]) = P]) =(p+pgz- Vo)re[ = (V + 092 = Po)cavitation
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Taking the datum at the ocean surface where p = p, and z = 0, we have

(P 5 ?..) =0=(py +pgz=po) =po =Py = P92
gt S,

(P = P)y = (1013~ 23) kPa+1,030(:%) x 981 () x 10 (m) = 2000 kPa §
9 ¥ m 5

Equivalence of Eu then gives (with the densities being the same)

A(? = ?,.)V = (P - :R)lll(u),])/l/t),lll)z

@) = 200.0 (kPa) X (gg)z = s557kpa Y

(Po —P)p =po — (py + pgz), is like this, at reference pressure p, and at cavitation.

Taking the datum at the ocean surface p = p, and z = 0, we get this value is equal to

Po — Pv» — PgZ . SO, this for the model is, we plug in the values, and we get 200 kPa.

Equivalence of Euler number then results in this expression as the modelling rule. Euler
number must be the same, so the characteristic pressure difference in the prototype should be
characteristic pressure difference in the model multiplied by the velocity in the prototype
divided by velocity in the model whole squared. And this gives you that the characteristic
pressure difference in the prototype should be 555.7 kPa as against 200 kPa in the model.
And this is obtained at the depth of 45.2 m.

Thank you very much.
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Cavitation on torpedo fins

(7",‘7).‘)p=Po‘(Pv+sz)p .
" kg m’
= (101.3 - 23)(kPa) + 1,030 () x 981 (* ) x hy (m)

= 99(kPa) + 10.1 X 10'h,(Pa)

Equating this to 551.1 kPa obtained above, we get

(555.7-99)x10’
h,=——=—=452m
(4 10.1x10 . v
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Next Presentation

Learning Objectives:

* More examples of similitude

* Scale factor approach
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