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So, welcome to this particular lecture and we will continue our discussion what we have
been doing so far. So, these are going to be important, when you actually use the iterative
methods to find out the error. Because, the error needs to be I mean decreasing when you

go ahead with the iterative process.
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The quantity [x(A) = [|A]] [[A~"[]is called the condition ﬂ(‘i L4
number of the linear system with respect to the norm |[.||. ~ i
When using the standard norms ||.|[,, p = 1,.... oo, we

label x(A) with the same label as the associated norm.

Thus, ol
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rp(A) = || AllpllA7"]],-
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smallest singular values of A. Allows to define x(A) when b
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A is not square.
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” > Note: ky(A) = 70.(A)/Fmin(A) = ratio of largest to ﬁm
[

» Determinant *is not* a good indication of sensitivity

> Small eigenvalues *do not* always give a good indication
of poor conditioning.
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Now, there is a quantity, which you have come across is called the condition number; it is
kappa A, it is essentially represented at kappa A is the condition number of a matrix A is
the magnitude or norm of A into A inverse. So, of a linear system with respect to norm

this.

So, when you use the standard norms the norms, 1, 2, 3 to infinity, we say this kappa A
with the same level as p condition number for the pth norm of A can be written as
magnitude of A at the pth norm and inverse at the pth level. So, this p could, it is a pth
level, so p can go from 1, 2 n like that. Now, one can note here, the kappa 2 is the ratio of
the largest to a smallest singular values of A. So, it allows to define when A is not square.
So, this is a very important note, when A is a not a square matrix, you can actually define
the condition number. And as you see this is the ratio of the largest to the smallest

singular values of A.

So, which tells you depending on the condition number, the sensitivity of this matrix for
the linear solution because, that is what is getting associated with the condition number.
So, from the condition number also one can anticipate the convergence level of your
linear system. So, when you say the determinant is not good, a good indication of
sensitivity. Small eigenvalues do not always give a good indication of poor conditioning.
So, that is the point, once you find out the eigenvalues from there, if you try to anticipate
whether, the conditioning is good or bad that is not an good indication, but the

determinant can be a good indication for getting the condition number.
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Example: | Consider, for a large «, the n x n matrix

A =1+ ceel
n

> Inverse of A is :

A7' =T — aeel
n

» For the ~c-norm we have

\ I Allee = A7 oo = 1 + o
so that

o 2 [ =)

» Can give a very large condition number for a large « —
but all the eigenvalues of A, are equal to one.
RS el B

One can again check an example, simple example and try to see what it means. You take
an large alpha for n by n matrix such that, equals to I plus alpha into epsilon 1 and
epsilon 1 n transpose. So, the inverse of A if you find out, it will remain I minus alpha e 1
e to the power transpose n. For the infinity norm we have A infinity norm equals to A
inverse infinity norm equals to 1 plus mod alpha so, that is what you get. So, this leads to
the calculation of the condition number at the K infinity level which is 1 plus mod alpha

and completely square of that.

So, that means, it can provide you back a very large condition number for large value of
alpha, but all the eigenvalues of A n are equal to 1. So, this is the check that, what we
made a statement here the eigenvalues are not the good indicator for condition number,
but once you look at here, the eigenvalues are nicely behaving, but the condition number

is absolutely large for large alpha so, that is not a good marker for condition number.
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Rigorous norm-based error bounds

> First need to show that A + E is nonsingular if A is
no:ﬂulimb‘_issmall. Begin with simple case:
LEMMA: If || E|| < 1 then I — F is nonsingular and

Z MM =B € = )
Proof is based on following steps
a) Show: I_fJE_H_< 1 then I — E is nonsingular

b) Show: (I — E)I+ E+ E*>+--.-+ E*) =1 — E*\.

c) From which we get:

-
I-E)'=) E'+(I-E)'E*" —)

=0

So, now if you look at more detailed error bound, so one needs to see what happens to A
plus E, when it is non singular, if A is non singular and E is small. So, we can take an
simple case as in lemma, the magnitude or the mod of E less than 1 then, I minus E is
non singular and it satisfied the norm 1 minus E inverse. So, magnitude of that less than
equals to 1 by 1 minus E bound. So, this can be proved based on this kind of theorems.
So, you have first you can show if mod E than 1 then E is non singular and second step
you show I minus E and expand this to the kth level which is identity matrix minus E to

the power k 1, then you can from their combining these two you obtain this.
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So, one can actually get and then once you obtain this take the limit at k tends to 0, we

get 1 minus E inverse, which is i to the power 0 infinity the smallest value.

