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Sign Definiteness of Scalar Functions

Hello everyone. In today's lecture, we will be discussing the basics of studying the
Lyapunov second method. And in this part, we will be discussing the sign definiteness of
the scalar function and Sylvester's theorem. So, why the scalar function? Because the

energy we are considering for the system is basically a scalar function and also positive.

Why do we need to study this topic? Because most of the time, it is difficult to find the
scalar function or the energy function for the system. So, this topic is very important to
find the energy of the system. And also, in Sylvester's theorem, we will be coming up
with the concept which will help us to find the positive definite function. Basically, the
energy function for the system is scalar and also positive.So, how can we come up with
that positive definite function? Sylvester's theorem can help us. So, the first part is sign-
definiteness. So here, we'll come up with the positive definiteness. And let's assume we

have the function

Ve =V = {0 IO
So, if the function is defined for n states and if it is positive definite, then v of x will be
Positive for any in the state space for any value of x, so we can say for any value of x is
not equal to 0, and if it is 0, if x is equal to 0, if the function satisfies this condition, we
can say the function is positive definite. And the second part, positive semi-definite.

Semi-definite means.
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So, here the V(x), this V(x) will be positive in the state space for any value of x except
one or more points in the state space, including the origin x equal to 0, where V (x) will
be 0. So, we can write V(x) will be It will be positive for any state in the state space

except some point or more points and x equal to 0, which belongs to xn.



This V (x) will be 0. So, it means you can write here. Let me write here. V is said to be
positive at all points in the state space except one or more points in the state space,
including the origin x equal to zero, so where V(x) will be zero. So, once the function
follows this definition, we can say the function is positive semi-definiteness. Now, the
third part is negative definiteness. So, here the function V(x) is a scalar function, and it
will be negative for all x all x not equal to zero and zero at x equal to zero. If the function
follows this rule, then you can see the function is negative definiteness. And the third is

negative semi-definiteness.
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So, here actually, we can come up with the same definition what you have proposed here.
The V(x) will be, and the V (x) is said to be positive. Instead of positive here, we will say
negative at all points in the state space except one or more points in the state space,
including x equal to 0, V(x) equal to 0. So, the same definition except this, instead of
positive, we will write negative. So, I'm not going to do that. So now, this is how we can
define the negative definiteness and positive definiteness. Now, we'll come up with some,

we'll consider a quadratic function, which can define the total energy of the system.
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So, let me try it. Basically, in most of the systems, what you see practically now in daily
life, the dynamical system, the total energy can be defined by the quadratic formula, so
we can write the total energy for a dynamical system can be defined in a quadratic form

as



N N
V(x) = Zz Kijx;x;

i=1j=1

So, we can x;x; where here I'll say we can say K;; are constant some constant parameter
so as I have to say that most commonly used quadratic function in matrix form we can

write
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V(x) =XTQX

i1 912 - qin
o= LY

dn1 - Qun
XT=[x1 X2 .« Xq]

V(x) = qu1X% + q22%5 + -+ qunxi + - (qij + qji)xi%; + -+ . Eq(1)
So now, if you take a simple example, for example, we have the function

V(x) =x? +x2
o sl Y

so we can write It is a scalar function and also positive, so we can consider this the
energy of some system, which can also be defined in this form where this matrix is a
positive definite matrix. So the most important thing is how to find this matrix and based
on which you can find the total energy of the system. Now, from this, we can write From
this,



kij, [=]
qij =

1
s(kij+ ki) = aj,  i#]
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Let V(x) be some function
V(x) = 4x? + 2x2 + x2 + 2x,x5 + Xpx3 + 2x1%3 ... Eq(2)
Now, if you compare both these equations 1 and 2,
ki1 =4 ky = 2,k3z =1, k3 =1,ky3 =2

Now, if we compare this case with g4, g, like that, so we can write here

q11 = ki1 =4

G2z = kap =2

q33 = k33 =1
1

qd12 = §k12 =1
1 1

423 = Ekzs =§

diz =1=q3

4 1 1
0= [1 2 1/2]
1 1/2 1



V(X) = XTQX
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Now, if you use this for if you use this matrix and if you multiply this matrix with x
transpose pre-multiply and x with post-multiply, we can get this Lyapunov function. So
this is how we can find the Lyapunov function, but the most important part is how to find
this. This positive matrix, so here for the definiteness, so now we are doing the second
part of this in this lecture: positive definite definiteness. So a quadratic function, a

quadratic function.
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V(X) = XTQX is positive definite if and only if only if all the principal. Principal
determinants, which is we can define |Q4, Q; ... Q,|, but after this, we will explain now
just let me wind up this definition of the matrix Q are positive. Here, if you let's let us
assume we have the matrix Q, and if it is defined by
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so this is basically the third principal determinants. Now, um, we'll look something sign
definiteness. Okay, it is actually you can do can just simply you can go the example. |

think it is better instead of this say example. Let us consider we have the some function

4 1 2 1[*1
1 2 1/2] [le
1 1/2 1 Jlx3

V(ix)=[x1 Xz X3]

And we have the matrix for the same matrix what you have done what you have obtained
here, the same matrix I'm assuming here, and we will check the positive definiteness for

this particular case using this Sylvester theorem.
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4 1
=4, 1Ql=|] ,|=7>0

4 1 2
Qsl=|1 2 1/2|=5>0
1 1/2 1




So we can say that all the principal elements are positive, and we can say this is a positive
definite function. So this is how we can find the V(x) function, and also, if you need to
find the matrix inside the skew matrix, we can also follow the same procedure as we have
done before. So this is very important for understanding the second theorem, and we will
be using this kind of function in our example, which we will be taking later. Also, it is
very important that the structure of the Lyapunov function for an nth order system
Sometimes it is difficult to choose the Lyapunov function, but if you know how to find
the positive definite, we can simply find it. Anyway, we'll have a lot of examples in the
later lecture, and also how to use, how to find the Lyapunov function for any other
dynamical system, we'll go through in detail. So let's stop it here, and we'll continue from

the next lecture.
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