So, the lemma says identity minus E inverse mod should be less than equal to 1 by E.
First we showed that that, E is small so, magnitude of that less than 1, 1 minus E is not
singular that is the first part. Second part we show that, 1 minus E the power inverse. So,
basically you have expanded this term and you get 1 I minus E to the power K plus 1 and

when you take the limit this becomes the sum of E to the power L.

And the final step, the magnitude of that equals to limit K tends to infinity, 1 0 to k E 1
and the limitic sense of k tends to infinity one can write i 0 to k E to the power chi then,
which is less than equals to k tends to infinity i 0 to k magnitude of E, less than equals to
E mod to the power i, which is nothing, but 1 by 1 minus E so, the it prove the lemma.

So, that sense sort of in very strong error bound in terms of computation.
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» Can generalize result:

LEMMA: If A is nonsingular and ||A~!|| ||E|| < 1 then
A + E is non-singular an e
\ I(A+ E)7Y <

Proof is based on relation A + E = A(I + A~ 'E) and use
of previous lemma.

THEOREM 1: Assume that (A + E)y = b + e and
Az = b and that [A'|[|E|| < 1. Then A + E is
nonsingular and '
lz—yll . NATTI 1Al (llEH = M)

lzll = 1 —(lA-t EN Al [lbl

[
1A= B
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So, the thing is that if we can generalise that lemma if A is a non singular and A
magnitude of A inverse and norm of E less than 1 then A plus a is also non singular and
that satisfied this so, this one can also prove based on the previous one. So, this can be
similarly proved like that. So, the theorem says assume A plus E y equals to b plus
epsilon and A x equals to b and that norm of a inverse or magnitude of E less than 1 then

A plus E is non singular and it also satisfied magnitude of x minus y divided by x. So,



this 1s the normalisation then, you get magnitude of A inverse magnitude of A by 1 minus

Ainverse E E by A epsilon by b.
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Proof: From (A + F)y = b+ e and Ax = b we get

(A+ E)(y — x) = e — Ex. Hence:
Ty —z=(A+E) (e — Ex))
Taking norms — ||y —z|| < [[(A+E)~"| [llell + I Elll=]|]
Dividing by ||| and using result of lemma — =
lly — =l e s
=l < WA+ E)7 [llell/llzll + [1E]]
3 el S
= T T lell/Nlzll + 1| E]l]
L —[[A=Y[IE]
A=Al llell £
— 1—([A-YIEN LAzl Al
Result follows by using inequality || A||||z| > ||b]|.... QED
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So, how you prove that? so you consider A plus E y equals to b plus epsilon and A x
equals to b So, what we get when you write A plus E y minus X, equals to e minus Ex y
minus x equals to A plus E inverse e minus E x so, that is what you get for this. Now,
taking the norm y minus x the norm of that must be less than the inequality says A plus E
inverse the norm of that and norm of E norm of E norm of x. Now, you divide that by the
norm of X, so the inequalities stands and the complete 1 is divided by x and if you do the

algebra you can prove that, that this happens.
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Simplification when e = 0 :
xr — A" 3
HlH H.l/H <= l ‘HHI‘\‘\EQ‘H
I = AT
b2/

» Slightly weaker form: Assume that ||E||/||A| < é and

pYcd
H‘ H/H”H <é and dx(A) < 1 then —

o bl lz—ull o 20m(A) X L~

[z = T=3x(A) (j‘ i

Simplification when £ = 0 :
llell
ll&]l

|z — yl| i
\ Tz < [l A7Y Al

’ Another common form: l

THEOREM 2: Let (A+ A A)y=b+A band Az =b
where |[A A|| < €||E||, ||A b]| < €]|e||, and assume that

elA-Y[||E|l < 1. Then — _

==yl _ e lA~"1 Al <M+||E||>
=l = 1= ellA=1| &7 \[lall " 1Al
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Now, one can do some sort of an simplification to this kind of system. One immediate
simplification is that, you say E is 0, so then norm of x minus y divided by norm of x less
than equals to this, so it boils down to a another inequality which is A. So, from the
generic case, you can always simplify for the special cases and simplification when
capital E 0 x norm x minus y by norm x less than A inverse A e by b. So, that is

simplification, which you can do.

Now, if you write in shorten or slightly weaker form and assuming that, norm of E by
norm A less than equal to delta and norm of epsilon by b or e by b less than delta then I
can write, norm of x minus y divided by norm of x less than 2 delta condition number a
by 1 minus delta condition number A. So, it can be also written in another form which
leads to second theorem. So, that these are the part where you can find in the any linear
algebra calculation or book with linear algebra computation. So, that provides those

information very nicely.

So, let A plus delta Ay equals to b plus delta b and A x equals to b where norm of delta A
less than equals to epsilon norm of E and norm of delta b less than equals to epsilon into
e and assume that epsilon norm of A inverse norm of E less than 1 then it satisfied this
inequality. These are hard core matrix computing theorem, which typically if one wants
to have a very efficient algorithm for the linear system, he needs to keep checking all

these details and then put the norm.
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Normwise backward error

Question: By how much do we need to perturb data for
an approximate solution y to be the exact solution of the
perturbed system?

Normwise backward error for y = (def) smallest € for
which
(1){(A+AA)y= b+ Ab:
la Al < €l|E]l;  [|A b < elle]|

TR S O
Denoted by 1z .(y).

> yis given (a computed solution). E and e to be selected
(most likely 'directions of perturbation for A and b').

» Typical choice: [E = A, e =b k

[#] Explain why this is not unreasonable

TITUTE OF TEC OLOG ANPU oke 64

Now, backward norm if you put, so it can tell you how much we can need to perturb the
data, so, that we can still exert solution of the perturb system. So, backward error of y is
smallest epsilon for which, A plus delta A y equals to b plus delta b and norm of delta a
less than equals to delta E, where delta b less than equals to epsilon e. So, y is given at
the computed solution and E and small e to be the selected for the perturbation and

typical choice is that E is A and small e is b.
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Let r =b — Ay (!) Then we have:

Ir|

THEOREM 3: (5g.(y) = TR

Normwise backward error is for case E = A.e = b:
T “‘ &
nas(Y) = Tamyr=mer

[#] Show how this can be used in practice as a means to
| stop some iterative method which computes a sequence of
‘ approximate solutions to Ax = b.

[#] Consider the 6 x 6 Vandermonde system Ax = b where
a;; = j2¢-Y, b= A % [1,1,---,1]T. We perturb A by E,
with |[E| < 107'"| A| and b similarly and solve the system.
Evaluate the backward error for this case. Evaluate the
forward bound provided by Theorem 2. Comment on the
results.

Why that is not an unreasonable choice, let us see, you define r equals to b minus Ay

then we have eta E e y equals to norm of r by E y norm and epsilon norm. So, norm wise



backward error is for case E is equal to A and small e equals to b. So, that shows this

expression.

So, one can so, you can find out by considering some system and then estimate this kind
of norm or one can take some examples and put it some code in the MATLAB and find

out that.
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Componentwise backward error

A few more definitions on norms...

» A norm is absolute |||z||| = ||=|| for all =. (satisfied by
all p-norms). = = i
@ » A norm is monotone if |z| < |y| — ||=|| < ||y]|.
bhitbteg - o Ed

_— LRI =

> It can be shown that these two properties are equivalent.

[#] Show: a function which satisfies the first 2 requirements
of vector norms (1. &(x) > 0 (==0, iff z = 0) and 2.
@(Ax) = |A|@(x)) satisfies the triangle inequality iff its
unit ball is convex.

7] (Continued) Use the above to construct a norm in R?
that is *not* absolute.

66

Now, if you go by component wise then, some more definitions which would be handy to
have. The absolute norm equals to the norm of that, for all x which satisfied the p norm.
Secondly, the norm is also monotone, if mod x less than equal to mod y which leads to
the norm of x less than equals to norm of y. One can show that, these properties are there

are some equivalents to that. So, you can show easily these things.

(Refer Slide Time: 15:00)



Error analysis

[#] Define absolute *matrix* norms in same way. Which of
the norms || A||;.||A||x<.||A:]||. and || A||z are absolute?

[#] Recall that for any matrix fl(A) = A + E with |[E| <
u|A|. For an absolute matrix norm

E

Il e

Al
What does this imply?

> Analogue of theorem 2:

THEOREM 5 Let Az = b and (A + AA)y = b +
Ab where |AA| < €FE and |Ab| < ee. Assume that
e|||A~"E|| < 1, where ||.|| is an absolute norm. Then,

ll=—wll € A~ I(E]z| + e)ll
ll=ll = 1—elllA~YE| [l |

Now, there are another theorem, which is theorem number 5, which is analogous to
theorem 2, which state that, if you have A x equals to b and A plus delta Ay equals to b
plus delta b, where delta A or the mod of delta A less than equals to A epsilon E or mode
of delta b less than equals to epsilon e, assume that epsilon a inverse this magnitude less
than equal to 1, where dot is an absolute norm. Then, the linear raised definition would
be x y norm, x minus y norm divided x norm less than equals to this expression. So, one

can also prove this.
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In addition, equality achieved to order ¢ for infinity norm.

> |mplication:

L

o ATl N
limit,_gsup{ ———: (A + AA)(x + Az) =b+ Ab

el

-1 (Elr| - g
equals G):d—;,(,-!.‘r) — A~ (Ele| + )l

[|2]] >

» Cond. number depends on x (i.e. on right-hand side b)

Il 1A' 1A] =] |l

» Case E = |A|

d(A,.z) =
e = 0 yields: i

» Componentwise relative conditi
| reond(A) = || A~ A ||

[#] Redo example seen after Theorem 3, (6 x 6 Vander-
monde system) using componentwise analysis.

MTUTEOF TEC LOG ANPUR 68

Now, in addition to that, finding that infinity norm, the implication is that if you take the

limit of that whole theorem you get back this condition system. And the condition



number, recondition number depends on x and all these things and the relative condition
number would be define that A inverse magnitude, A magnitude and the norm of that at
the infinity level. So, this would be an very useful formula for condition number, and
where you need to take care of all these while you will be programming your linear

solver.
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Componentwise backward error for y = is the smallest ¢
for which
2) (A+AA)y = b+ Ab:
|A Al < eE: |Abl Lee

Denoted by wg .(y).

THEOREM 4 [Oettli-Prager] Let » = b — Ay (residual).
Then :

Tored () = TiEse Iril
WE ¢ { — a’ ‘7-
& i (Elyl+ e)

Zero denominator case: 0/0 = 0 and nonzero/ 0 = ~

69

And the final component twice backward error for y equivalent is the smallest epsilon

then, A plus delta y, y equals to b plus delta b and the magnitude less than this.

And the theorem says that, if r is b minus A y which is the residual then, w E y satisfied

the maximum of this calculation.
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Example of ill-conditioning: The Hilbert Matrix

> Notorious example of ill conditioning.
1 Lt 1

n
1

i i
D 1

- |-

He— 1l = n-+1 e hgi= -
H H H H 0 e |
e L e WY
n n+1 2n—1

» For n =5 ko(H,) = 4.766.. x 10°.

= llotiby — Hi(157/5 00 1) 2 :

> Solution of H,,z = bis (1.1..... 12

> Let n = 5 and perturb h;; = 0.2 into 0.20001.

> New solution: ‘ (0.9937.1.1252.0.4365. 1.865. 0.5618)"

Now, you can have an example of the ill condition system, but we may skip that.
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Estimating condition numbers.

Let A. B be two n X n matrices with A nonsingular and

B singular. Then

e
Proof: B singular — 3 & # 0 such that/Bx = ().&

lzll = |A™" Az|| < [ A7 |Az]l = [[A7'[[lI(A = B)z|
< |A7H 1A = Bllll=|l

Divide both sides by ||z| x x(A) = ||z|/||A] [|[A~Y] »

result. QED. =

Now, this is an estimation of the condition numbers if, you have A and B two n by n
matrices and A is non singular and B is singular so, that means, you have 1 singular
matrix and 1 non singular matrix then, one can prove 1 by condition number is less than
equals to A minus B norm divided by A norm. So, B is singular for x not equals to 0,
such that B x equals to 0. Now, the norm of x is A inverse A x that, norm which is

essentially less than equals to norm of A inverse and norm of A x.



So, one can rewrite norm of A inverse and norm of A minus B x. So, if I write down that
inequality, it is A inverse norm of A inverse A minus B delta x. So, if you divide by both
sides the norm of x into condition number it gets you this results. So, that shows the

proof for that thing.
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sl
/ o Simgrie~
J

1 1 ) i B:(l l>
=099 i

i < O3> [ mi(A4) > 200,

> It can be shown that (Kahan)

. {H-—l =~ B : }
=min {—— | det(B)=0
) B [l Al

Example:

let A =

72

Again you take an example, let us say Aequalsto 1 1 10.99 and B has 1 1 1 0. So, this
case it is singular and this is a non singular system. Then, I have to show or one has to
show that 1 by condition number is less than that or other condition number of A greater

than equals to 200.
So, you can show that, this is the minimum of this and find out those numbers.
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1o
Estimating errors from residual norms
Let = an approximate solution to system Ax = b (e.g.,
computed from an iterative process). We can compute
the residual norm:

7l = 116 — A& ]
Question: How to estimate the error ||z —zZ|| from ||7||?

» One option is to use the inequalit Al =
|z—Z| = Ay Il /oy
j =l S "I(f‘) 5] = \\,‘\l> \\\o \.)
g T

» We must have an estimate of x(A).

73

Now, it comes down to the stage where, now you get the errors from the residual norms.
Residual means when you are solving A equals to b, the residual vector would be b
minus A X. And this information is quite handy, while you will be dealing with different
kind of iterative solvers where, you need to check the convergence level and this error
becomes or slowly reducing, so that you get close to the exact solution. And how do you
estimate that error, from the residuals norm let us say x prime is an approximate solution

what we are trying to find out that A x equals to b and x would be the exact solution.

So, let us assume x prime is the approximate solution and then that satisfied the equation
of the solution to the system A x equals to b then it should satisfy A x equals to b. And
then, we can compute the norm of the residual which would be norm of b minus A x
prime ok. So, how to estimate this, from this one point is to use the inequality of the
norm of x minus X divided by x less than the condition number of A and divide by the
norm of r norm of b. So, this plays an crucial role and along with that, the condition

number which also comes into the picture to find out that system.
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Ax=¥
Proof of inequality. I AX=Vv
AxcE
First, note that A(z — ) =b— Az = r. So:
e —&|| = |A=" | < [[A7"] I
—_— WCTRN PR e
Also note that from the relation b = Az, we get
=5 bl = 4zl < l4] lall — lle]l > o]

Therefore,

P S N
Tl = TBI/liAl el

[%] Show that :

[|z—=]|| L=l
/ Tzl < =@ ol

e 74

And as the proof follows you see we have now, the A x equals to b and the approximate
solution satisfied A x binary to b, then one can have A x binary x prime equals to b minus
A x prime which is r. So, the norm of x minus x prime is going to be the norm of A
inverse r, which is when you put that equality to inequality it is norm of a inverse norm
of r. So, from the relation of b equals to A x you get back, the norm of b equals to norm
of A x, which is again less than norm of A and norm of x. So, what one can write norm of

x from here, greater than equals to norm of b divided by norm of A.

So, you just use this simple relationship of the norms for vector and the matrix. So, now,
I can write for norm of x minus x, divided by x, which would be less than A inverse norm
of A inverse and norm of r divided by norm of b by norm of A. So, which nothing but the

condition number of r and b so, one can show that it is greater than this factor.
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THEOREM 6 Let A be a nonsingular matrix and = an

approximate solution to Az = b. Then for any norm ||.||,
shat b g st sk 2 e e IF
= fu'\"‘"“'

0

|z — 2| < |A=Y] |I7]I
ntis _——a
In addition, we have the relation

1 1 - r—T :

\ Irll =2l il
~(A) [|b]] ] ]

in which x(A) is the condition number of A associated

with the norm ||.||.
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So, that takes you to the theorem number 6, which is let A be a non singular matrix and x
prime an approximate solution to A x equals to b. Then for any norm x minus x prime,

the norm of that less than equals to A inverse norm and the r norm.

The 1 is the residual vector. Now, we have the relationship 1 by condition number A and
magnitude or norm of r norm of b less than equals this. So, which so, k A is the condition

number and A is associated with the norm.
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Iterative refinement

> Define residual vector:
: o

> We have seen that: = — & = A~ 'r, i.e., we have

> Idea: Compute r accurately (double precision) then
solve

.. and correct & by

.. repeat if needed.

76

Now, when you go to the iterative solution procedure because finally, you are solving A x

equals to b and slowly approaching to the exact solution of a through iterative procedure.



What you need to do, you can say that, x prime as we said it could be the approximate
solution to this particular system then, the residual vector would be r equals to b minus x
prime and we have seen that x minus x prime equals to A inverse minus r. So, we have x

equals to x prime plus A inverse .

Now, what is the idea? The idea behind this process is that, you compute r accurately,
that means: precision wise accuracy, then you solve for a delta equals to r So, if r tends to
0, then delta should approaches towards the solution and the correct x bar as x tilde plus

delta.

So, what happens if residual vector tends to 0, that means, solution is going towards the
convergence then this delta would be also tending to 0. Then the solution the
approximate solution will reach towards the exact solution and this is what it is done in
the iterative process. And when you do that, actually you have some terms which are
associated with A inverse and all these calculations that is taken care of through all these
and while doing those things the properties and the theorems that we have discussed they

become important.
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ALGORITHNAMI : 1. lterative refinement Ax=b
Do { 1 via Yo AL w2
1. Compute r = b — Az
2. Solve[Ad =1

3 = 5 astack solwhis
3. Comute

 whild [[5]| > €[]

Why does this work? Model: each solution gets m digits
at most because of the conditioning: For example 3 digits.

At the first iteration, the error is roughly =~ 0.001 x |[|b]|.

> Second iteration: error in § is roughly 0.001 x ||r||. (but
now ||| is much smaller than ||b]|).

= —

atc ..
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One has to look at lambda, one has to look at the condition number of A, one has to look
at the spectral radius of A all these parameters, residual vectors, norm so becomes
important. Now, what is that refinement algorithm if one has to see through the pseudo

algorithm? You compute first the residual vector b minus A x prime then, you solve for A



delta equals to r. So, now, if you see your original system was A x equals to b and your r
is b minus A x So, theoretically when you get the exact solution this should approach

towards 0.

Now, what you are solving here, the approximated solution a delta equals to r then you
once you get delta you update your approximated solution by x tilde plus delta. While
delta or the norm of delta will remain within this bound, which is greater than equals to
epsilon and mod of x tilde. So, this is where so, why it works actually. So, you get some
digit, at most because of the conditioning for example, 3 digits at the first iteration, the
error is roughly, this second iteration the error delta would be like that, but now residual

or the norm of r is much smaller than norm of b.

So, that is why slowly, while you keep doing this process, you move towards the exact
solution and you can reduce the computational over rate by not doing the direct

approach.

(Refer Slide Time: 27:39)

Error analysis

Iterative refinement - Analysis

> Assume residual is computed exactly. Backward error
. - [ i iy
analysis:

So: TEril= b — _4.!';“_‘ = N — i‘/(_m\ =~ l"},)fll';, =

ksl < IENI(A + Fie) ™ [l rell

A previous result showed that if || Fj.|| [|[A~"|| < 1 then
IFellll A

IECASE R < e
|| F 1] Al = T 1 Ell TA-T]

> So : process will converge if (suff. condition)

IFlA~ I <y <3 )

78

Now, once you do the refinement analysis, so what we have done that residual is
computed exactly, so A plus so the backward error if you want to estimate A plus F k
delta k equals to r k. So, at the second level of refinement x k plus 1 would be x k A plus
F k inverse r k. So, one can see that r k plus 1 is b minus x k plus 1 and similarly if you
write. So, the convergence is this sufficient condition for the convergence that one has to

achieve or these are the similar kind of prove that we have done.
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Error analysis

Important: lterative refinement won't work when the resid-
ual r consists mostly of noise:
esiiiaends dade) Rell s,

5 = A 'noise !

» However, see section 2.5 of text for iterative refinement
in single precision

Heuristic: If ¢ = 107, and k. (A) = 107 then each
iterative refinement step will gain about d — ¢ digits.

[#] A matlab experiment [do operations indicated]

1- >> n—6; 2. >> A = hilb(n);
3. >> b = A*ones(n,1); 4. >> A\ b

5>> B=A; 6. >> B(6,1)=B(6,1)+1.E-06;
i > —AB\Gh
8. >> xex = ones(n,1); 9. >> norm(xex-x,2)
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So, the now what is important here is that, iterative refinement would not work when the
residual are consist mostly of noise; that means, delta equals to a inverse noise. However,
when you heuristic is that epsilon is 10 to the power minus d and condition number of
these. So, the iterative refinement we gain by this much of digits. So, these are the things

one can calculate.
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Error analysis

10: >> res = b - A*x; 110 == x =x - B\ res;
12. >> norm(xex-x,2)
13. >> res = b - A¥x; 14. >> x=x + B\ res;
15. >> norm(xex-x,2)

repeat a couple of times..

we gain about 3 digits per iteration.

Read Section 3.5 of text

And these are the observation what one can obtain.

(Refer Slide Time: 28:58)



Solution of linear systems

Background: Linear systems

1

The Problem: A is an n x n matrix, and b a vector of R".

Find = such that:
A=l

> x is the unknown vector, b the right-hand side, and A
is the coefficient matrix  ~

Example:
) 2z + 4xs + 423 =

) + 5xs + 63 = 4

1 + 3x2 + x3

| |
(o] =>}
=]
]
T ——
QW Ut
-
e
e
e e

[#] Solution of above system ?

Now, the linear system the background is that, you have A n by n system or with the b

vector.

Vector b right hand side, so you have to solve, so this is a system for example, you get 2

x 1 x 2 and you get A x equals to b.
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Solution of linear systems

» Standard mathematical solution by Cramer’s rule:
x; = det(A;)/ det(A)

A; = matrix obtained by replacing i-th column by b.

> Note: This formula is useless in practice beyond n = 3
ofim=4.

Three situations: I

1. The matrix A is nonsingular. There is a unique solution

given by = = A~ lb.
2. The matrix A is singular and b € Ran(A). There are
infinitely many solutions.

3. The matrix A is singular and b ¢ Ran(A). There are no
solutions.

So, A get you the coefficient matrix and standard mathematical solution by Cramer’s rule
will get you like that. And the situations the matrix a is non singular, you get a solution if
matrix A is singular, there are infinitely many solution of matrix A is singular there are

no solutions. So, this is where, you can see when you are trying to solve A x equals to b



system and these are the properties one has to keep in mind. So, now, once we talk about
all these properties and these are the basic important properties, one has to know

regarding a linear system or the matrix.

And once we know all these properties then, it will be easier to talk about out or discuss
about the linear system and how we get a solution procedure and the linear solver,
different kind of linear solver. This actually concludes the content of the finite volume 1
and it will give you an jump start or get you started with a finite volume method to going
on. And I hope you have enjoyed this lecture series and continue in the next part of this

finite volume series.

Thank you very much.



